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SENIOR ‘KANGAROO” MATHEMATICAL CHALLENGE
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Organised by the United Kingdom Mathematics Trust

The Senior Kangaroo paper allows students in the UK to test themselves on questions set

for the best school-aged mathematicians from across Europe and beyond.

RULES AND GUIDELINES (to be read before starting):

1.
2.
3.

Do not open the paper until the Invigilator tells you to do so.
Time allowed: 1 hour.

The use of rough paper is allowed; calculators and measuring instruments are
forbidden.

Use B or HB pencil only to complete your personal details and record your answers on
the machine-readable Answer Sheet provided. All answers are written using three
digits, from 000 to 999. For example, if you think the answer to a question is 42, write
042 at the top of the answer grid and then code your answer by putting solid black pencil
lines through the 0, the 4 and the 2 beneath.

Please note that the machine that reads your Answer Sheet will only see the solid black
lines through the numbers beneath, not the written digits above. You must ensure that you
code your answers or you will not receive any marks. There are further instructions and
examples on the Answer Sheet.

The paper contains 20 questions. Five marks will be awarded for each correct answer.
There is no penalty for giving an incorrect answer.

The questions on this paper challenge you to think, not to guess. Though you will not
lose marks for getting answers wrong, you will undoubtedly get more marks, and more
satisfaction, by doing a few questions carefully than by guessing lots of answers.

Enquiries about the Senior Kangaroo should be sent to:

Maths Challenges Office, School of Maths Satellite,
University of Leeds, Leeds, LS2 9JT
Tel. 0113 343 2339
www.ukmt.org.uk



1. Using this picture we can observe that *—o—{
1+3+5+7=4x4
What is the value of

o— b
1+3+5+7+9+11+13+15+17+19+21? '——T
[ ) [ ) q

2. Both rows of the following grid have the same sum. What is the value of * ?

1 2 3 4 5 6 7 8 9 10 1050

11 12 13 14 15 16 17 18 19 20 *

3. Andrew has two containers for carrying water. The containers are cubes without tops and
have base areas of 4 dm? and 36 dm? respectively. Andrew has to completely fill the larger
cube with pond water, which must be carried from the pond using the smaller cube. What is
the smallest number of visits Andrew has to make to the pond with the smaller cube?

4. How many four-digit numbers formed only of odd digits are divisible by five?

5. The notation | x | is used to denote the absolute value of a number, regardless of sign. For
example, | 7] = |-7| = 7.
The graphsy = |2x| — 3andy = |x|are drawn on the same set of axes. What is the area
enclosed by them?

In the diagram, PT and PS are
tangents to a circle with centre O.
The point Y lies on the
circumference of the circle; and the
point Z is where the line PY meets
the radius OS.

Also, «SPZ = 10° and
ZTOS = 150°.

How many degrees are there in the
sum of ZPTY and £ZPYT?

7. Bav is counting the edges on a particular prism. The prism has more than 310 edges, it has
fewer than 320 edges and its number of edges is odd. How many edges does the prism have?



10.

11.

12.

13.

14.

The real numbers x, y and z are a solution (X, y, z) of the equation

(x2 - 9)* + (y> - 4)° + (22 - 1)* = 0. How many different possible values are there for
X +Yy+2?

The diagram shows two concentric circles. Chord AB of the larger
circle is tangential to the smaller circle.

The length of AB is 32 cm and the area of the shaded region is
korcm?,

What is the value of k?

Consider the expression 1 % 2 % 3 %« 4 % 5 % 6.
Each star in the expression is to be replaced with either “+* or “x’.
N is the largest possible value of the expression. What is the largest prime factor of N?

Stephanie enjoys swimming. She goes for a swim on a particular date if, and only if, the day,
month (where January is replaced by ‘01’ through to December by *127) and year are all of the
same parity (that is they are all odd, or all are even). On how many days will she go for a
swim in the two-year period between January 1st of one year and December 31st of the
following year inclusive?

Delia is joining three vertices of a square to make four right-angled triangles.
She can create four triangles doing this, as shown.

How many right-angled triangles can Delia make by joining three vertices of a regular
polygon with 18 sides?

This year, 2016, can be written as the sum of two positive integers p and q where 2p = 5q (as
2016 = 1440 + 576). How many years between 2000 and 3000 inclusive have this property?

The lengths of the sides of a triangle are the integers 13, x, y. Itis given that xy = 105. What
is the length of the perimeter of the triangle?



15.

16.

17.

18.

19.

20.

The large equilateral triangle shown consists of 36
smaller equilateral triangles. Each of the smaller
equilateral triangles has area 10 cm?.

The area of the shaded triangle is K cm?. Find K.

2016) _ oo

A function f (x) has the property that, for all positive x, 3f (x) + 7f (
What is the value of f (8)?

Students in a class take turns to practise their arithmetic skills. Initially a board contains the
integers from 1 to 10 inclusive, each written ten times. On each turn a student first deletes two
of the integers and then writes on the board the number that is one more than the sum of those
two deleted integers. Turns are taken until there is only one number remaining on the board.
Assuming no student makes a mistake, what is the remaining number?

The sum of the squares of four consecutive positive integers is equal to the sum of the squares
of the next three consecutive integers. What is the square of the smallest of these integers?

Erin lists all three-digit primes that are 21 less than a square. What is the mean of the numbers
in Erin’s list?

A barcode of the type shown in the two examples is
composed of alternate strips of black and white, where
the leftmost and rightmost strips are always black. Each

strip (of either colour) has a width of 1 or 2. The total
width of the barcode is 12. The barcodes are always

read from left to right. How many distinct barcodes are
possible?
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1.

2.

121

950

27

125

160

Thesum 1 +3+5+7+9+ 11+ 13+ 15+ 17+ 19 + 21 has eleven terms. Therefore the
value of the required sumis 11 x 11 = 121.
1 2 3 4 5 6 7 8 9 10 1050
11 12 13 14 15 16 17 18 19 20 *

We observe that in all but the rightmost column the value in the second row is ten larger
than the value in the first row. There are 10 such columns. Therefore the sum of the
leftmost ten elements of the second row is 100 more than the corresponding sum in the
first row. To achieve the same total in each row, * will need to be 100 less than the value
above it. Therefore * = 950.

We first observe that any pair of cubes are mathematically similar. These cubes' surface
areas are in the ratio 1:9, so that their lengths are in ratio 1:3 and that their volumes are in
ratio 1:27.

Therefore Andrew may fill the larger cube in 27 visits, provided the smaller cube is
completely filled on each occasion.

The number will be of the form ‘abcd’ where a, b and ¢ are any odd digits andd = 5.
Hence there are 5, 5, 5 and 1 possibilities for a, b, ¢ and d respectively. Therefore there
are 5 x 5x 5x 1 =125 such numbers.

The enclosed area is a concave quadrilateral with vertices at (-3, 3), (0, 0), (3, 3) and
(0, =3). Considering this as two conjoined congruent triangles we find the area as
2x1ix3x%x3=09

The tangent-radius property gives Z/PSO = ZPTO = 90°. From the angle sum of
quadrilateral PTOS we may conclude that ZTPS = 30° and therefore that ZTPY = 20°.
By considering the angle sum of triangle PTY we conclude that the required total is 160°.




7. 315

9. 256

10. 103

11. 183

Suppose that the cross-section of the prism is an N-gon with N edges. The prism will
have N edges in each of its ‘end’ faces and a further N edges connecting corresponding
vertices of the end faces. Therefore the number of edges is 3N and hence is a multiple of
3. The only multiples of 3 in the given range are 312, 315 and 318. Since we know the
total is odd, the prism has 315 edges.

Since squares of real numbers are non-negative, the sum can only be 0 if each expression
in brackets is zero. Therefore the solutions of the equation are X = +3,y = +2 and

Zz = +1. We observe that the maximum and minimum values for X + y + z are 6 and
—6, and that since X + Y + Zis the sum of one even and two odd numbers, that

X + Yy + zitself will be even.

It suffices to show that each even total between +6 and —6 can be attained.

(+3) + (+#2) + (+1) = +6 +3) + (+2) + (-1) = +4
(+3) + (-2) + (+1) = +2 +3)+(2)+ (1) =0
3)+ (+2) + (1) = 2 (=3) + (-2) + (+1) = 4

(=3) + (=2) + (-1) = -6

Hence there are seven possible values for X + y + z.

Let the radii of the larger and smaller circles be R and r
respectively. Draw radius OA of the larger circle and drop
the perpendicular from O to AB. By the tangent-radius
property this perpendicular will be a radius of the smaller
circle.

AN

Now the area of the shaded region = area of larger circle —
area of smaller circle.

The area of the shaded region = 7R? — 7r? = 7(R? — r?).

But R? — r? = 16% = 256 (by Pythagoras' theorem), hence the
area of the shaded region = 2567t and therefore k = 256.

Notethat6! = 1 x 2 x 3 x 4 x 5 x 6 = 720. We observe that if any multiplication
sign, other than the first, is replaced by an addition sign then each remaining product is at
most 360. Therefore we retain each multiplication sign except the first which may be
replaced by an addition sign to obtain a maximal value of 721.

The prime factors of 721 are 7 and 103, of which 103 is the largest.

We first observe that exactly one odd year and exactly one even year are under
consideration.

In an odd year we need only consider odd months. January, March, May and July each
has 16 odd days while September and November has 15. Therefore the number of days
Stephanie will swim in the odd yearis 4 x 16 + 2 x 15 = 94.

In an even year we need only consider even months. April, June, August, October and
December has 15 even days and February has 14 (regardless of whether or not it is a leap
year). Therefore the number of days Stephanie will swim in the even year is

5 x 15 + 14 = 89. Hence she will swim for 94 + 89 = 183 days over the two years.



12. 144
13. 143
14. 35
15. 110

The regular 18-gon has a circumcircle, that is, a circle
passing through all of'its vertices. This is also the
circumcircle of each right-angled triangle formed. In
order for one of these triangle's angles to be a right angle,
the opposite side needs to be a diameter, There are 9
possible choices of diameter. For each choice of
diameter, there are 8 vertices on each side for the right
angle, making 16 choices overall. For each choice of
diameter there are 16 choices for the third vertex of the
right-angled triangle.

For a year Y to be expressible as as the sum of two positive integers p and g where

2p = Sqwerequirep + = Y and 2p = 5¢. From the first of these, it follows that
2p + 2q = 2Y and hence 5q + 2q = 2Y.

Therefore 7q = 2Y from which it follows that Y is also divisible by 7 (since 2 and 7 are
coprime).

We observe that @ = 2 will be an integer less than Y for all Y that are multiples of 7.
Thenp = Y — q will also be an integer.

We now must count all the multiples of 7 between 2000 and 3000 inclusive.

Since 1995 = 285 x 7and 2996 = 428 x 7 there are 428 — 285 = 143 multiples of
7 between 2000 and 3000 and hence there are 143 such years.

Assume, without loss of generality, that X < y. Since X, Yy are positive integers and
Xy = 105, the possible values of (X, y) are (1, 105), (3, 35), (5,21), (7, 15).
Since we require 13 + X >y for the triangle to exist, we may eliminate the first three of

these possibilities, leaving only (7, 15) and conclude that the perimeter is
13+7+15=35.

For each small equilateral triangle, let the length of each
side be X and the perpendicular height be h.

We may trap the shaded triangle in a rectangle as
shown, where one vertex is coincident with one of the
vertices of the rectangle and the other two vertices lie on
sides of the rectangle.

The rectangle has width 4x and height 3h. Therefore the
rectangle's area is 12xh.

The three additional (unshaded) right-angled triangles in
the rectangle have areas + x 4x x 2h = 4xh,

I x Ix x 3h = 3xhand$ x Ix x h = Ixh.
Therefore their total area is 4xh + 3xh + Ixh = Lxh.
Therefore K = 12xh — Lxh = Lxh.

Each of the 36 smaller equilateral triangles has area $xh
so we know that ixh = 10 and therefore that xh = 20.

Therefore K = & x 20 = 110.




16. 87

17. 649

18. 441

19. 421

20. 116

2016
The function f (X) has the property that 3f (x) + 7f ( T) = 2X. First observe that

201
% = 252. Therefore 3f (8) + 7f (252) = 16 and 3f (252) + 7f (8) = 2 x 252.

Letf (8) = Vandf (252) = W. Therefore 3V + 7W = 16 and 3W + 7V = 504.

When these equations are solved simultaneously, we obtainV = 87and W = —-35s0
that f (8) = 8&7.

We observe that the total of all integers on the board at the start of the process is
101 +2+3+4+5+6+7+8+ 9+ 10) = 550.

On each turn this total is increased by 1. Since we start with one hundred integers on the
board and at each turn this number of integers is decreased by one, then 99 turns will be
required to complete the process. Therefore the total of all integers on the board will
increase by 99 over the course of the process. Hence the remaining number will be

550 + 99 = 649.

Let the smallest number be Xx. Therefore

XA (X4 1P+ (X+27° + (X+3)> = (X+4)? + (X+ 5% + (X + 6)* and hence

XAXT+2X+ 1+ X2+ 44X+ 4+ X2+ 6X +9 = X2+ 8X + 16 + X* + 10X + 25 + x> + 12X + 36.
This can be rewritten as 4x> + 12X + 14 = 3x*> + 30x + 77orx> — 18x — 63 = 0.
Hence (x — 21)(X + 3) = 0, which has solutions X = 21 and x = -3. The question
tells us that X is positive and therefore x = 21.

The square of the smallest of these integers is therefore 217 = 441.

When an odd number is subtracted from an odd square, an even (and hence composite)
number is obtained. Similarly, when a multiple of 3 (or 7) is subtracted from a square of
a multiple of 3 (or 7), a multiple of 3 (or 7) is obtained which is also composite.
Therefore we need only consider three-digit squares that are neither odd nor a multiple of
3 (or 7). Hence the only squares we need to consider are 16> = 256, 20> = 400,

22? = 484 and 26> = 676 which yield differences of 235, 379, 463 and 655
respectively. It is easy to see that 235 and 655 are multiples of 5 and hence composite.
Therefore only 379 and 463 remain as possible primes satisfying the given condition.
After checking divisibilty by 11, 13, 17 and 19 for both, both are indeed seen to be prime
and their mean is 421.

Any code will start with a black strip and a white strip followed by a shorter barcode. Let
C (m) be the number of distinct barcodes of width m.

Those codes which start with BW will be followed by a code of width m — 2; so there
will be C(m — 2) of these. Likewise, there will be C (m — 3) codes starting BBW, the
same number starting BWW, and C (m — 4) starting BBWW; and that exhausts the
possibilites. So it follows that C(m) = C(m — 2) + 2C(m — 3) + C(m — 4).

When m < 4, it is simple to list all possible barcodes; namely B, BB, BWB and BBWB,
BWBB, BWWB. Therefore C(1) = C(2) = C(3) = 1and C(4) = 3. We can now
calculate C (m) form > 4.

Thus C(5)=C(3)+2C(2)+ C(1) =1+ 2+ 1 =4, and continuing like this, we get

C) =6, C(7) =11, C(8) =17, C(9) = 27, C(10) = 45, C(11) = 72,
C(12) = 11e.



