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THE STANDARD MODEL

Attempt THREE questions.
There are four questions in total.

The questions carry equal weight.

You may not start to read the questions
printed on the subsequent pages until
instructed to do so by the Invigilator.
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1 Consider a scalar field theory with a scalar with components ¢,.. The potential for
the field V' (¢) is invariant under infinitesimal transformations

0p =iTyxa, a=1,...dimG,

where T, are the dim G generators of invariance group G in the representation defined
by ¢ and x, are some infinitesimal parameters. The potential has a degenerate vacuum
labelled by ®g. t; are the generators of H, which is the stability group for ¢g € ®q, i.e.

ti¢0 :0, 1= 1,d1mH
Choosing a basis for the generators such that
Ta - (tla Tfl) P

with T, orthogonal to t;, prove, by expanding about the vacuum ¢y, that there are
dim G — dim H massless scalars.

If G = O(n), the rotation group in n dimensions, and H = O(n — 1) then how
many massless scalars are there in this case?

The Lagrangian for the gauge-scalar sector of the standard model may be written

as,
2

1 1 1
L= FPFyy = 5 GG+ (D) Do — S (610 — )7,

where
F,, =0,A, -0,A,+9gA,xA, , G, =0,B, -09,B,

(D*¢) = (0" +igs A¥(x) - o + i3 g B'(x))9,

and A, is the vector of SU(2) gauge fields, B, is the U(1)y gauge field and ¢ is a complex
scalar doublet. o; are the Pauli matrices and ¢’ may be written as g tan Oy .

Explain why the scalar doublet can be written as

. . 1 0
¢(z) = exp(—in(x).0 + mg(a:))ﬁ (v n H(a:)) ,

where n = (ni,n2,n3), and why in unitary gauge we can eliminate the fields in
exp(—in(x).o + inz(z)) completely.

Determine the simultaneous mass and charge eigenstates for the gauge fields by
writing the scalar-boson interactions in terms of the physical fields Z,,, Wf, and show
that the photon field A,, decouples from the scalar and is massless. Find also the mass of
the scalar field and the the relationship between the masses my, and m.
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2 The covariant derivative in the electroweak sector of the Standard Model is defined
by

DF = (0" +igi A¥(x) - o + iY ¢ B (z)),
where g is the SU(2) coupling constant, ¢’ is the U(1)y coupling constant, o; are the Pauli

matrices and Y is the hypercharge. Describe the SU(2) and hypercharge representations
and quantum numbers for the leptons. Using

1 1
V2 V2

show that the interaction of the W™ boson with the lepton fields may be written as

Wi = (A} —idy), W (A} +143),

£W+lep = _;ﬁw—ﬂtﬂl'yu(l - ’75)l,

for each family of leptons. Write the corresponding term for the W~ boson. Explain

briefly why the corresponding interaction term is more complicated for quarks.

Show that at low energies it is equivalent to using an effective Lagrangian density

Lot = (jgw(xm(x)),

where G = \/592/81%%[/.

Consider the decay
T (p) = e (k) +7e(q).

The matrix element for this decay is
= —ZE{e” (k) Ve(a) |y (1 — 75)ve|0) (O] Ja™ |7~ ().
Explain why only the axial part of the hadronic current contributes to (0]J2d |7~ (p)).

By considering this matrix element prove that the decay rate contains a factor

m2 (m2 2

2(mz — m?), and hence vanishes in the limit m, — 0. (It is useful to use the Dirac
equation for the spinors in momentum space.) Explain physically why the matrix element
must vanish in this limit.

[You may use
tr{v.kv.q} =4k -q
tr{y°y.kv.q} =0
tr {7} = tr{y°+"} = 0]
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3 Under charge conjugation we assume
Y(@) — ¢ (2), ¢v92) = OP(a)"

with ¢ denoting transpose. The matrix C is then chosen to ensure 1 (z) satisfies the
Dirac equation. Prove that C (y*)!C~1 = —4#. Show also that under charge conjugation
Y(x) — —pt(z)O7L. (Assume CT = C~1)

Explain why a current interaction
J'uvu = %E(I‘W“(l - ’)/5)1/)($)VM,

is not invariant under parity or charge conjugation separately but is invariant under the
combined transformation.

Under a time reversal transformation T4 (z)T~' = B~Y4(zp) and To(x)T ' =
(zr)B where B = v5C and T is an antilinear transformation, i.e. it takes the complex
conjugate of numbers. Show that B(y%*, —y*)B~! = (7°,7), and that the above current
interaction is invariant under time reversal.

The K° and its anti-particle KO are pseudoscalar mesons with dominant quark
structure sd and ds. Under C'P we can define

CPIK% = |K%,  CP|K° =|K").
The mass eigenstates of the system are the eigenvectors of the matrix

A — ((ECHH|K®) (KO|H'|K®)\ _ (M M,
- \(KPH'|K®) (K°|H'|K®) )~ \ M2y My )"

where H' is an effective Hamiltonian arising from weak processes that mix |K%) and |FO),
and My1; = Mss. Draw a Feynman diagram representing one such mixing process. Show
that if H’ is not invariant under C'P then Mjs # M, and that the mass eigenstates are
equal to the CP = 41 and —1 eigenstates

K = (1K) +1KY). 1) = o (1K) = |K).

up to small corrections proportional to

. VMg — /My
vV Mz + v/ Moy

[Under parity transformations P

() = W(xp)  P(@) = d(xp)r  Vulz) — VA(ap).

Under charge conjugation C' V,(z) — —V,(x), and under time reversal V,,(z) — V#(x7)]
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4 Show that the total cross-section for e~ (p1) + e"(p2) — Y*(p1 +p2 = ¢) —
q(k1) + q(k2) at lowest order is equal to

da—e_e+—>qq

a® 2
10 :4—(J2Qq(1+cos 0),

where o = €2 /47, 0 is the angle between the outgoing quark and the axis of the incoming
electron and positron in the centre of mass frame, and @), is the fractional quark charge.
Show that integrating over the solid angle

2
4o

06*e+—>q§ == 3q2 Qq .

You may assume that /2 > m,, me.

Explain why at leading order this means that (to a good approximation)
4o
Oe—et—hadrons — qu 3 Z Q?f )
!

Discuss why beyond leading order the cross-section for quark-antiquark production is not
a well-defined physical quantity, and how one may calculate the total hadron cross-section.

Beyond LO the cross-section may be written as
dra® 2 2y 2 2
Oe—et—hadrons — TqQ BZQf K(as(u )7 q /:u ) )
)

where at O(a?)

2 2(,,2
K(as(1?),¢*/u?) =1+ O‘SST“ ) + ai’; ) (1.99 —0.11ny — w% ln(q2/,u2)>.

One way of choosing the arbitrary scale p is to demand that

dK (as(p?), 4% /p?)

dln p? =0

Using the renormalization group equation for the strong coupling

das o 60 2
dlnp? T4n”

where By = 11 — 2/3ny, and ny is the number of quark flavours, determine the value of
p? this prescription imposes.

[You may use tr (Yav87,7s) = 4(9apgys + 9as98y — Jav9ps), and

1Y [ e e 0m 8 + by — k)P
7= 4F4spm 2m)32Ek, (2m)32E, ) O W1 T2 TR

where the flux factor F' = 4./(p1.p2)2 — m?m3 = 2¢%, where we let my, my — 0.]
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