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1. (i) Find j—: as a function of z in cases (a) and (b)

and as a function of z and y in case (c).

y = In(cosz) ;
y = (lnz)* ;
(c) y? = sin(zy) .

(ii) If z(¢) = 1—cost and y(t) = t—sint, show that

& == (3)
d:c_ani'

2. Evaluate the following limits:

. . (x=2)(z+2)
) L sy

(iii) lim 2% ;

You may assume lim z Inz = 0.
z—0

V=2 —2

z—+—2 T+ 2

(iv)

PLEASE TURN OVER
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3. (i) Integrate the following rational functions of z :

m+1_

z z+1 222 — T +2
T > T3z

()

z+1 ° z—1' (d) 3 —z

(a) (b)

(ii) Evaluate the following :

oo 5 2
f z’e T dx .
0

4. (i) Put the following complex numbers into standard form i.e. in the form z + iy
for some real z and y :

1+i 1

@ 15 O

(ii) Find all complex solutions to the following equations :

(a) 2" = —1; (b) & = —2.

@) If z=¢",

(a) find a formula for cosnf in terms of powers of z ;

(b) find a formula for cos®6 in terms of cos26, cos4d and cos66.
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5. Consider the function

fz) = (2 + = — 2)e7 2=,

(i) Find the points where f(z) =0.
(ii) Find any vertical and horizontal asymptotes.
(i) Use (i) and (ii) to determine the sign of f(z), for all z.
(iv) Find the points where f'(z) = 0.
(v) Determine any local minima and maxima of f.

(vi) Sketch the graph of f.

6. (i) Given any three non-coplanar vectors u, v, w, explain why (uxv)x (vxw) is
given by kv, where k is a scalar, and find k in terms of u, v and w.
Hence find an expression for
(wxu) x [(uxv) x (vxw)
in the form au + Bw, where «, B are scalars.
(i) Consider the planes
T + y - 2z = 3 and

22 + 2y + 2z = 1.
(a) Find a vector parallel to the line of intersection of the planes.

(b) Find the equation of the plane through the origin which is perpendicular
to the line of intersection of the planes.

PLEASE TURN OVER
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7. Factorise the matrix

1 -2 3
A= 2 -1 3
3 -3 7T

into a product LU, where L and U are lower and upper triangular matrices,
respectively, with ones down the main diagonal of L.

Find L' and U™, and hence A™!.

8. (i) Find the general solution y(z) of the differential equation

dy y
E+2E—lna:.

(ii) Find the solution y(z) of the differential equation

. NS AW

dz 2y -2z 2z

that satisfies y(2) = 4.
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9. (i) Find the solution y(z) of the differential equation

d?y dy
E+4&;+4y—0

that satisfies y(1) = 1 and y(2) = 0.

(ii) Find the general solution y(z) of the differential equation

dy dy :
F+2EE + 5y = sin2z.

10. The function f(z) is defined as
flz) = (1-2)

Compute the derivative f/(z) and show that f/(0) =0.

Compute the second derivative f”(z) and show that f satisfies the differential

equation 3
(A=) f" = Sof + f = 0.

Use the Leibnitz formula to differentiate this equation n times and show that at
z=0

£+ (0) = (nz o %n _ %) F™©) for n>0.

Here f(™ denotes the nth derivative of f and f0(0) = f (0).

Hence find the first three non-zero terms in the Maclaurin expansion for f(z).

Use the binomial expansion to check your result,

END OF PAPER
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Question
C9 Marks &
p# unseen
Part
a) Use the integrating factor

exp (_/%dsc) =exp(2lnz) = 22, 7

to obtain P
o (:EQy) =2?Inz. '

Now integrate by parts,

ly = flenmdx,

3 3
1 3 3
= gm Inz — =z° +c, 3
and rearrange into
= l:{:ln:r o
=3 9 z? “z
Po.nl,' a
out ok &
Setter’s initials Checker's initials Page number
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Question
C9 Marks &
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Part
b) Put y(z) = zu(z) to get

du 12—u 3
T— + U
dz

L

du 12—u 1 gul-u+l

s =1

Now separate and integrate,

/ u—1 dz
1—2——du = —,
SU —u+1 5
1
In (§u2—-u+l) = Inz+Inc,

where ¢ is an arbitrary constant.

Exponentiate both sides,

W —u+1=czg,

and solve the quadratic for u,
u=1x+vez—-1
Returning to y(z) = zu(z),
y(@)=z(1£Vez-1).
To satisfy y(2) = 4 we need the positive root and ¢ = 1, giving

y(z)=z(1+Vz-1).

Port D
out of 12
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a) Try y = ¢*. The ODE

dy  dy
— +4—=+4y=0
dz? - dz e
then implies
M 44\ +4=D+2P=0. Z
This has a repeated root at A = —2, so the general solution is
y=(A+Bz)e™™. e

Putting y(2) = (A + 2B)e™* =0 gives A = —2B.

Then y(1) = (A+ B)e?=—-Be2=1s0 B=—€e’and A= 2e?,

The solution is y(z) = (2 — z) €272 =
Pact
ouk o .
Setter's initials Checker's initials Page number
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Question
C10 Marks &
#4p/ unseen
Part
b) For the complementary function try y = e*®. The ODE

d*y | dy
E+2£+5y-—0

then implies
M+22+5=A+1+2%)(A+1—2)=0.

The two roots are the complex conjugate pair A = —1 & 2, so the
general solution is

y = (Asin 2z + Bcos2z) e ".
For the particular integral try
y = Csin2z + D cos2z.

Differentiate,

d2
@ = 2C cos 2z — 2D sin 2z, s

: w2 = —4(C'sin 2z — 4D cos 2z,
i

and substitute,

[-4C'sin2z — 4D cos2z] + 2[2Ccos2z — 2D sin 2z]
+ 5[Csin2z + Dcos2z] = sin2z.

—4D+(C=1.
4C+ D =0,s50 D =—-4C.

Coefficient of sin 2z:

Coefficient of cos2z:
Previous equation now gives 17C =1, so C =1/17 and D = —4/17.
Solution is

1 4
y = (Asin2z + Bcos2z)e™® -l-ﬁsinZ:r - ﬁcos2:r:.

4

Pact b
avu,Loot '2-

Checker's initials

s <

Setter's initials

)

Page number

2/2




Lee ()

'EXAMINATION QUESTIONS/SOLUTIONS 2006-07

Course
Cong
S
LYY =% Marks &
ctl seen/unseen
Parts

P ot=0

VLY Cg =
Pl £ () () = -%fa)
o F'(s)= O
1 =5
Fiixl= - 1=5%) “ 2 %23 (lﬂ@\j{q
A T -4

& Q—U})Fu-—gf\ﬁ%'**‘[ £ :
=3{
S O AR LN G
e
o (1= m )

Dilfssboke o 1 oo by Lesknds

U20F ™ p 25 e™ (9 £
i "I

g

]

T 2ame® L ¢ = O

Pl () L namg Y] Q) < F"': )@

< “GLL“FKN( =
Sa £ ( -n ~3n- l"'—)F\"J(Q) ) T O

= (nz ~Upn =t ) £ I )

So M Cawmtn  £(2)> fls) *DLFI[Q) +}; F“[n) «’J}gﬁ“ﬁj

t ?
I
SRR
%Fl\//o‘)
4 o'W
R o e ous 4
o FR)2 ] %_ fi ‘?/7_ 2 =y e B o0
Btmndﬁf'x’): | = Y, - i/q"g)tf xﬁ‘él
= 1= -—3/'3111+ e M

—

2

Z

Setter's initials

IR

Checker's in%

Page number

(~M=




