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(a) Show that mapping 7 € H to the lattice A, := Z7 + Z induces a bijection between
SL2(Z)\H and the set of lattices in C up to homothety.

(b) Prove that the modular invariant j : H — C induces a bijection SLy(Z)\H — C.

[You may assume the formula orda (f)+ 3ord;(f)+ tord,(f) +> i ords (f) = k
for non-zero f € Moy (SL2(Z)).]

(c) Let A,A” C C be lattices satisfying G4(A) = G4(A’) and Gg(A) = G¢(A’). Prove
that A = A/

2 (a) Define the topology and complex structure of X (1) = SLy(Z)\H" and prove that
X (1) is compact.

(b) Prove using facts about compact Riemann surfaces that the space May(SL2(Z)) is
finite dimensional.

3 Let Eo(1) =1—24>"°7  01(n)q" for ¢ = €*™'7.
(a) Using the relation Ey(—1/7) = 72E>(7) + % prove that

S ICEYER

lies in Slg(SLQ (Z))

(b) Let © Show that, for every f € My (SLa(Z)),

:qdiq - 27r2 d’T

9= (0 — 5F2)f € Misa(STa(2)

and that f € S;(SL2(Z)) if and only if g € Sk42(SL2(Z)).
(c) Show that the coefficients 7(n) of F(7) = q[[o—,(1 —¢™)** = > 77, 7(n)q" satisfy

(1—-n)r(n) =24 i o1(0)T(n —
=1

and
7(n) =nos(n) (mod 5).

[You may use without proof that dimMsg(SL2(Z)) = dimS;2(SLa(Z)) = 1 and
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4 (a) Define the Hecke operators Toi(n) acting on Msg(SLa(Z)) and determine their

action on Fourier expansions.
(b) Let f(r) =3 °_yc(m)g™ € Ma(SLa(Z)). If Tor(n)f = X(n)f for all n > 1, show

that for all m,n > 1

C(O) 75 0= )\(n) = O’Qkfl(n)

Amam) = Y a%_l)\(%).

alged(m,n)

(c) If f € Sok(SLa(Z)) satisfies Tor(n)f = A(n)f for all n > 1, deduce from (b) that
L(f,s) admits an appropriate Euler product.

5 (a) Let I' C SL2(Z) be a congruence subgroup. Let

_ ([SLa(Z):T]/2 if—I¢T
M_{[SLQ(Z):F] if —1€T.

Let vo and v3 denote the number of elliptic points of period 2 and 3 in X (I') = I'\H" and
Voo the number of cusps of X (T'). Prove that the genus of X(I") is
1%} V3 Voo

1
B Voo
9=t T T3

(b) Compute all terms in the formulae of (a) for

For what values of N is the genus of X (I'(V)) equal to zero?

Paper 29 [TURN OVER



5% UNIVERSITY OF
¥¥ CAMBRIDGE 4

6 (a) Define the space Si(I') of cusp forms of weight k with respect to a congruence
subgroup I' C SLo(Z).

(b) For f:H — C let ¢() = |f()|(Im(7))%. Show that for o € SLy(Z)

¢(o(7)) = |f]lol(7)|(Tm(7))

(c) Prove that a function f : H — C is an element of Sk (I") if and only if the following
three conditions hold:

i. f is meromorphic on Hi,
ii. fl[y]g = f forallyeT,
iii. f(r)(Im(7))*/? is bounded on H.

END OF PAPER
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