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Higher Certificate, Module 5, 2008.  Question 1 
 
 
(i) ( ) ( ) ( ),P X x Y y P Y y X x P X x= = = = = = . 
 
Table of P(X= x, Y = y). 
 
  Values of Y  
  1 2 3 4 Total 

1 1/16 1/16 1/16 1/16 1/4 
2  1/12 1/12 1/12 1/4 
3   1/8 1/8 1/4 

Values of 
X 

4    1/4 1/4 
 Total 3/48 7/48 13/48 25/48 1 
 
 
(ii) The marginal probability distribution of Y is as follows, copied from the 

margin of the table above. 
 

( ) ( ) ( ) ( )3 1 7 13 21 ; 2 ; 3 ; 4
48 16 48 48 48

P Y P Y P Y P Y⎛ ⎞= = = = = = = =⎜ ⎟
⎝ ⎠

5
= . 

 
 

( ) 3 7 13 25 156 131 2 3 4
48 48 48 48 48 4

E Y ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= × + × + × + × = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

. 

 

( )2 3 7 13 25 548 1371 4 9 16
48 48 48 48 48 12

E Y ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= × + × + × + × = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

. 

 

( )
2137 13 41Var

12 4 48
Y ⎛ ⎞∴ = − =⎜ ⎟

⎝ ⎠
. 

 
 
 

(iii) ( ) 1 1 1 1 11 2 3 4 4 6
16 16 16 16 12 12

E XY ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛= × + × + × + × + × + ×⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝

1 ⎞
⎟
⎠

 
 

1 1 18 9 12 16
12 8 8 4

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛+ × + × + × + ×⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝

1 ⎞
⎟
⎠

 
 

( )1 4203 6 9 12 16 24 32 54 72 192
48 48

= + + + + + + + + + = . 

 
 
 
Solution continued on next page 



 

( ) ( ) 1 101 2 3 4
4 4

E X = + + + × =    (and E(Y) = 13/4, see above). 

 

( ) 420 10 13Cov ,
48 4 4

X Y ⎛ ⎞∴ = − ×⎜ ⎟
⎝ ⎠

( )1 3420 390
48 48 8

0 5
= − = = . 

 
 
 
(iv) U = X + Y. 
 

( ) ( ) 12 1, 1
16

P U P X Y= = = = =  
 

( ) ( ) 13 1, 2
16

P U P X Y= = = = =  
 

( ) ( ) ( ) 1 1 74 1, 3 2, 2
16 12 48

P U P X Y P X Y= = = = + = = = + =  
 

( ) ( ) ( ) 1 1 75 1, 4 2, 3
16 12 48

P U P X Y P X Y= = = = + = = = + =  
 

( ) ( ) ( ) 1 1 10 56 2, 4 3, 3
12 8 48 24

P U P X Y P X Y= = = = + = = = + = =  
 

( ) ( ) 17 3, 4
8

P U P X Y= = = = =  
 

( ) ( ) 18 4, 4
4

P U P X Y= = = = =  

 
 

No other values of U have non-zero probability. 
 
 
 
 
 
 



Higher Certificate, Module 5, 2008.  Question 2 
 
Probability generating function, ( ) ( )Xt E tπ = . 

Moment generating function, ( ) ( )tXm t E e= . 

Relationship:       . ( ) ( )tm t eπ=
 

(i) ( ) ( )h

h
t t P X h ( )

0

1
n

n hh h

h

n
t p p

h
π = =∑ −

=

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑  

 

( ) ( )
0

1
n

h n h

h

n
pt p

h
−

=

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑ )( 1 npt p= + −    (using the binomial theorem). 

 
 

(ii) ( ) ( ) ( )
1

1. 1 ,
t

nd dE X np pt p E X np
dt dt
π π

=

−= = + − ∴ = . 

 

( ) ( ) ( )
1

2 2
22

2 2( 1) . 1 1
t

nd dE X X n n p pt p
dt dt
π π

=

−− = = − + − , 

 

( ) ( ) 2( 1) 1E X X n n p∴ − = − . 
 

( ) ( ) ( ) ( )2 21 1 2E X n n p E X n n p np∴ = − + = − + . 
 

( ) ( ) 2 2 2 2 2 2Var 1X n n p np n p n p np np n p2 2∴ = − + − = − + − = np(1 – p). 
 

[Alternatively, could directly use Var(X) = π ''(1) + E(X)(1 – E(X)).] 
 
 

(iii) ( ) ( )( ) ( )
1

3 3
33

3 3( 1)( 2) . 1 2 1
t

nd dE X X X n n n p pt p
dt dt
π π

=

−− − = = − − + − , 

 

( ) ( )( ) 3( 1)( 2) 1 2E X X X n n n p∴ − − = − − . 
 

( ) ( ) ( ) ( )( )3 23 2 1 2 3E X E X E X n n n p∴ − + = − − , 
 

( ) ( )( ) ( )3 3 21 2 3 1 3 2E X n n n p n n p np np∴ = − − + − + −  
 

   ( )( ) ( )3 21 2 3 1n n n p n n p np= − − + − + . 
 
 

(iv) . ( ) ( ) ( )1 1, 2, ...,i

i

n
X t pt p i mπ = + − =

 

( ) ( )
1

1 i
m

n
Y

i

t pt pπ
=

∴ = + −∏ ( 1 inpt p ∑= + − ) ,  which is the pgf of B ( ),in p∑ . 

 

∴ by the 1-1 correspondence between pgfs and distributions, . ( )B ,iY n∑∼ p
 



Higher Certificate, Module 5, 2008.  Question 3 
 
 
(i) ( ) 2 2 /

0

xE X x e λλ
∞− −= ∫ dx  

 

2 2 /

0

xx e λλ λ
∞− −⎡ ⎤= −⎣ ⎦

2 /

0
2 xxe dλλ λ

∞ − −+ ∫ x  
 

Note that the second integral is simply the integral of the pdf 
 

=  [0 – 0] + (2λ × 1)  =  2λ. 
 

∴ the method of moments estimator λ̂  satisfies ˆ2 Xλ = .   1ˆ
2

Xλ∴ = . 

 
(ii) ( ) ( ) 2E X E X λ= = . 
 

( ) ( )1ˆ
2

E E Xλ λ∴ = =  for all λ, i.e. λ̂  is unbiased for λ. 

 

( )2 2 3 / 2 3 / 2 2 /

0 00
3x xE X x e dx x e x e dxλ λλ λ λ λ λ

∞∞ ∞− − − − − −⎡ ⎤= = − +⎣ ⎦∫ ∫ x λ  
 

( ) 23 6E Xλ λ= = . 
 

( ) ( ) ( )( )22 2Var 6 4 2X E X E X 2 2λ λ λ∴ = − = − = . 
 

( ) ( ) 2Var 2Var
X

X
n n

λ
∴ = = . 

 

( ) ( )
21ˆVar Var Var

2 4 2
X X

n
λλ ⎛ ⎞

∴ = = =⎜ ⎟
⎝ ⎠

. 

 

As λ̂  is unbiased and ( )ˆVar 0λ →  as , n →∞ λ̂  is consistent. 

 
 

(iii) For ( )
2 2

ˆ3, Var
2 3 6

n λ λλ= =
×

= . 
 

( ) ( ) ( ) ( ) ( )
2

1 2 3
1 1 1 3Var Var Var Var Var
64 16 64 32 16

X X X X 3λλ = + + = =� . 
 

∴ relative efficiency of 
( )
( )

2

2

ˆVar 16 8
6 3 9Var

λ λλ
λλ

= = × =�
� . 

 

As the relative efficiency is less than one, λ̂  is preferred. 
 



Higher Certificate, Module 5, 2008.  Question 4 
 
 
(i) . ( ) ( ) 21/ 2 / 22 (for )ix

i if x e xθπθ − −= −∞ < < ∞
 

Likelihood ( ) ( ){ }21/ 2 / 2

1

2 i

n
x

i

L e θθ πθ − −

=

= ∏  ( ) 2/ 2 / 22 i
n xe θπθ − −Σ= . 

 

(ii) ( )( ) ( ) ( )
2

log log 2 log
2 2

i

2
xn nL θ π θ
θ

Σ
= − − −  

 
2

2

log
2 2

ixd L n
dθ θ θ

Σ
= − +  which on setting equal to zero gives solution 

2
ˆ ix

n
θ Σ
= . 

 

To investigate whether this is a maximum, consider 
22

2 2

log
2

i
3

xd L n
dθ θ θ

Σ
= − . 

 

Inserting ˆθ θ=  gives   
2

2 2 3 2

ˆlog 0ˆ ˆ ˆ2 2
d L n n n

d
θ

θ θ θ θ
= − = − < . 

 
2ˆ /ix nθ∴ = Σ  maximises ( )log L θ ;  thus 2 /iX nΣ  is the maximum likelihood 

estimator of θ. 
 
 

(iii) 
( )22

2 2

log
2

i
3

E Xd L nE
dθ θ θ

∑⎛ ⎞
− = − +⎜ ⎟
⎝ ⎠

. 

 

As the mean is 0, we have θ = Var(X) = E(X2). 
 

2

2 2 3

log
2 2

d L n n nE
d

θ
2θ θ θ θ

⎛ ⎞
∴ − = − + =⎜ ⎟

⎝ ⎠
 

 

∴For large n, 
22ˆ N ,

n
θθ θ

⎛
⎜
⎝ ⎠

∼
⎞
⎟ , approximately. 

 

(iv) 1000ˆ 10
100

θ = = . 
 

∴ approximate 95% confidence interval is given by 
22 1010 1.96

100
×

±  
 

i.e. it is  10 1.96 2± ,   i.e.  (7.23, 12.77). 
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