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1 The free Klein-Gordon field ¢(x,t) obeys the equation
9,0"p+m?¢p =0.

Using Noether’s theorem, find the expression for the conserved 3-momentum P.

In the quantized Klein-Gordon theory, the field ¢(x) and the conjugate field m(x)
(in the Schrédinger representation) have the coupled expansions

3
o(x) = / TD 1 (pet®> 1 af, eip)

(2m)3 \/2E,

3
m(x) = / ((217:;3(1) %(apeip‘x — al e iPX)

where E, = y/p - p +m? and ap and al satisfy
jap,ap] = [a} , af,] =0
[ap,aty] = (27)*59(p — p').

Show that the 3-momentum operator P in the quantized theory can be expressed as

d>p
P = / (23 pal ap -

Calculate [P, a:rl] and hence determine
efiP-yaj; eiP-y

where y is a constant vector. What can you deduce about e~*¥|q), where |q) denotes
the one-particle state of 3-momentum q?

Find e~ ¥Y¢(x)e’TY, and interpret your result.
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2 In the chiral representation, the Dirac matrices are given by

o_ (0 1z i 0 ot
7(12 0) ’ 7(_0.1' 0>

where the Pauli matrices are

L (0 1 o (0 —i s (1 0
o=(10) =00 T) =0 h)

The matrix v° is defined by

5 = 0 1n 243

Calculate v° and show that it anticommutes with v° and ~°.

Consider the massless Dirac equation
iy =0
for a left-handed spinor field, satisfying v°¢ = —. A plane wave solution is of the form

(z) = Ap)e™ 7"
What condition does the 4-momentum p* have to satisfy for such a solution to exist? Find
and solve the equation for A(p), assuming the condition is satisfied.

Find the effect on this solution of a spatial rotation around the axis parallel to the
3-momentum p. What can you deduce about the spin states of particles in the quantized
theory of a left-handed Dirac field?
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3 The interaction picture field ¢(z) of a quantized scalar field theory satisfies the
relation

To(x)p(y) = : d(x)p(y) : + Drp(r—vy).

Explain the meaning of the various expressions occurring here, and establish this relation.

Explain in outline how you would derive the Feynman rules for correlation functions

OIT(¢(z1)p(x2) . .. ¢(24)5)[0)

where S is the S-matrix, in the theory whose Lagrangian density is
1 1 I A
_ 1t wy Lo2,2 Moz Ay
L= 3000000 = gmid™ 0" = o

For what range of parameter values do you expect this theory to have a stable
vacuum?

¢(x) has the expansion ¢(x) :/

4 Write notes on:
(a) Gauge invariance of a classical electromagnetic field coupled to matter fields.

(b) The effect of position-independent gauge transformations, (x) — eXw(z),
on the Feynman rules for QED scattering amplitudes, and the relationship with
charge conservation.

(c) Gauge invariance and the photon propagator.

(d) The Landau gauge 9, A" = 0, and the photon propagator in Landau gauge

END OF PAPER

Paper 49



	Rubric
	1
	2
	3
	4

