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1. (i) Define what it means to say that a function f is odd or even, and give an
example of each.

(if) Classify the following functions as odd, even or neither:
(a) e ;
(b) zsinz ;
(c) z%sinz ;
(d) 2z/(z*-1) .
(iii) Let f(z) = e and g(z) = 1/2. Find f(g(z)) and g(f(z)). Find also the
inverse functions f~!(z) and g~ (z).
(iv) Write
2z
fe) = z+1

as the sum of an even function and an odd function.

2. Let
z(z+1)

r—2

fl@) =

Find the stationary points of f(z). By examining the sign of f’(x) or otherwise, find
which of these are maxima or minima.

Sketch the graph of f(z), indicating clearly any asymptotes.

PLEASE TURN OVER
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d
3. Find Ez— in each of the following cases. (In case (iv) you may express your answer

in terms of z and y.)

(1)

(if)

(iii)

(iv)

4. (i) Show that

(i)

(i)

d sin x si ( +7r>
— sing = sin{x+ —
dz 2

and generally, for n > 1,

a“ . .<+ 7T>
—— sinz = sin{z+ng ).

d
Consider y(z) = e**/2.  Show that d_y = zy.
T

By differentiating this equation n tirnes using Leibniz’s formula, show that
() = ay™(e) + " D(a)
Hence, or otherwise, evaluate y(®) (0).

The period T of small oscillations of a pendulum of length z is given by
T = 27r\/§ .
g

dT lim T(z + d6z) — T(x) ,

By using the formula

v 1
dz dx—0 oz

show that if there is a small manufacturing error §z in the length z, producing
an error of 1% (so that éz/z = 1/100), then the error in T is approximately
0.5%.



5. Evaluate the following limits:

‘  (@=2)(@+2)
) M ETE )

.. . 1—coszx
(ii) im
z—0 tan‘czx

(iii) alcl-% z°
v—2x —2
(iv) lim —————.
z——2 -+ 2

6. Evaluate the following integrals :

) sinh~!(z)
(1) / ————(1 221 dz ;
1/4
(i1) / (sinh  cosh z)? dz ;
0
dz
(i) / 1—cosz
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7.

(1)

(i)

(i)
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Express the function
z+1

2 —x—12

in partial fraction form, and hence find
z+1
—_——dz.
/ Z—g—12"

Given that
™
I, = / e sin” x dz, (n=0,1,...),
0

show that
(n*+11I, = n(n—1)I2.

Hence verify that

3 o«
I5 = E(e +1)

Find the first four derivatives of the function In(1 + ).

Show that In(1 + z) has Maclaurin expansion

z? z3
-~ + -+ R
v 2 3 *

and find the form of the remainder R4 for this function.

Use the first three terms of the above expansion to find an approximate value

for
/1 In(1+ z) i

=0 T
and use the remainder term R4 to give a bound for the error.

Find the radius of convergence of each of the following power series:

(a) i nz"; () Y %(x—l)".
n=0 n=0
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9. (i) Express each of the following in the form a +b:

THEL <1+\/§¢>104 |

(a) G+20)(1-4); () i -

(ii) Describe and sketch the regions in the complex plane where

(2) 2% = 5lel; (b) lz—il>]|z+1].

(iii) Using de Moivre’s theorem (or otherwise), find an expression for cos4f as a
polynomial in powers of cosé.

10. (i) (a) Define the functions sinz, cosz (where z is a complex number) in terms
of the exponential function.

(b) Find all complex roots of the equation

tanz = 2i.

(ii) (a) If z = z + iy, find the real and imaginary parts of sin(z?) in terms of
trigonometric and hyperbolic functions involving z and y.

(b) Hence find all complex numbers such that sin(z?) is real.

END OF PAPER
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5. INTEGRAL CALCULUS 7. LAPLACE TRANSFORM

(a) An important substitution: tan(8/2) =¢: Function Transform Function Transform
sind =2¢/(1+1%), cosf=(1-¢¥)/(1+¢2), d8=2dt/{1+1?). 1) Fs) = [ e~ f(t)dt af(2) + bolt) aF(s) + bG(s)
(b) Some indefinite integrals: 1
df Jdt sF(s) - f(0) df/dt? s?F(s) - sf(0) - f'(0)
- . - F 4
\?» - 22)"Y14z = sin~! Amv v lz] < a. e f(t) F{s - a) tf(t) -dFF(s)/ds
12 (8/8a)[(t, @) (8/00)F(s, o) fo ri F(s)/s
IR Y P e i £ W z z?
\? +27)7dz = sinh Aav b PRl L : [¢ F(w)alt - w)du F(s)G(s)
1 /s t"(n=1,2...) nl/s"t ) (s> 0)
1/2
\?n - a?)~"%dz = cosh~! Amv =1In m + m.”. -1 |. et 1/(s—-a), (s>a) sinwt w/(5? +w?), (s> 0)
. 0, t<T —aT ’
coswt s/(s*+u?), (o>0) H{-T)= 1 t>T e~ /s, (s, T>0)
‘\.?u +2%) s = AWV tan™! Amv . .
8. FOURIER SERIES
6. NUMERICAL METHODS If f(z) is periodic of period 2L, then f(z +2L) = f(z),and
(a) Approximate solution of an algebraic equation:
nrz nrx
If a root of f(z) = 0 occurs near z = a, take 2o = a and I(z) = |eo + MU @nCos —— + ..Mnu_ basin =, where
Zap1 =Za = [[(Za) /S (zn)], n=0,1,2...
{Newton Raphson method). L
(b) F T T _ _ aanl\ :..ano,n..ﬁmaa n=012..., and
h) Formulae for nuincrical integration: Write 2, =19 + nh, yn =y (z.) . L/,
i. ‘Trapezium rule (1-strip): h-.. y(z)dzr = (h/2) fvo + wi] .
ii. Simpson's rule (2-strip): [;? y(z)dz = (h/3) [vo + 101 + v2]. \ f(z) sin EE.... n=1.23
Nu PRI

(c) Richardson's extrapolation method: Let [ = h. f(z)dz and let 1;, I; be two

’) ’
estimates of / obtained by using Simpson’'s rule with intervals & and h/2. Parseval’s theorem

L 1 oo
Then, provided h is small enough, - W\ (=) dz = =|~c +Y Aaw. + em.v .
) -L n=l
h+(hL-h)/1s,

is a better estimate of I.



