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SI-2015 Hints and Solutions 
(See the marking scheme for full details of the expected solution approach) 

 
 
Q1 This question is intended to be a relatively straightforward entrée into the paper, and thus its 
demands are fairly routine in nature. That does not mean that it is easy, merely that the appropriate courses 
of action should be readily accessible to all candidates of a suitable standard. To begin with, the demand for 
a sketch (of any function) should lead you to consider things such as  

 key points (such as where the curve meets either of the coordinate axes); 

 asymptotes (note the information given in italics at the end of part (i) regarding what happens as       

x –, which indicates that the negative x-axis is an asymptote in this case); 

 turning points of the curve, which are clearly flagged as being of significance when considering what 
happens when y = k; i.e. when the curve meets a horizontal line; 

 long-term behaviour (you already have sorted for you the “x –” side of things, so there is only a 

quick decision to be made about what happens as x +). 
For the key points, first set x = 0 and then y = 0; the asymptote is effectively given; the TPs come from 
setting the first derivative to zero and solving for x again (noting, of course, that ex is always positive); and 
the curve clearly grows exponentially as x increases positively. The rest of (i) then simply requires a bit of 
thought as to how many times a horizontal line will cut, or touch, the curve depending upon the value of k. 
 In part (ii), it is clear that the x in part (i) has now been replaced with an x2, and this second curve 
must therefore have reflection symmetry in the y-axis, as all negative values of x are being squared to give 
the positive counterpart. Previously, when x was equal to zero, we now havex2 = 0, and so each previous 
crossing-point on the positive x–axis leads to two, one on each side of the y-axis (and at the square-root of 
its former value). However, the previous y-intercept is unchanged, but must now appear at a TP of the curve 
(otherwise the symmetry of the gradient would be compromised). Also, the previous TP with positive x-
value (the negative one has gone) occurs at the square-roots of the previous value, but again with unchanged 
y-coordinate. 
 
 
Q2 It is clear that (i) is an introductory part that requires the use of the cos(A – B) formula with suitably-
chosen values of A andB. Using the sin(A – B) formula then leads to the second result, although there are 
alternative trig. identities that could be used in both cases, such as a double-angle formula. Repeated use of 
these, or the double-angle formulae (or de Moivre’s Theorem for those from a further maths background) 

lead to the (relatively) well-known ‘triple-angle formula’ cos3α  4cos3α – 3cosα, which gives x = cosα as a 

root of the equation 03cos34 3  xx . Although there are several possible methods here, a simple 

division/factorisation leads to   34)( 22  ccxxcx  = 0, and the quadratic formula leads to the 

remaining two roots which, for their simplest form, requires the use of the most elementary of trig. 

identities, 22 1 cs  . 
 A bit of insight is needed in part (iii), where one should first realise that the constant term is intended 

be a cosine value (of 3  some angle), and the most obvious candidate is 22
1  = cos 45o, so that  is 15o. 

From here, it is now clear that “x” is y2
1 , and that the three roots are those from part (ii) with the exact 

numerical forms of the sine and cosine of 15o from part (i) waiting to be deployed in order to find the surd 
forms requested. 
 
 



Q3 In this question, it is important to draw suitable diagrams in order to visualise what is going on, and 
these are not difficult to manage, with the guard either at a corner of the yard (C) or at its middle (M). 
However, this second case has two possible sub-cases to consider, depending upon whether the ‘far’ corners 
of the yard are visible to him/her (which, in fact, turns out to be the b = 3a case which separates the two 
cases that the question invites you to consider), and it is the extra length of the opposite wall that is visible 

that makes for different working. These lengths are 
ab

b



24
 (from C), 

a

b 2

 (from M, with the ‘far’ corners not 

visible) and 
ab

abb


 )32(2

 (from M, with the ‘far’ corners visible). Once obtained, these should be compared 

in order to find that the guard should stand at C for b < 3a and at M for b > 3a (and at either when b = 3a). 
  
      
Q4 A quick read-through of the question should make it clear that it is the lower end of the rod that is 
being referred to (as do the subtractions within the given coordinates x and y). The fact that the rod is 
tangent to the given parabola means that its direction is x2

1tan  , which gives the coordinates of the rod’s 

midpoint as (tan, tan2); a simple right-angled triangle and some accompanying basic trig. then leads to the 
given answer. The second part of the question is equally straightforward once one realises that when  xA = 0, 

 costan2 b 



cos

tan2
b  yA= 2tan . There are several ways to attack the area between two 

curves – e.g. as    21 yy dx, or by translating the bit below the x-axis up by tan2 and calculating the 

difference between area under the “new” curve and a triangle; the key is to eliminate the “b” and then the 
given answer follows. 
 
 
Q5 Once one realises that the x within the integral is not the variable, then both integrations are 

relatively straightforward. In (i), we get f(x) = 
x

x2
, while in (ii) g(x) =  xx

x
 11

1
 … remember to use 

the modulus function when taking square-roots (although one could, alternatively, work out a piece-wise 
definition for g; that is, in bits). The sketch of f should prompt the solver to differentiate in order to identify 

the turning point at 







2ln e  ,
2ln

1
. Noting that y + as x 0 and that y + as x + gives all else that 

is needful to draw the graph in (i). In (ii), the piece-wise definition of g is certainly more useful now since its 
graph is made up of two ‘reciprocal’ curve bits joined by a horizontal straight-line in the middle. 
 
 
Q6 The best way to start any geometrically-inclined question is to 
have a good diagram that doesn’t make the shape of the quadrilateral 
look too specialised in any way (square, rectangle, parallelogram, …).  
Next, label the midpoints sensibly (see diagram) and then write down  P 
their position vectors in terms of a and b. 
 It is relatively easy to prove that the opposite sides of                      Q 
this quadrilateral are equal and opposite, but you must then 
also show that adjacent sides are equal in length and that they     
are perpendicular. This last outcome is going to follow from the           S          
use of the scalar product.  
 For the final part, you should label one of the angles at the     R 

 



centre  (say) and note that the fourth angle at O is thus 180o– . 
Having already calculated the squares of the lengths of the square’s sides in the form  

   o22
4
1 90cos2)( aaaa  

the required result follows from noting that this is maximal when   190cos o  ; i.e. when  o90 . 

 
 
Q7 The crucial observation here is that a (continuous) function takes its maximum value on a finite 
interval either at a maximum turning-point or at an endpoint. Differentiating (a ‘negative’ cubic – so we 

know what its shape is) gives a MIN. TP at (0, 0) and a MAX. TP at ( 3
1 a, 9

1 a3), and evaluating at the 

endpoints gives f(– 3
1 ) = 9

1 (3a + 2) and f(1) = 3a – 6.  

Now, a comparison of these possible values for f then yields that 9
1 (3a + 2)  9

1 a3  a  0, a  2; and 

that 9
1 a3  3a – 6 holds for all a  0; and also that 9

1 (3a + 2)  3a – 6  a  3
7 (which, actually, affects 

nothing, but the working should be done anyhow). Thus M(a) = 












363

32

20)23(
3

9
1

9
1

aa

aa

aa

 . 

   
 
Q8 The standard “bookwork” approach to this opening part is to write the sum (S) both forwards and 

backwards, add the terms in pairs (n pairs, each of value n + 1) and then to half this to get S = 2
1 n(n + 1). As 

with any such invitation to establish a result, one should not simply seek to quote a result and thus merely 
“write down” the given answer. When looking at part (ii)’s question, the binomial theorem should really be 
screaming at you from the page, and all that is needed is to observe that the binomial expansion of (N – m)k 
consists of k + 1 terms, the first k of which contain a factor of (at least one) N. The final term, since k is odd 
must be –mk which then conveniently cancels with the + mk term to leave something that is clearly divisible 
by N. 
 In the next part of the question, you are invited to explore the cases n odd and n even separately 
(indeed the results that follow are slightly different). To begin with, 
 

S = 1k + 2k + … + nk (an odd no. of terms) = 0k + 1k + 2k + … + nk (an even no. of terms) 
 

So these terms can now be paired up:  
n with 0,   n – 1 with 1,   …,   )( 2

1
2
1 n  with )( 2

1
2
1 n , 

so that all pairs are of the form (n – m)k+ mk , which was just established as being divisible by n. Next, in the 
case when  
 

S = 1k + 2k + … + nk (an even no. of terms) = 0k + 1k + 2k + … + nk  (an odd no. of terms), 
 

the pairs are now 
n with 0,   n – 1 with 1,   …,   )1( 2

1 n  with )1( 2
1 n , 

but with an odd term, kn)( 2
1 , left over. This gives us (from the same previous result as before) a sum 

consisting of terms divisible by n and one that is divisible by 2
1 n, giving the second result. 

 Then, for n even, so that (n + 1) is odd, S + (n + 1)k is divisible by n + 1 (by the previous result)  S 

is divisible by n + 1; and for n odd, so that (n + 1) is even, S + (n + 1)k is divisible by 2
1 (n + 1). Thus, since 

hcf(n, n + 1) = 1   hcf( 2
1 n, n + 1) = 1 for n even, and  hcf(n, 2

1 (n + 1)) = 1 for n odd, it follows that S is 

divisible by 2
1 n(n + 1) for all positive integers n.  

 



Q9 The standard time taken to land (at the level of the projection) of a projectile is
g

u
t

sin2
 . Thus, a 

bullet fired at time t, 


6

0  t , lands at time 





  t

g

u
tTL 

3
sin

2
. Differentiating this w.r.t. t and 

setting it equal to zero, gives 





  tk 

3
 cos . The horizontal range is then given by

g

u
R

 cossin2 2

  and 

this gives the required answer. Moreover, substituting the endpoints of the given time interval 


6

0  t   

into 





  tk 

3
cos

 
gives 

2

3

2

1
 k  . However, if k < 2

1 , then one sees that 0
d

d


t

TL  throughout the 

gun’s firing, so that TL  is a (strictly) decreasing function. Hence its maximum value occurs at t = 0, i.e.

3

  , whence 
g

u

g

u
R

2

3

2

3

2

12 22

 . 

 
 
Q10 The difficulty in this question lies in ignoring unnecessary information (not given). Firstly, then, note 

that the speed of the rain relative to the bus is vcos  – u (or u – vcos  if negative), and when u = 0,  the area 

of the bus getting wet, A, is such thatAhvcos  + avsin . Now the given result follows from observing that 

when vcos  – u> 0, the rain hitting the top of the bus is the same, whilethe rain hits the back of the bus as 

before, but with speed vcos  – u instead of vcos ; and whenvcos  – u< 0, the rain hitting the top of the bus 

is the same, while the rain hits the front of the bus as before, but with u – vcos  instead of  vcos. 

 Next, as the journey time 
u

1
, we need to minimise

u

uvh

u

av
J

|cos|sin 



. For vcos  – u > 0 

and w  vcos , we minimise h
u

hv

u

av
J 

 cossin
, and this decreases as u increases, and this is done 

by choosing u as large as possible; i.e. u = w. For u – vcos > 0, we minimise h
u

hv

u

av
J 

 cossin
, 

and this decreases as u increases if a sin > h cos , so we again choose u as large as possible; i.e. u = w. 

Next, if a sin < h cos , then  J  increases with u when u exceeds vcos , so we choose u = vcos in this 

case. Finally, if a sin  = hcos  then  J is independent of u, so we may as well take  u = w.
 

 For the return journey, simply replace by  180o –  to give h
u

hv

u

av
J 

 cossin
, which 

always decreases as u increases, so take u = w  again. 
 
 
Q11 As with all statics problems, the key to getting  
a good start, and to making life as easy as possible  
for the working that follows, is to have a good, clear  
diagram with all relevant forces, in appropriate 
directions, marked on it (see alongside). 
 To begin with, take moments about the 
respective cylinders’ axes yields F = F1 = F2, as 
required. Next, write down the four equations  
that arise from resolving for each cylinder in the 
directions parallel and perpendicular to the plane. 

O1 

O2 



These are:- 

sin11 WRF    ;   cos11 WFR    ;   sin22 WRF       and   cos22 WFR    . 

(Note that one could replace some of these with equivalent equations gained from resolving for the whole 

system.) Replacing F1 and F2 by F, equating for sin , re-arranging for F in terms of R and using the 
Friction Law, RF  , appropriately leads to the first given answer in (ii). A bit more determination is 

needed to gain the second given answer, however. Firstly, tan can be gained by division in at least two 
ways, and both F and R must be eliminated from any equations being used. Thereafter, it is simply a matter 
of forcing the working through correctly and, hopefully, concisely. 
 
 
Q12 Here, you are given the relevant Poisson result at the outset, and this is intended to guide your 
thinking later on in the question. To begin with, though, part (i) is actually a Binomial situation … requiring 
just a single general term. In part (ii), you were asked to prove algebraically a result that you might usually 
be required to quote and use. This requires a good understanding of the use of the sigma-notation and a clear 
grasp as to which of the various terms are constant relative to the summation, and then combining the 
remaining terms together appropriately to give the requested Poisson answer. Most important of all, of 
course, it is essential to have the first line of working correct; this is 

P(S = r) = 
! )( ! 

! 

! 

8e

  

8

rnr

n

nrn

n








 rnr   

4

3
 

4

1


















 

and one follows this through to the point where the result 









rn

rnr

rnr   

  8

! )(

6

! 

2e
 is obtained. At this stage 

another simple trick is required – effectively a re-labelling of the starting-point, using m = n – r to re-write 

this as 




 

0  

8

! 

6
 

! 

2e

m

mr

mr
. The required result follows immediately since the infinite sum is just e6. 

 Having established this, the final part of the question is relatively straightforward, requiring only the 
use of the conditional probability formula applied to P(M = 8 |M + T = 12). 
 
 
Q13 The first three parts of this question are very easy indeed, if looked at in the right way. In part (i) it is 
not necessary at all that you recognise the Geometric Distribution (indeed, some of you may not have 
encountered it at all), but the result asked for is simply “(n – 1) failures followed by 1 success”, and one can 

write down immediately, and without explanation, the answer P(A) =    6
11  

6
5  n . In (ii), you have a situation 

in which one can apply the principle of symmetry: either a 5 arises before a 6, or vice versa, so the required 

probability is just P(B) = 2
1 . Part (iii) can be approached similarly, in that the first 4s, 5s, 6s can arise in the 

orders 456, 465, 546, 564, 645, 654  P(BC) = 3
1 (i.e. also “by symmetry”, but with three pairings to 

consider).  
 Parts (iv) and (v), however, each turn out to require the use of the result given at the end of the 
question, as the outcomes (theoretically) stretch off to infinity. For (iv), it is best to consider only on which 
throw the first 6 occurs (since we stop at that point). It cannot occur on the first throw, so we have the sum 
of the situations: 

a 5 occurs on the first throw, followed by a 6 on the second; 
one 5 and a 1-4 occur, in either order, followed by the 6 on the third; 
one 5 and two 1-4s occur, in any of three possible orders, followed by a 6 on the fourth; 

etc. 



Thus P(D) =             ...
1

3

1

2
6
12

6
4

6
1

6
1

6
4

6
1

6
1

6
1 

















 , and this factorises as       ...321 2

3
2

3
2

36
1  , and the 

big bracket is just the given result with x = 3
2  and n = 2. 

 Before getting too deeply into part (v), a couple of simple results should be noted. Firstly, we use the 

fact that P(E) = P(D) = 4
1 , the answer to (iv); and then that we will need to use the basic  probability result 

P(DE) = P(D) + P(E) – P(DE) = 2
1  – P(DE). Turning this around, since it is far easier to calculate the 

probability, P(DE), that both one 4 and one 5 occur before the first 6. Again, looking at this from the 
viewpoint of finishing after the first 6 is thrown, we see that  

P(DE) =                ...
2

4

1

3
6
1

6
1

6
22

6
3

6
1

6
1

6
2

6
3

6
1

6
1

6
2 



















 
=       ...631 2

2
1

2
1

108
1   

and the big bracket is the given result with x = 2
1  and n = 3 , leading to the answer P(DE) = 54

23 . 

 
 



STEP 2 2015 Hints and Solutions 

Question 1 

For the first result, show that the gradient of the function is positive for all positive values of ݔ (by 
differentiating) and also that ݂ሺ0ሻ  0. Once this result has been established sum a set of the terms, 

using ݔ ൌ
ଵ


, note that ln ቀ1 

ଵ


ቁ can be written as lnሺ݇  1ሻ െ lnሺ݇ሻ and then the required result 

follows. 

For the second part, first show that ݔ  lnሺ1 െ ሻ is negative for 0ݔ ൏ ݔ ൏ 1 and then use the 

substitution ݔ ൌ
ଵ

మ
, noting that ln ቀ1 െ

ଵ

మ
ቁ can be written as lnሺ݇ െ 1ሻ െ 2 lnሺ݇ሻ  lnሺ݇  1ሻ. Deal 

with the sum starting with ݇ ൌ 2 and then add the initial 1 afterwards. 

 

Question 2 

As with all geometric questions a good diagram of the information given makes the solution to this 

question much easier to reach. The first result in this question follows from an application of the sine 

rule with applications of the relevant formulae for sinሺܣ   ሻ and the double angle formulae. Fromܤ

a diagram of the triangle it should then be an easy application of trigonometry to show that ܧܦ ൌ
௫

ଶ
. 

There are a number of different methods for establishing that ܥܨ trisects the angle ܤܥܣ – one 

method is to show that sinሺ∠ܧܥܨሻ ൌ
ଵ

ଶ
, following which it is relatively straightforward to work out 

the sizes of angles ܤܥܣ and ܨܥܣ in terms of ߙ and show that they must satisfy the correct 

relationship. 

 

Question 3 

For the first part note that ଼ܶ െ ܶ can be interpreted as the triangles that can be made using the 

rod of length 8 and two other, shorter rods. These can then be counted by noting that there are 6 

possibilities if the length 7 rod is used, 4 possibilities if the length 6 (but not the length 7) rod is used 

and 2 possibilities if the length 5 (but not 6 or 7) rod is used. It is clear that at least one rod longer 

than length 4 must be used. To evaluate ଼ܶ െ ܶ note that it is equal to ሺ଼ܶ െ ܶሻ  ሺ ܶ െ ܶሻ and 
then evaluate  ܶ െ ܶ in a similar manner to ଼ܶ െ ܶ. Similar reasoning easily gives formulae for 

ଶܶ െ ଶܶିଵ and  ଶܶ െ ଶܶିଶ. 

For the induction, the rule for  ଶܶ െ ଶܶିଶ deduced in the previous part can be used to show the 

inductive step, while the easiest way to show the base case is to list the possibilities. The easiest way 

to establish the result for an odd number of rods is to use the formula for  ଶܶ െ ଶܶିଵ and the 

formula for  ଶܶ that was just proven. 

 

   



Question 4 

For the first part, note that the graph of arctan  satisfies the requirement of being continuous, but ݔ

does not satisfy ݂ሺ0ሻ ൌ ݔSince tanሺ .ߨ  ሻߨ ൌ tan ݕ a translation of the graph of ,ݔ ൌ arctan  ݔ
vertically by a distance of ߨ gives the required graph. 

It should be clear that the graph of ݕ ൌ
௫

ଵା௫మ
 has no vertical asymptotes, approaches the ݔ‐axis as 

ݔ → േ∞ and passes through the origin. Identifying the stationary points should be the next task 

after which a graph should be easy to sketch. The graph of ݕ ൌ ݃ሺݔሻ should then be easy to sketch 
by considering the fact that ݂ሺݔሻ is an increasing function and ݃ሺݔሻ is obtained by composing the 

two functions already sketched. 

To sketch the graph of ݕ ൌ
௫

ଵି௫మ
 first note that there must be two vertical asymptotes. Once 

stationary points have been checked for it should be straightforward to complete the sketch. In this 

case, the asymptotes need to be considered to deduce the shape of the graph for ݕ ൌ ݄ሺݔሻ as the 
composition with ݂ሺݔሻ will lead to discontinuities. Noting again that tanሺݔ  ሻߨ ൌ tan  the ݔ
discontinuities can be resolved by translating sections of that graph vertically by a distance of ߨ. 

 

Question 5 

The initial proof by induction is a straightforward application of the tanሺܣ   ሻ formula. The finalܤ

part of section (i) requires recognition that there are many possible values of ݔ to give a particular 
value of tan  but only one of them is the value that would be obtained by applying the arctan ,ݔ

function. The result can therefore be shown by establishing that the difference between consecutive 

terms of the sequence is never more than ߨ. 

For the second part of the question a diagram of the triangle and application of the tan  formula ܣ2

shows that the value of ߙ must be of the form used in the first part of the question. All that 

remains is then to show that the limit of the sum must give the required value. 

 

Question 6 

The first part of the question requires use of the cosሺܣ   ሻ formula. Following this the integralܤ

should be easy to evaluate given that  secଶ ݔ ݔ݀ ൌ tan ݔ  ܿ. In the second part, apply the 
substitution and note that the limits of the integral are reversed, which is equivalent to multiplying 

by ‐1. Following this a simple rearrangement (noting that the variable that the integration is taken 

over can be changed from ݕ to ݔ) should establish the required result. The integral at the end of this 
part can then be evaluated simply by applying this result along with the integral evaluated in part (i). 

In the final part of the question it is tempting to make repeated applications of the result proven in 

part (ii). However, this is not valid as it would require the use of a function satisfying ݂ሺsin ሻݔ ൌ  ,ݔ
which is not possible on the interval over which the integral is defined. Instead, application of a 

similar substitution to part (ii) to  ଷ݂ሺsinݔ ሻݔ
గ
  will simplify to allow this integral to be evaluated ݔ݀

based on the integration of 
ଵ

ሺଵାୱ୧୬ ௫ሻమ
. An application of the result from part (ii) will also be required. 

 

   



Question 7 

For part (i) note that the lines joining the centres of the two circles and one of the points where the 

bisection occurs form a right‐angled triangle, so the radius of the new circle can be calculated. To 

show that no such circle can exist when ݎ ൏ ܽ note that the diametrically opposite points on ܥ must 

be a distance of 2ܽ apart, and no two points on a circle of radius ݎ can be that far apart. For the case 
ݎ ൌ ܽ note that the new circle would be the same as ܥ (and so would have more than two 

intersection points). 

For part (ii) a similar method can be used to deduce the distances between the centre of the new 

circle and each of ܥଵ and ܥଶ. From these distances equations can be formed relating the ݔ and ݕ 
coordinates of the centre of the new circle. It is then an easy task to eliminate the ݕ‐coordinate of 
the centre of the circle from the equations to get the given value of the ݔ‐coordinate. 

The expression for ݕ can easily be found by substituting back into the equations obtained from the 

distance between the centres of two of the circles. Once this is done, note that ݕଶ  0 to obtain the 
final inequality. 

 

Question 8 

The first part of the question follows from consideration of similar triangles in the diagram if the line 

through ܲ and the centres of the circles is added. For the second part, expressions can be written 
down for the position vectors of ܳ and ܴ by noting that the same method as in part (i) will still apply. 

The vectors ܲܳሬሬሬሬሬԦ and ܴܳሬሬሬሬሬԦ can then be compared to show that one is a multiple of the other. 

For the final part of the question, note that ܳ will lie halfway between ܲ and ܴ if ܲܳሬሬሬሬሬԦ ൌ ܴܳሬሬሬሬሬԦ. 

 

Question 9 

A diagram to represent this situation will show the angles that will be required to calculate the 

moments of each of the particles about ܣ in terms of ߠ. Following this, simple trigonometric 

manipulation should lead to a relationship between sin and cos ߠ  From this, either a right‐angled .ߠ

triangle or one of the basic trigonometric identities can be used to reach the required result. 

For the second part of the question the amount of potential energy that needs to be gained by the 

system should be easy to calculate and this must be equal to the initial kinetic energy of the system. 

 

   



Question 10 

The component of the velocity of the particle in the direction of the string at any moment must be 

equal to ܸ, which leads to ܸ	cosec	ߠ as the speed of the particle along the floor. Alternatively, 
introduce a variable to represent the length of string still in the room or the height of the room and 

then differentiate ݔ, the distance of the particle from the point directly beneath the hole, with 

respect to time. The length of the string (to the hole in the ceiling) is decreasing at a rate of ܸ	݉ିݏଵ, 
which then allows the introduced variable to be eliminated to reach an expression for the speed of 

the particle. 

Differentiation of the speed of the particle allows the acceleration to be calculated. Finally, note that 

the particle will remain on the floor as long as the vertical component of the tension is less than the 

weight of the particle and then the point at which the particle leaves the floor can be identified. 

 

Question 11 

For the first part, the coordinates of ܣ are found by applying simple trigonometric ratios and 

differentiation with respect to time gives the velocity of ܣ. In the second part, the first equation 
results from consideration of conservation of momentum and the second results from conservation 

of energy (with a substitution based on the first equation made to eliminate one variable). 

Since no energy is lost in any collisions the relationships from part (ii) must continue to hold and this 

shows that ߠሶ  cannot be 0 which means that the direction in which ߠ changes remains the same 

unless there is a collision. Since the first collision occurs when ߠ ൌ 0, the second one must be when 

ߠ ൌ  .ߨ

For the final part, note that the equations in part (ii) must still hold, and if ݒ ൌ 0, the kinetic energy 
of ܤ must be 0. Since the kinetic energies of ܣ and ܥ must be equal (by symmetry) it must be the 

case that the kinetic energy of ܣ is 
ଵ

ସ
 ଶ and can also be calculated from the expression for theݑ݉

velocity of ܣ shown in part (i). Since ߠሶ ଶ  0, this can then be used to find the values of ߠ. Finally, 
note that given these values of ݒ ,ߠ will only be 0 on the occasions when ߠሶ  is positive. 

 

Question 12 

For the first part, note that ܣ can only win the game if the first two tosses result in heads, since once 

there has been a tail, ܤ will win as soon as two consecutive heads have been tossed and ܣ cannot 
win until there have been two consecutive heads and one further toss. In the second part, note that 

this logic still applies to the game for ܣ and similar reasoning can be applied to the game for ܥ. For 
the other two players switching heads and tails in any sequence that results in a win for ܤ will give a 
sequence that results in a win for ܦ, and vice versa, so the probabilities must be equal. Since only 

sequences which alternate between heads and tails forever (and the probabilities of such sequences 

tend to zero as the lengths of the sequences increase) the probabilities must both also be ¼ . 

For the final part, note that ܥ must win if the first two tosses are TT. Since only the previous two 

tosses are important in determining what could happen on the next toss, each case can be analysed 

by a tree diagram which shows the outcomes after one further toss. 

For example, following HT: 



 H gives the position if the last two tosses were TH, and so a probability of winning of ݍ, 
 T gives the position if the last two tosses were TT and so a probability of winning of 1. 

The total probability is therefore 
ଵ

ଶ
ݍ 

ଵ

ଶ
, but this must also be equal to . 

This yields three equations in the three unknowns which allows all of the individual probabilities to 

be calculated. Once this is done the overall probability can be calculated. 

 

Question 13 

To calculate the expected value of the total cost, note that there is a constant component of ݇ݕ and 
then the expected value of the ܽሺܺ െ ܺ ሻ given thatݕ   must be added, which can be calculated ݕ

by integration of ሺݔ െ  and ∞. Differentiating the expression ݕ between ,ݔ ఒ௫ with respect toି݁ߣሻݕ

for ܧሺܥሻ with respect to ݕ allows the position of the stationary point to be found. If this is at a 
negative value then ݕ should be chosen to be 0 and otherwise the value of ݕ for the stationary point 
should be used. 

A slightly more complicated integration is needed to establish the formula for ܸܽݎሺܥሻ and then 
differentiation of this gives a value that is clearly negative for positive values of ݕ, which shows that 
the variance is decreasing as ݕ increases. 



STEP 3 2015  Hints and solutions 

1.  The first result can be obtained by simplifying the LHS and then writing it as  

 ݑ
௨

ሺଵା௨మሻశభ
ݑ݀

ஶ
   and integrating this by parts.  To obtain the evaluation of  ܫାଵ ,  the first result 

can be re‐arranged to make  ܫାଵ  the subject, and then iterating the result to express it in terms of  

 ଵ  which is a standard integral.  The expression can be tidied by multiplying numerator andܫ

denominator by  ሺ2݊ሻሺ2݊ െ 2ሻ… ሺ2ሻ .  The first result for (ii) is obtained by means of the 

substitution  ݑ ൌ   and the third by the substitution , ܬ  ଵ , the second by adding the two versions ofିݔ
ݑ ൌ ݔ െ  ଵ , being careful with limits of integration and employing symmetry.  Part (iii) is solved byିݔ

expressing the integrand as  
௫షమ

ሺሺ௫ି௫షభሻమାଵሻ
  and then employing first part (ii) then part (i) to obtain  

  , which isܫ
ሺଶିଶሻ!గ

ଶమషభ൫ሺିଵሻ!൯
మ . 

2.  Part (ii) is the only false statement, and a simple counter‐example is ݏ ൌ 1  and  ݐ ൌ 2  for  
݊  odd, and  ݏ ൌ 2  and  ݐ ൌ 1  for  ݊  even.  Part (i)  ݉ ൌ 1000  is a suitable value, then  1000  ݊ 
and as  ݊  is positive, the inequality can be multiplied by it giving the required result.  Part (iii) 

requires the use of the definition twice with values  ݉ଵ and  ݉ଶ  say, and then using  ݉ ൌ
maxሺ݉ଵ,݉ଶሻ .  For part (iv), we can choose  ݉ ൌ 4 , and an inductive argument such as 

  ሺ݇  1ሻଶ ൌ ቀ1 
ଵ


ቁ
ଶ
݇ଶ  ቀ1 

ଵ

ସ
ቁ
ଶ
݇ଶ ൏ 2݇ଶ  2 ൈ 2 ൌ 2ାଵ  works. 

3.  The part (i) inequality for  sec   the subject of the formula as  ݎ  can be obtained by making  ߠ

ݎ ൌ ܽ sec ߠ േ ܾ  and invoking  ܽ  ܾ  remembering that  ݎ ൏ 0  is not permitted.   

Then the points lie on a conchoid of Nicomedes with A being the pole (origin),  d being b, and L being 

the line  ݎ ൌ ܽ sec "ݔ")   ߠ ൌ ܽ).  A sketch is 

 

 

In part (ii), the extra feature is the loop as specified with end‐points at the pole corresponding to 

sec ߠ ൌ
ି


 .  A sketch is  



  

So in the given case, the area is given by  2 ൈ
ଵ

ଶ
 ሺsec ߠ  2ሻଶ݀ߠ
గ
మഏ
య

 which is   
ସగ

ଷ
 √3 െ 4 lnห2  √3ห . 

4.  Part (i) is imply shown by considering the image of the function  ݂ሺݖሻ ൌ ଷݖ  ଶݖܽ  ݖܾ  ܿ  
as  ݖ → േ∞  and then observing that the function is continuous and exhibits a sign‐change.  Part (ii) 

can be approached by writing  ݖଷ  ଶݖܽ  ݖܾ  ܿ ൌ ሺݖ െ ݖଵሻሺݖ െ ݖଶሻሺݖ െ ܽ  ଷሻ     givingݖ ൌ െ ଵܵ , ൌ

	
ௌభ

మିௌమ
ଶ

 , which can be obtained by considering  ሺݖଵ  ଶݖ   ଷሻଶ and the required result for  6ܿ  whichݖ

can be neatly obtained by considering  ݂ሺݖଵሻ  ݂ሺݖଶሻ  ݂ሺݖଷሻ ൌ 0 .  

 Writing  ݖ ൌ ሺcosݎ ߠ  ݅ sin ݇  ሻ  forߠ ൌ 1, 2, 3 , employing de Moivre’s theorem, the three 

sums imply the reality of   ଵܵ ,  ܵଶ , and ܵଷ  , and hence  ܽ , ܾ , and  ܿ which by virtue of the result of 
part (i) yields the reality of  ݖଵ , ݖଶ , or  ݖଷ and hence the required result.  The final result can be 
considered as two cases, the trivial one of all three roots being real, and the one where the other 

two are complex.  The latter can be shown to give the required result by considering the real and 

imaginary parts of the roots of a real quadratic. 

5.  (i) Step 3 is straightforward on the basis of steps 1 and 2, noting that no lowest terms 

restriction need be made in part 1.  Step 5 requires that the given expression is a positive integer as 

well as well as being integer when multiplied by root two.  Step 6 requires justification that         

√2 െ 1 ൏ 1 .  

  (ii) The rationality of  2
ଶ
ଷൗ  on the basis of   2

ଵ
ଷൗ  being rational is simply obtained by squaring 

the latter, and the opposite implication can be made by squaring the former or dividing 2 by the 

former.  To construct the similar argument, let the set ܶ  be the set of positive integers with the 

following property:  ݊ is in ܶ if and only if ݊2
ଵ
ଷൗ   and  ݊2

ଶ
ଷൗ  are integers, and taking  ݐ to be the 

smallest positive integer in that set, consider  ݐ ቀ2
ଶ
ଷൗ െ 1ቁ to produce the argument. 

6.  Treating the equations for ݑ  and  ݒ as simultaneous equations for  ݓ  and  ݖ , one finds that  

ݓ ൌ
௨േ√ଶ௩ି௨మ

ଶ
  and  ݖ ൌ

௨∓√ଶ௩ି௨మ

ଶ
  which demonstrates that if  ݑ ∈ Թ  and  ݑଶ  ݒ .i.e , ݒ2 ∈ Թ,  ݓ  

and  ݖ are real.  If  ݓ  and  ݖ are real, then ݑ  and  ݒ are (trivially) and  2ݒ െ ଶݑ ൌ ሺݓ െ ሻଶݖ  0 . 

In (ii),  the first two equations yield  3ݖݓ ൌ 1 , making it possible to write the third equation as  

ଶݑሺݑ െ 1ሻ ൌ ݑሺߣ െ 1ሻ  which has an obvious factor of  ሺݑ െ 1ሻ  leading to  ݑ ൌ 1  or  ݑ ൌ
ିଵേ√ଵାସఒ

ଶ
  

from the quadratic equation.  If one of the solutions of the quadratic equation gives the same root  

ݑ ൌ 1 , then there are not three possible values, i.e. if  ߣ ൌ 2 .  From the first part of the question, 

for  ݓ  and  ݖ to be real, we would want  ݑ to be real,  ݑଶ െ
ଶ

ଷ
  to be real, and  ݑଶ  2 ቀݑଶ െ

ଶ

ଷ
ቁ , in 



other words  ݑଶ 
ସ

ଷ
 .  So a counter‐example could be  ݑ ൌ 1  giving  2ݓଶ െ ݓ2 

ଶ

ଷ
ൌ 0  which has a 

negative discriminant. 

7.  The opening result is simply achieved by following the given explanation for ܦଶ݂ሺݔሻ with  
݂ሺݔሻ ൌ   .  Parts (i) and (ii) can both be shown usual the principle of mathematical induction withݔ

initial statements 

“Suppose  ܦܲሺݔሻ  is a polynomial of degree  ݎ  i.e.  ܦܲሺݔሻ ൌ ܽݔ  ܽିଵݔିଵ  ⋯ ܽ  for 
some integer ݇ .” and “Suppose  ܦሺ1 െ ሻ  is divisible by ሺ1ݔ െ ሺ1ܦ  .ሻି   i.eݔ െ ሻݔ ൌ
݂ሺݔሻሺ1 െ ݇ ሻି  for some integer ݇ , withݔ ൏ ݉ െ 1.”   Part (iii) is obtained by expressing  
ሺ1 െ ሺ1ܦ  ሻ  in sigma notation (by the binomial theorem), then carrying outݔ െ  ሻ using theݔ

idea in the stem, and finally invoking the result of part (ii) and then substituting  ݔ ൌ 1 . 

8.  Transforming the differential equation in part (i) is made by substituting for ݔ  and  ݕ  as 

given, for  
ௗ௬

ௗ௫
  using   

ௗ௬

ௗఏ
ൌ ݎ cos ߠ 

ௗ

ௗఏ
sin   and a similar result for  ߠ

ௗ௫

ௗఏ
  , and then simplifying the 

algebra by multiplying out and collecting like terms bearing in mind that a factor  ݎ  can be cancelled 
as  ݎ ് 0 .  The transformed equation can be solved by separating variables or using an integrating 

factor, to give  ݎ ൌ ݇݁ିఏ , the sketch of which is  

 

 

The same techniques for part (ii) yields a differential equation  ݎ െ ଷݎ 
ௗ

ௗఏ
ൌ 0  which is solved by 

separating the variables and then employing partial fractions giving a variety of possible solution 

sketches 

 

ܣ) ് െ1 but it is possible to consider ܣ ൏ െ1 in which case ߠ ൏ 0 ) 

9.  Whilst the first part can be obtained otherwise, the simplest approach is by conserving 

energy, when  
ଵ

ଶ
ଶݒ݉ ൌ

ଵ

ଶ
ሶݔ݉ ଶ 

ఒ

ଶ
൫√ܽଶ  ଶݔ െ ܽ൯

ଶ
  leads to the required answer simply.  ݔ  is 

found by setting  ݔሶ ൌ 0  leading to  ݔ ൌ ට௩మ

మ


ଶ௩


 .  The acceleration can be found by applying 



Newton’s 2nd Law or by differentiating the equation found in the first part, and substituting leads to 

the result  െ
௩√௩మାଶ௩

௩ା
  for the acceleration when  ݔ ൌ   .  Treating the equation found in the firstݔ

part as a differential equation for  ݔ  in terms of  , the expression for the period is  

 ߬ ൌ 4
ଵ

ቂ௩మିమ൫√మା௫మି൯
మ
ቃ

భ
మ

௫బ
 ଶݑ  Making the substitution . ݔ݀ ൌ

൫√మା௫మି൯

௩
  , leads to  

ݔ ൌ ݒ2݇ܽ√
௨


ቀ1 

௩

ଶ
ଶቁݑ

భ
మ
  , which making a binomial expansion and using the given condition to 

approximate  ݔ ൎ ݒ2݇ܽ√
௨


  results in the final given expression. 

10.  The position vector of the upper particle is  ൬
ݔ  ܽ sin ߠ
ݕ  ܽ cos  ൰ so differentiating with respect toߠ

time yields the correct velocity and acceleration which gives the second result when used in 

Newton’s second law resolving horizontally and vertically.  The corresponding equations are  

݉൬ݔሷ െ ܽ θሷ cos ߠ  ሶߠܽ ଶ sin ߠ
ሷݕ  ܽ θሷ sin ߠ  ሶߠܽ ଶ cos ߠ

൰ ൌ ܶ ቀsin ߠ
cos ߠ

ቁ െ ݉݃ ቀ0
1
ቁ  for the other particle by merely swapping the 

direction of the tension and the displacement from the midpoint.  The deductions are obtained by 

adding the two equations of motion, and in the case of  θሷ  , subtracting the two equations and then 

eliminating  ܶ  between the equations for each component.  Using    ൬ݔሶ  ܽ θሶ cos ߠ
ሶݕ െ ܽ θሶ sin ߠ

൰ ൌ ቀ
ݑ
 ቁ  and aݒ

similar equation for the lower particle, initial values of ݕሶ  and  ߠሶ   can be found and then the time for 

the rod to rotate by  
ଵ

ଶ
 can be obtained and substituted in the displacement equation under ߨ

uniform acceleration to obtain the final result. 

11.  (i)  The first result is obtained, as the question prompts, by considering a component of force 

on the rod due to P, and taking moments about the hinge to find that that component is zero with 

the consequence that any force exerted on the rod by P must be parallel to the rod.  Bearing in mind 

the horizontal acceleration of P towards the centre of the circle it describes, resolving perpendicular 

to the rod and writing the equation of motion for P leads directly to the given equation with the 

stated substitution being made.  The force exerted by the hinge on the rod is along the rod towards 

P and resolving vertically for forces on P and rearranging gives  ܨ ൌ ݉݃ sec  . ߙ

  (ii)  Taking moments for the whole system about the hinge gives  

	
݉ଵ݃ ݀ଵsin ߚ  ݉ଶ݀ଶ݃ sin ߚ ൌ ݉ଵ݀ଵሺݎ െ ݀ଵ sin ሻ߱ଶߚ cos ߚ  ݉ଶ݀ଶሺݎ െ ݀ଶ sin ሻ߱ଶߚ cos  ߚ

which can be rearranged into the required form with  ܾ ൌ
భ ௗభ

మ ାమௗమ
మ

భ ௗభ ାమௗమ
 . 

12.  (i)  The required probability generating function is ܩሺݔሻ ൌ 	
ଵ


ሺ1  ݔ  ଶݔ  ଷݔ  ସݔ   ହሻݔ

and it is simple to write down the probability distribution function of  ܵଶ and hence of  ܴଶ and arrive 
at the same pgf.  As a consequence, it can be argued that the pgf for ܴ is also  ܩሺݔሻ and so the 

required probability is  1 6ൗ  . 

  (ii)  ܩଵሺݔሻ ൌ 	
ଵ


ሺ1  ݔ2  ଶݔ  ଷݔ  ସሻݔ ൌ

ଵ


ሺݔ  ሻ൯ݔଵሺܩሻ   would be   ൫ݔଶሺܩ   .  ሻݕ

ଶ
  except 

that the powers must be multiplied congruent to modulus 5 , and it can be shown that ݕݔ ൌ  and ݕ

ଶݕ ൌ ሻݔሺܩ   ሻ.  Obtainingݔଶሺܩ  so  obtaining the required result for ݕ5 ൌ
ଵ


ቀݔିହ 

ିଵ

ହ
  ቁݕ



where    is an integer such that  0  ݊ െ 5  4 , and the probability that  ܵ is divisible by 5 will 
be the coefficient of  ݔ  which in turn is the coefficient of  ݕ  as required.  If  ݊  is divisible by 5, the 

probability that  ܵ is divisible by 5 will be  
ଵ

ହ
ቀ1 

ସ


ቁ  as  ݔିହ ൌ  . ݔ

13.  (i)   

 

lead to  ܲሺܺ  ܻ ൏ ሻݐ ൌ 	
ଵ

ଶ
ଶ  if  0ݐ  ݐ  1 , ܲሺܺ  ܻ ൏ ሻݐ ൌ 	1 െ

ଵ

ଶ
ሺ2 െ ሻଶ  if  1ݐ ൏ ݐ  2 , 

ܲሺܺ  ܻ ൏ ሻݐ ൌ 	0 if  ݐ ൏ 0  and  ܲሺܺ  ܻ ൏ ሻݐ ൌ 	1  if  ݐ  2 . 

From this, the cumulative distribution function of  ሺܺ  ܻሻିଵ by means of the logic 

ܲሺሺܺ  ܻሻିଵ ൏ ሻݐ ൌ ܲ ቀܺ  ܻ 
ଵ

௧
ቁ ൌ 1 െ ܲ ቀܺ  ܻ ൏

ଵ

௧
ቁ  and the required probability density 

function can be found by differentiation.  From that, by integration, ܧ ቀ
ଵ

ା
ቁ ൌ 2 ln 2 

(ii)    

 

lead to 

ܲ ൬
ܻ
ܺ
൏ ൰ݐ ൌ ൞

1
2
0	ݎ݂		ݐ  ݐ  1

1 െ
1
2
ݐ	ݎ݂		ଵିݐ  1

 

That  ܲ ቀ


ା
൏ ቁݐ ൌ ܲ ቀ

ା




ଵ

௧
ቁ ൌ ܲ ቀ






ଵ

௧
െ 1ቁ ൌ 1 െ ܲ ቀ




൏

ଵ

௧
െ 1ቁ and differentiation leads to  

the probability density function  ݂ሺݐሻ ൌ ቐ

ଵ

ଶ
	ݎ݂			ଶିݐ

ଵ

ଶ
 ݐ  1

ଵ

ଶ
ሺ1 െ 0	ݎ݂		ሻିଶݐ  ݐ ൏

ଵ

ଶ

   . 

ܧ ቀ


ା
ቁ ൌ

ଵ

ଶ
  can be written down because by symmetry,  ܧ ቀ



ା
ቁ ൌ ܧ ቀ



ା
ቁ   

and  ܧ ቀ


ା
ቁ  ܧ ቀ



ା
ቁ ൌ ܧ ቀ

ା

ା
ቁ ൌ ሺ1ሻܧ ൌ 1 .  This is simply verified by integration using the 

probability density function found. 



[An earlier potential version of the question had ܺ , ܻ , and ܼ independently uniformly distributed 

on ሾ0,1ሿ , considered the distribution of  ln ܺ ,  

went on to find the pdf of ܷ , where ܷ ൌ െ lnሺܻܺሻ and finished by showing that ሺܻܺሻ is also 
uniformly distributed on ሾ0,1ሿ . ] 



	

	

	


