Subject: Numerical Computing

Code: C-09/T-09 (June 2003)

1. (a) Let x=+N or x’=N.
We take f(x)=x*>—N, f’(x)=2x. Newton-Raphson method becomes

f(x")—x _xj—N:xf+N 1[ N}

xn+1 =X,

! f’(xn)_ ! 2xn 2xn 2
(b) f[xo’x1]:[f(x1)_f(xo)]/(x1 _xo):AfO/h
f[xpxz]:[f(xz)_f(x1)]/(x2 _x1):Af1/h
f[xo’xnxz]: [f[xpxz]_f[xo’xl]]/(xz —Xy)
= [Af, - Af, )12n?) = A f, 12R7) Answer: C

(c) Iteration matrix associated with the Gauss-Jacobi iteration method is

x, +—
X

n

Answer: A

H=-D" (L + U). From the given matrix A, we get
1 0]0 4 0 -4
H = — =
0 1] 2 0 -2 0
Eigen values of H are =+ 24/2.
Since the spectral radius of H is 242 >1, the method diverges. Answer: D

(d) We first construct the forward difference table from the given data. We have

x  fy A ANf Nf

1 -1
2 -1 0
3 1 2 2

4 5 4 2 0
Using Newton forward difference interpolation and the given data, we get for 7 =1

p(x) = -1+ (x—1)(0) +W(2) =x*_3x+1 Answer: B

(e) For the Simpsons rule j P rode =B (x,)+4f(x)+ £(x,)])/3

weobtain h=1/2,x=0,x=1,x1=1/2, fo=1,f=4/5£=1/2

I=[1+44/5)+1/2]/6 =47/60 Answer: D

(f) We need the approximation f(x) = ax + b, where a and b are to be determined so that

4
I(a,b) = Z [ f (x,. )— ax; — b]2 =minimum. We obtain the normal equations
i=1
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U 33 () ax,~)=0 o ¥ flx)-aXx ~4b=0

Wehave D x, =10, f(x,)=8, > x’ =30, > x,f(x,)=30
Substituting in the normal equations, we get
30a + 106 =30, 10a +4b =38
Solving, we geta=2,b=-3
(g) The truncation error associated with the given method is given by

Answer : A

TE = f(x)=f (x+h)+af () = f (x=)]/(2h)
= £(x)=laf () + 20 "(x) + 1 £ ()13 + oo liany
=—af (x)/2h—h"f"(x)/6+.........
The method will be of the highest order, if the coefficient of f(x) is zero.

We geta=0. Answer: B
(h) Make the method exact for f{x) =1 and x. We get
fW=1: [dr=1/2+3/2 — 2 = 2 which is true

fW=x: [ xdr=-1/243a12 =0=12Ba-1) =a=1/3.
Answer: C

2. (a) We have f(x)=x*—2x—3cosx. We find that f(-2) = 9.2484, f(-1) = 1.3791,
fl0)=-3 , f(1)=-2.6209, f(2) = 1.2484.

Hence, the smallest root in magnitude lies in the interval (- 1, 0).

Using the secant method x,,, =x, — [%} [, n=12,.... , we get for
n~ Jna

x,=-1, x,=0, fozf(xo):1‘3791’ fl:f(xl):_3

n=1: xZ:xl—{?:;‘)}flz—O.%Sl, £, = flx,)=-0.4836
1 0

DTN = 08167, f, = f(x,)=0.2468
fz _fl_

n=2: x;=x,—

N7 e = 07723, f, = f(x,)=-0.0081
_f3 _fz_

n=3: x,=x;—
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f. =-0.7737, f; = f(x,)=0.0001

n=4: x;=x,—

n=5: X, =X5— fs =—0.7737 , which is correct to three decimal places.

(b) We have x = N *. Take fix) = x* = N = 0. Let &be the exact root. Therefore, £* = N.

Substituting x,,, =&+€,,,, x, =&+e,, N=£&" in the given formula, we get
fre,a=allre,)+p8 (G+e, ) +c&t iEre,)
= a(l+e )+bélve, 1E]7 +céli+e, 1€]7
Expanding in binomial series and simplifying, we get
€  =(l+a+b+c)é+(a-3b-Tc)e, +(6b+28c)e’ /E—(10b+84c)e’ /&7 +....
For the method to be of highest order, we have
at+b+c=1, a-3b-T7c=0, 6b+28c=0
Solving these equations, we get a =21/32, b=14/32, ¢ =-3/32 and
e ., =—(10b+84c)e’ /£ +0le!)=7€> 12E%) + 0le*)
Hence, the method is of third order.

3.(a) We have f(x,y)=x>+3y*+2xy—2.51, g(x,y)=2x>+y> —5xy—12.83.
We obtain the Jacobian matrix

(af/ax af/ay] {2% +2y, 6y, +2xn}
= = and

dg / dx dg/dy ) |4x, -5y, 2y, —5x,

1 {Zyn —5x, —(6y, + 2xn)}

J' ==
" D|-(4x,-5y,) 2x,+2y,

D=Q2x,+2y,)2y, =5x,)—(6y, +2x,)(4x, =5y,)
X X X, Y,

Using Newton’s method ( "”jz( "]—J;l(f( nY )j,n:O,l, ....... , we get
yn+l yn tg(x%’ yn)

n=0: x,=15 y,=-1 f, =-026, g,=0.17, D=235

x) (15) 1 (=95 3)-026) (13732
v, ) \=1) 235(-11 1)017 ) (-1.1289

(b) We write the given coefficient matrix A as

L, O 0
A=LL" where L=, L, O0]. We obtain
l

31 l32 l33
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4 0 1 L, 0 oL, L, I
0 4 3 |=[L, L, 0 L, I,
1 3 32| |, L, 4|0 0o I,
1121 111121 111131
= 111121 1221 + 1222 121131 + 122132

Inlyy Lyl + 1yl 1321 +1322 +1323

Comparing element by element, we get,
Firstrow: [} =4 =1, =2,
1,,,=0=>1,,=0, [, =1=1,=1/2

Secondrow: [, +1;,=4=1;, =4 = 1,=2,
L, +1,0, =3= 1, =3/2

Thirdrow: I; +1;, +1;, =37/2= 1, =16 = 1,, =4

2 0 0
Hence, we obtain L=0 2 0
172 312 4

Write the given system of equations Ax=bas LL 'x=b

or LTx=z, Lz=b

2 0 0l z, 5
From L z=Db, thatis 0 2 Oz, |=|13
12 312 4|z 59

we obtain using forward substitution z, =5/2, z,=13/2, z,=12

2 0 127x | [5/2
From L' x =z, that s 0 2  32|x,|=|13/2
0 0 4 |x,| |12

we obtain using back substitution x; =3, x, =1, x, =1/2

4. (a) We obtgn from the augmented matrix

1 -3 2 3 4 -3 1 4.25
[A|b]= | 2 6 8 -1 Ri=R3 =| 2 6 8 -1 Ro—Ry/2
4 -3 1 4.25 1 -3 2 3 R;-Ry/4

4 -3 1 17/4
= 0 15/2  15/2| -25/8 | R3+ 3Ry/10
0 -9/4 714 | 31/16

N—
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4 -3 1 17/4
= 0 15/2  15/2 | -25/8

0 0 4 1
Using back substitution, we get x, =1/4, x,=-2/3, x,=1/2

(b) We obtain from the augmented matrix

Alll=] 2 1 2 1 0 0
1 2 -1 0 1 0 R,—R,/2
2 4 3 0 0 1 J R;-R
2 1 2 1 0 0 )
. 0 32 2 | -12 1 0 R, - 2R,/3
) 3 1 -1 0 1 ] Rs-2R
) 0 w3 43 23 0
~ 0 32 2 | -12 1 0 R, - 2R:/3
L0 0 5 0 2 1 ] Ry+2Ry/S5
2 0 0 43 213 213
~ 0 320 A2 1525
0 0 5 0 2 1 R,/2, 2R,/3, R3/5
1 0 0 23 13 -1/3
~ 0 1 0 13 2/15  4/15
L0 0 1 0 205 1/5
~ ~
23 13 -1/3 10 5 -5
Hence, A" = 13 2/15  4/15 =% 5002 4
0 205 1/5 0 6 3
N— _/

5. (a) From the given system of equations, we obtain
2 =g ox —x® g, 2 =075 - D - x @ ]r2
2 = [5.5-3x % 43|75, k=01
We have x” = 0.6, 2" =-0.2, x{” =0.5. From the above equations, we obtain
k=0: x"=(4-04-05)/4=0.775, x{" =(0.75-0.775-0.5)/2 = —0.2625,
x{" =[5.5-3(0.775)+3(- 0.2625)]/5 = 0.4775
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k=1: x® =[4+2(-0.2625) - (0.4775)]/4 = 0.749375,
x =[0.75-(0.749375) — 0.4775]/ 2 = —0.238438,
x? =[5.5-3(0.749375) + 3(-0.238438)]/5 = 0.507313
k=2: x® =[4+2(-0.238438) - (0.507312)]/4 = 0.753953,
x¥ =[0.75-(0.753953) — 0.507312]/ 2 = —0.255633,
x$ =[5.5-3(0.753953) + 3(—0.255632)]/5 = 0.494248
k=3: x® =[4+2(-0.255632) - (0.494249)]/ 4 = 0.748621,
x{" =[0.75-(0.748622) — 0.494249]/ 2 = —0.246435,
x{" =[5.5-3(0.748622) + 3(-0.246436)]/5 = 0.502966
After four iterations, we obtain the solution

x, =0.748621, x, =—0.246435,  x, =0.502966

The iteration matrix associated with the Gauss-Seidal method is given by
H=-D+L)' U.We have

4 0 0 0 2 1
D+L= 1 2 0 , U= 0 0 1
3 -3 5 0 0 0
/4 0 0
M+L)y'= | -1/8 12 0 . We obtain
-9/40 3/10 1/5
/4 0 0 0 2 1 0 12 -1/4
H= - | -1/8 12 0 0 0 1 = 0 -1/4  -3/8
9/40 3/10 1/5] | 0 0 0 0 9/20 -3/40
Characteristics equation of the matrix H is given by
-1 112 ~1/4
H-A|=0 -(1/4)-2 -3/8 =0 = AM40A +131-6)
0 -9/20 —(3/40)- A

The eigen values of H are 0, 0.2575, —0.5825

Since spectral radius is p(H) =0.5825 <1, the method converges.

Rate of convergence =v = —log,,(p(H)) = 0.2347

(Note that rate of convergence can also be written as v = —In(p(H)) = 0.5404)
(b) The largest off diagonal element in magnitude in A is a;3 = 2. We obtain

tan260 =2a,, /(a,, —ay) == 0 =1/4
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cosd 0 —sin @ 1/&

Define S; = |0 1 0 =0
siné 0 cos@| [1/4/2
V20 uN2]2 N2
A, =STAS, =|0 1 0 V24

—1/42 0 U202 2
V2 0 N2 242 2

= |0 1 0 2 4

~1/42 0 2242 V2 o 0 0 0

Now the largest off-diagonal element in magnitude in A; is a;; = 2. We obtain

tan260 =2a,, /(a,, —a,, )= =>0=7/4

cos @ —sin @ 0 1/~2 —12 0
Define S, = | sin & cos @ 0= 1/\/5 1/\/5 0| and
0 0 1 0 0 1

’ ol/~2  -1/42 o

4
2 4 0l1/42 /42 0
0 0 0lo 0 1

V2 142 0

A,=STAS,=|-1/"2 142 0

0 0 1

/N2 N2 o]3V2 =2 0] Te

= |-1/42 12 0|32 2 ol=lo0 2 0
0l |0

0 0 I |0 0

Hence, the eigen values of A are 6, 2 and 0.

6. (a) We have

4 1 0 11 4 1
A= | 1 3 1 = Al= 1 4 16 4
40
0 1 4 1 -4 11

and Vy=[04,-0.9,04]"
We have Y,,, =A"'V,_, and

Via=Y./m_, (m,,, 1slargest element in magnitude in Y, ;)
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We obtain
1
k=0:Y = — -4 16 -4 09 | =
40
1 -4 11 0.4

m; =044 and V,=Y,/m, =[0.4773,-1,0.4773]"

1 4 1 0.4773 0.2432

k=1:Y,= - 416 4| -0.4955
40

1 41U 04773 0.2432

m; = 0.4955 and V,= Y,/m, = [0.4908, - 1, 0.4908]"

11 -4 1 0.4908 0.2472
k=2:Y3= €L -4 16 -4 -1 = | -0.4982
40
1 -4 11 0.4908 0.2472

After three iterations, we obtain the ratios as
u=(Y,), /(V,) =[0.5037, 0.4982, 0.5037]
Therefore, £=0.5 and A=1/u=2

Hence, the smallest eigen value in magnitude of A is 2.

(b) From the given matrix, we obtain tan20 =a,/a,, =—-1=0=-7/4

1 0 0 1 0 0
Define S;1 =0 cosd —sin@ |=|0 1/\/5 1/\/5 and
0  siné cos® 0 —12 142
1 0 0 1 4 —41 0

W2 -2 )4 1 200 142
0 12 142 -4 2 Lo -1n2
10 o 1 sn2 0
= |0 1A2 14204 12 32
W2 N2 -4 N2 32

A, =S/AS, =

|
o

1 42 o o, ¢ 0
=42 -1 0|=|c, b, ¢,
0 0 3 [0 o, b,
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This is the required tri-diagonal form. We obtain the sturm sequence as
fo=1, fi=A4-b=1-1
f,=(A=b)fi—clf,=(A+D(A-1)-32= 2" -33,
fi=(A=b)f,—c; fy =(A=3)(A -33)

Eigen values are the roots of f3 = 0. Hence, the eigen values are 4 =3, & \/5

Therefore, the smallest eigen value in magnitude is 4 =3.
7. (a) The maximum error in linear interpolation is given by 2*M, /8, where

M, = mIaX|f"(x)| = max[20(1 + x)S‘ =540

1<x22

We choose & such that /#°(540/8) < 5x107*. We get h < 0.00272
Hence, the largest step size that can be used is & =0.0027.

(b) Let the polynomial be  f(x)=a,x’ + a,x*> + a,x +a,
From f(0) =1, we get a,=1; f{ll)=5,weget ap+a+a+az3=5
f0)=2, we geta, =2; f'(1)=4,weget3a, +2a,+a, =4

Solving the above equations, we get ap=-2,a;=4,a;=2,a3=1
and the polynomial is

flx)=—2x" +4x* +2x+1
8. () We have £y, ] = ——[£(x,) £(x,)] =

X — X X — X

: — [V Mo ) = 2 S o Yoo, ) = (o

X —

IRECSTS SRS

X~ X X~ X

[”(x1 )V(xl )_ u(xo )V(xo )]

=V(x1)u[x0’x1]+”(xo)v[xo’xll
(b) Wehave A=E—1 andV=1-E"'. We get
LHS.=A+V=E-1+1-E'=E-E"
-1 -1 -1
RHS A V_E-1 1-E' _EU-E") E'(E-1)
V A 1-E' E-I 1-E™ E-1

(c) Since the points are equispaced with 2 = 0.1, we can use Newton difference
interpolation. We first construct the forward difference table. We have

=E—-E'=LH.S.

x ) Afw A fix) A® fix)
0.1 0.93

0.2 0.92 -0.01

0.3 0.97 0.05 0.06

0.4 1.08 0.11 0.06 0

0.5 1.25 0.17 0.06 0

0.6 1.48 0.23 0.06 0
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using the Newton forward difference interpolation and the given data, we obtai

x—0.1 (x=0.1)(x-0.2)

f(x)zO.93+T(—O.Ol)+ 20,01 (0.06) =3x* —x+1

9. (a) We need an approximation of the form y + a + (b/x). We determine a and b such that

5
I(a,b) = z [yi —{a+/ X; )}]2 = minimum. We obtain the normal equations
i=1

ol i b 1
gz—Zz yi—a—x—i :O or Zyi—Sa—bzx—i=0

A _ | b]1_ RN B
5 ZZ_yl. a x,._x,._o or ZXi aZXi bzx?_o

From the given data, we obtain
3y, =167, 3 (1/x,)=22833, 3 (1/x2)=1.4636, 3 (y,/x,)=8.925
Hence, we have the normal equations
5a+22833b=16.7, 2.2833a+ 1.4636 b =8.925

Solving these equations, we obtain a = 1.9305 and b = 3.0863

(b) Using the given formula and the given data, we get for x = 0.4 and
h=02: y7(0.4)=[y(0.2)—2y(0.4) + y(0.6)]/(0.2)> = -4.0825
h=0.1: y7(0.4)=[y(0.3)=2y(0.4) + y(0.5)]/(0.1)* = —-4.1600

Using the Richardson extrapolation scheme, we obtain the improved value of
y”(h)as [4y"(h12)—y"(W)]/3. We get

y’(0.4) = [4(—4.1600) - (—4.0825)]/3 =—-4.1858
10. (a) The method is exact for fix) = 1 and f(x) = x. Making the method exact for f(x) = X,
we get jxl x*dx = (xl3 - xg )/3 = h[xé + xf ]/2+ phz[Zx0 - 2x1]
Writing x; = xo + h, we obtain

%(thg +3h%x, +h)= %(2x§ +2hx, +h*)—2ph®, which gives p = 1/12.
b
We write the integral j f(x)dx as

J-jf(x)dxz.[:f(x)dx =.[:f(x)dx+.[:f(x)dx+ ....... +J-X" f(x)dx

Xn-1

Replacing each integral on the right side by the given formula, we get
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) dr=| B = 4] 2 "
Lof(x)dx—L(fo+fl)+lz(fo fl)Hz(mm12

(fl,_fZ,):|
h h ,
b I, +|:§(fn—l+fn)+E(f"—l_f"):|

h R
=Slor2fit foton )+ L (= 1)
which is the required composite rule.

(b) Using x = (¢ +5)/2 we change the limits of integration from [2, 3] to [-1, 1]. Hence,

weget 1= f(i)dr, where f(t):l{ c0s (1 +5) }

2| 1+sin((t+5)/2)
Using Gauss two-point formula j_ll f(x)dx = f(l/\/g) + f(—l/\/g)
we get 1 =[0.117755—0.464401]/2 = -0.173323

Using Gauss three-point formula [ f(x)dx |5 (375 )+ 870 +5£(375)9
we get T = [5(~0.302693) + 8(~0.524921) + 5(0.420090)]/18 = —0.200688

11. (a) Taylor series second order method is given by
Vet = Yo Hhy, + 17y 12
You =yo+hyl +h*y712, n=01,.....
Wehave y =cosx—3y" =2y, y”=-sinx—3y"—2y" and h =0.2. We get
n=0: x,=0, y,=1 y,=1, y, =—4, y, =10 and
y, = ¥(0.2) = y, +(0.2)y; +(0.2)* y; /2=1.12
y = y'(0.2) =y, +(0.2)y] +(0.2)> y7/2=0.4

n=1: x,=02, y, =112, y; =04, y =-2.4599, y =6.3811 and
y, = y(0.4) =y, +(0.2)y] +(0.2)* y/ /2 =1.1508
v, =y (0.4) =y +(0.2)y +(0.2)* y/2 =0.0356

(b) Wehave xo=1,y9=2,h=0.2 and fix, y) = (y + 2x) / (y + 3x).
Using the given method, we get for

n=0: k, =hf(x,, v,)=02f(, 2)=0.16
k, =hf(x, +h/2,y,+k /2)=02f(1.1, 2.08)=0.1591
ky=hf(x, +h,y, —k, +2k,)=0.2£(1.2,2.1582)=0.1583
y, = y(1.2) =y, + (k, + 4k, +k;)/6=2.1591
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Subject NUMERICAL COMPUTING

Code C-09 / T-09 (December 2003)

1. (a) Absolute error = |true value - approximate value|

= [3.1415926 — 3.1428571| = 0.0012645

Relative error = ~0SOUICEITOr _ ) 10402 Answer: A

|true valuel

(b) The rate of convergence of Newton-Raphson method is 2. Hence s =2

Answer: A
(c) Using Gerschgorin theorem, we find that
|/1|Smax l,g,é :§<1, Hence, p (A)<1 Answer: D
126 4] 6
(d) The maximum error in linear interpolation is (h2 / 8)M 5
where M, = m1ax| fx) = Oma)§4|— sinx| =1/ V2.
We choose & such that
2
h—(ij < 0.00000005 or h<0.00075
8 (V2
Hence, largest value of 4 is 0.00075 Answer: D
' ' df, / ox df,/dy 2x—1 2y—1
(e) Jacobian matrix = =
df,/ox  df,/dy 2x —-2y-1
1 1
At the point (1, 1), we get, Jacobian matrix = L 3} Answer: B
(f) Since f'is a polynomial of degree k, all the divided differences of order k are equal and
divided differences of order greater than k are zeros. Answer: C
(g) Trapezoidal rule is exact for polynomials of degree upto one. Answer: C

(h) Mid-point rule is given by : y ., =y, , +2hf (xn , yn)

For n=1, we get y, =y, +2h f(xl,yl)
We calculate y, = y(0.2) from the exact solution y(x) =1/ (1 + xz)
We obtain y, =1/(1+(0.2)*) =0.9615
Hence, from the given formula, we get for h =0.2, y, =1and x, =0.2

y, = y(0.4) = y, +2h(=2x,y;) = 0.8520 Answer: B
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2 (a) Substituting x, = AE", we obtain the characteristic equation

E2+02£-0.99=0 or 100&°+20£E-99=0
The roots of the characteristic equation are -1.1 and 0.9

The general solution is written as x, =¢,(—1.1)" +¢,(0.9)"

Using the given conditions, we obtain
n=0: ¢ +tc, =1, n=1: —1.1¢, +0.9¢, = 0.9
Solving, we get ¢, =0andc, =land x, = (0.9)"

Since one root of the characteristic equation is greater than 1 in magnitude,
computation will not be stable.

(b) We have f(x)=3x—cosx—1, we find the f (x) < 0 for all x <0. We obtain
f0)=-2<0andf(1)=3 —cosl -1 =1.46>0.
Therefore, the smallest root in magnitude lies in (0, 1).
Using the Newton-Raphson method, we obtain
flx,) _ 3x, —cosx, -1

=X, — =X, - ,n=01,..........
fx,) 3+sinx,

n=0: x,=0.5, f(x,)=—0.377583, f'(x,) = 3.479426 and x, =0.608519

n=1: x, =0.608519, f(x,;)=0.005060, f(x;)=3.571653 and x, =0.607102
3. (a) Without pivoting

(Al b)= |e 1 1 € 1 1

i

1 1 2 0 1-1/e 2-1/e

Using back substitution, we get

2-1le 2e-1 1
X, = = , x=—ll-x|=———
P 1-le  e-l : e[ 1 e -1
With pivoting
(A|b)= e 1 1 11 2 11 2
1 1 2 e 1 1 0 l-e |1-2¢

Using back substitution, we get
_1-2e€

Xy, =

1
X =2-x,=——=———
1-€ ! ’ l-e

Results in both cases are same, since we are using exact arithmetic.
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-1
(b) The iteration matrix in the Jacobi method is given by M = —D(L + U). We obtain

2 -2k>=0 or A=+2k.

. . I 0)0 % 0
from the given matrix A, M = — =
0 1]2c O

The eigen values of M are obtained from
-4 -k
-2k -1
For convergence of Jacobi method, we have

p(M) =2k <1. Hence, [k <1/v2

M — 21| =

4. (a) We obtain from the augmented matrix

(Ap)= (4 1 1 5 )
2 5 -2
R, -Ry/2
- 2 3 6 13 7 R3—Ry/2
~
~ [ 4 1 1 5
0 92 =512 | 1372
0 52 1172 | 21/2 | R3—5R,/9
~ _
—
=~ 4 1 1 5
0 92 =512 | 1372
0 0 62/9 | 62/9
N—
Using back substitution, we get
2113 5 1 1
z=1y 9[2+2z} 2,x 4[5 y Z] >

(b) The Gauss-seidel iteration method in matrix form is given by

x,,=—(D+L)"Ux, +(D+L)"'b = Hx, +c
From the given system of equations, we have
4 0 0 0
D+L= [ 0 5 0 U= 0
5 4 10 , 0
We obtain

| 50 0 0Y(0 0 2 0
H=-D+L)'U=-——1|0 40 0 ||0 0 2|= |o
225 -1620)0 0 0 0

Now eigen values of H are 4 =0,0,0.41

Since p(H)=0.41 <1, the method converges. The rate of convergence is given by
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v=-log,,(0(H))=0.3872 or v=—¢n(p(H))=0.8916

Q5. (a) We have  f(x;,x,)=4x? —x3, glx,.x,)=4xx? —x, -1

of / dx, of /ox, |
4x§ -1 8xx,

J = Jacobian matrix =
{ag /dx,  dg/dx,

8x,x 2x
= %L 142 g 2}, D =64x>x, +2x,(4x2 - 1)
—ax, X

(n+1) (n) (n) . (n)
Using Newton’s method : [xl (’M)] = [xl (n)]—J n_llf(xl(n »xz(n )] n=0,L,....

X2

we obtain
n=0: x%=0,x,%=1 f,=-1 g,=-1, D=6

(M M

n=1: x"=1/3 x," =1/2, f,=7/36, g, =—1, D=32/9
) (173} 9 (43 1 \7/36) (0.541667
L@ \1/2) 3210 83 )\-1 ) (125
2
L, 0 0
(b) We write A=LL", where L=|1,, L,
l3l l32 l33
We obtain
2 3 1] [, o o] [L, L, L
301 21=1, 1, Ol=|0 1, I,
o T R A O N I
l112 llll21 lll€31
= | lnly 1221 Jr1222 Ly ly +1yts
I3, Lylyy +1yls 1321 +l322 Jr1323

Comparing element by element, we obtain

firstrow: [,°=2 =1, =/2; 1,1,, =3=1,, =32/2,
Lily=-1=1,==2/2

second row: 1212 + 1222 =l= 1222 = —7/2 which is not possible.

Hence, we cannot use the Choleski method.
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definite. The given matrix A is not positive definite matrix since first leadi

minor =2 > 0 and second leading minor =

2 3
=-7<0
1

Q6. (a) The largest off-diagonal element in magnitude in A is a3 = 2. We obtain

tan 26 = 24,3 =oco, Or g="
a,, —as; 4
cos @ 0 -sin@ 1/42
Now define S, =0 1 0 =0
sin@ 0 cos@| [1/4/2
and
N2 0 w2 ||t A2 2
A, =S/AS, =0 1 0 V203 2o
N2 00 w22 A2
N2 0 w2 |32 2 w2 | O[3
=10 10 2 30 =|2
12 00 uN2 |32 A2 2| [0

Now, largest off diagonal element in A, is a;» =2. We obtain

tan 26 = 2a;; = oo, OF g="
a; —ay
[cos @ -siné 0 1/\5 '1/\/5
Now define S, =|sin® cos®  0|=|1/2 1/+/2
0 0 1] |o 0
and
1/2 N2 olfs 2 o
A,=S,"A,S,=|-1/42 142 oll2 3 0
0 0 1{flo o -1}/o
N2 12 ol|5/W2 -12 o] 5
=|-¥N2 12 ollsiV2 12 0 | =]0
0 0 110 0 -1 0

which is the diagonal matrix. The eigen values of A are 5, 1, -1.

www. StudentBounty.com
-Homework Help & Pastpapers

1/+2
172

172
172

1

0

0
0

12

0

142
0 -1/2

0

172

0
0
-1

“1/42
172

0



http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com

The eigen vectors are obtained from

1/2 0 142 /32 -2 0| [1/2
S=SS,=[0 1 0 |[1/vV2 12 ol=|UN2 142
N2 0 12 |0 0 N R V- I Vi)

Hence, eigen vectors are

72, 172, 172]7 172, 142, —172)7 1742, 0, 1742 respectively.
(correspondingtoA=5,A=1,A=-1)

6. (b) We obtain using Given’s method and the given matrix A

tanezaizl, or 0=£
ap,
1 0 0 1 0 0
Define S, ={0 cos@ -sinf|=|0 172 142
0 sin@ cos@| [0 12 142
and
1 0 0 1 2 2711 0 0
A, =S"AS, =|0 1/¥2 w2l 1 2o 1N2  -142
o -2 V22 2 1o N2 142
0 0 1 4v2 0 1 220

1
~l0 N2 12 |2 32 12 =2V 3 0
0 N2 N2 |2 32 12| |0 0 -1

which is the required tridiagonal form
1 22 0 b, ¢ 0
From A, =|2/2 3 0l=|c, b, o
0 0 -1 0 ¢, b

we obtain the Strums sequence

1 :(ﬂ_bz)ﬁ —C12f0 :(/1_3)(/1_1)_8:/12 —44-5
Ve :(l_b3)f2 _C22f1 :(ﬂ""l)(ﬂ'z _41_5):(1"'1)(1"'1)(1_5)

The eigen values of A are -1, -1 and 5. The largest eigen values in magnitude of A is 5.
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7. (a) We are given that f(x)=x—9"*. We obtain
X 0 0.5 1
fix) -1 1/6 8/9
We now construct the Newton’s forward difference table
x  fy Af A
0 -1
0.5 1/6 7/6
1 8/9 13/18 -4/9

Using Newton’s forward difference interpolation

L e

we obtain for 7 = 1/2
7 1 4 8 , 25
X)=plx)=—1+2x - [+2/ x——|(¥)| = | = ——x"+—x—1
f0 = plx) @ ( 2)( )@ 55+
Setting p(x) = 0, we obtain the solutions x =2.7098 and x = 0.4152

) Letpx) =2—(x+D+x(x+1D)-2x(x+D(x-D+ax(x+D(x-1)(x—-2)
This polynomial interpolates the first four points in the given table. We determine a
so that this polynomial interpolates at the last point also. We get

p(3)=2-4+12-48+24a=10,0r a=2
Hence, the required polynomial is
px)=2—-(x+D+x(x+1)-2x(x+D(x=D+2x(x+D(x-1)(x—=2)

8. (a) We want an approximation of the form y = a+ (b/x) where a and b are constants to
be determined such that

5
I(a,b) = Z(yi —-a-blx, )’ =minimum
i=1
We obtain the normal equation

ﬂz—zz[% —a—ﬁ}zo’ or 3y, ~5a-b3 =0
X i

da ’

ol b1 y, 1 1
S L R T IS

X, X,

From the given data, v:le obltain
Dy, =65 D 1/x,=2.2833, > 1/x) =1.4636, > y,/x, =31.5333
Hence, we obtain the normal equations

Sa +2.2833b =65

2.2833a + 1.4636b = 31.5333

Solving these equations, we get a = 10.9918 and b = 4.3972.
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(b) We have
TE = y(xo + sh)— ay(x0 )— by(xo +h)- cl12y”(x0 )— dh’y”(x, +h)

2712 s3h3 S4h4

:y(xo)"'Shy’(xo)"‘s y”(xo)"‘ 6 ym(xo)"‘ yw(xo)"' ------
, h® o, ht
—ay(xo) —b{y(x0)+hy (x0)+7y (x0)+?y (x0)+ﬁy”(x0)+ ...........

o )= (s )+
a8+ o=y )+ 5 2= iy )

3 4
+(s__%_djh3y”’(x0)+(s——i—iJh4y” (xy)+ e

6
Setting the coefficients of y(r) (xo ), r=0, 1, 2, 3, equal tozero, we obtain
l1-a-6=0, s-b=0
2 3
S b =0, b 40
2 2 6 6

Solving these equations, we get
a=(-s)b=sc=-s(s—1)s-2)/6 and d =s(s*> —1)/6.

9. (a) Let g(x) = " £(x)dx be the quantity which is to be obtained and g(k/2") denote the

approximate value of g(x)obtained by using the given method with step length
W2, r=0,1,2, .......... Thus we have

g(h)y=g(x)+c,h* +c,h® +ch® +......

h* h® h®
g(ﬁj:g(x)Jrcl + & +C3 o,

2 16 64 256

[ij = o)+ c,h* N c,h® N ch’ N
8127 ) T8 056 T 4006 65536 T

Eliminating ¢, from the above equations, we get

2
LllD=gh _ o de s 1

D (hy= —ch® —.
g 421 V70" T16°
2 2
- 1
g0y 8W/2)=ghI2) _ oy 160 ye 1 g
2 421 1280 4096

Eliminating ¢, from the above equations, we get
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¢ mi12)-g" ) 1
@ (p) = 8 8 _ "
g? () yEM g0+

Thus successive higher order results can be obtained from the formula

4m+1 g(m—l)(h/z) _ g(m—l)(h)

8" = P +o(n) g () = g(n)
. . 1 xdx
Now we evaluate the given integral [ = j —
o1+ x+x

Using Simpson’s rule, we get
h=1/2: x,=0, x,=1/2, x,=1, f,=0, f,=2/7, f,=1/3
h 1 8 1

I(h) :g[fo +4f1 +f2]:g|:0+7+§:|:()‘246032

h=1/4: x,=0, x,=1/4, x,=2/4, x,=3/4, x, =1,
£, =0, f =4/21, f,=2/7, f,=12/37, f,=1/3

umm=§M+4ﬁ+ﬁH2n+ﬁ]

_ iy, 4(i +£j N z(gj + 120246997
12 21 37 7) 3
161(h/2)—I(h)

15
9. (b) The method is exact for f (x) = 1 and x. Making the method exact for f (x) = X, we get

J-:l xidx = g[xg +x12]+ ph*(2x, —2x,)

Using Romberg integration, we obtain I = =0.247061

or %(xf —x3)=§(x§ +xlz)+2phz()c0 -Xx,)

Since x; = xo + h, we get
%(3hx§ +3h%x, +h3)=§(2x§ T 2hxy +h%)-2ph
Simplifying, we obtain 1—4p =2/3.Therefore, p =1/12.
The error of integration is given by :Error = % f7(E) x, <E<x

X
where, ¢ = .[

h h?
x0x3d —E(xg + xf)—E(3x§ —3x12): 0
Therefore error is written as :Error = i ¥ (&)

where cz.[:x“dx—g(xg +x14)—%(4x3 —4x13)=h—5.
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5

().

Hence, Error =
720

We can now write [ = Ibf(x)dx = jxl £ (x)dx +j " fx)dx +...........
Replacing each integral by the above integration formula, we get

h N I PV
I_|:E(f0+f1)+ﬁ(fo_fl)j|+{5(f1+fz)+ﬁ(f1_fz) RaETTT

h h ,
+ {E(f[\f—l +fN)+E(fN—1 _fN):|

2

=§[f0+2(f1+f2+ ........ +fN_l)+fN]+’f—2(f0’—f§)

which is the required composite rule.

10. (a) TE = f'(x,) -, f(x,)—a, f (x, + h)—a, f (x, + 2h)

Expanding each term in Taylor series about x( and collecting terms of various order
derivatives we get

TE =—(a, + o, + a,)f, +[1_h(a1 + 2“2)]f0’

2 3

We choose ¢, , &, o, such that
o, +a,+a,=0
o, +2a, =1/h
o, +40, =0
Solving the above system of equations ,we get
o,=-3/(2h), o, =2/h, o, =—1/(2h)
Hence, we obtain the differentiation method
P i) =3 G+ 47 = £ )
3

2
The error term is given by TE = —%(0{1 +8a,)f (&) = h?f”'(f), x, <&<x,

(b) We write 1 = j_‘lmdx =[' IS where £ () = x (1 — x2) sin x

V1-x’ V=X

Using Gauss-Chebyshev two point method
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(e AE]

I= %{— %Gj sin(— %) + %Gj sin[%ﬂ = %{% sin(%ﬂ = 0.7215652

Using Gauss-Chebyshev three point formula

J: {EX)Z dx=2 f( \/g}‘f(o)-i'f(%ll, we get

J 370 2
Izz —ﬁ (l sin —ﬁ +0+ ﬁ [lein ﬁ
30 2 \4 2 2 \a 2
ARG sin(ﬁj:l — 0.345420
3] 4 2

11. (a) Euler’s method is given by : y.., =y, + hf, =y, = 2hx,y’,i=0,1,2,3,4

We obtain for 27 =0.2
i=0 : x=0, yo =1,

i = ¥(0.2)= y, =2(0.2)x,y; =1
i=1 : x1=02, yi=1,

¥, = ¥(0.4) =y, —2(0.2)x,y; =0.92

i=2 : x=04, y,=0.92,

v, = ¥(0.6) =y, —=2(0.2)x,y? = 0.784576
i=3 :  x3=0.6, y;=0.784576,

y, = y(0.8)= y, —2(0.2)x,y; =0.636842
i=4 :  x3=0.8, y;=0.636842,

ys = ¥(1.0) = y, —=2(0.2)x, y; = 0.507060
(b) Expanding in Taylor series about the point (xn, v, ), we get
kl :hf(xn’yn):hfn
k2 :hf(xn +C2h’yn +a2kl): hf(‘xn +C2h9yn +a2hfn)
2

=i f, +hles fo+arf f, )n +%(c§fxx +20,0a,f fop+asf2f ) e

Substituting in the given method, we get

yn+1 = yn +(wl +W2)hfn +h2[w2c2fx +W2a2f fy]n
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h3
+7w2 [c%fxx +2¢,a; ff +a§f2fyy ]n oo

We also have,
2 3

L i
yVH—l yn yn 2 yn 6 yn ............

— v+ bf, o r 1]

T Y SRS AR

Comparing the coefficients of 4 and h* in (1) and (2), we get,
1

w+w, =1, w,c,=—, w,a, =—
1 2 ’ 2¥2 ’ 2%2
2 2

Solving these equations, we get

2¢, —1 . .
ay =y, Wy :L,wl = =2 and ¢, # 0 is arbitrary.
2c, 2c,

Hence, we obtain the method

1 1
=y +[1-— |k, +—k
Yn+1 Yn ( 2C2] 1 2C2 2

k =hf(x,.,)
k, = hf('xn +o,h,y, +C2k1)
The truncation error is given by
TE = y(xn+1)_ Yt
1 ¢ 1
= h{(g—fj(fu v2f fur £ f U+ F ),,} +O(h")

Hence, the method is of second order for all values of c,.
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Subject: Numerical Computing
Code: C-09/T-09 (June 2004)

1. (a) For one application of Simpson’s rule, we require three nodal points. Since we have
2n +1, (odd) nodal points, the number of sub-intervals » must be even. Answer: A

(b) We have (dy/y)=xdx. Integrating, we get Iny= (x2 / 2)+ c. Using the given
condition, we obtain ¢ = 0. Hence, y=e"'*> =1+ (x2 /2). Answer: C

(c) The method produces exact results for polynomials of degree upto 1. The order of
convergence is 2. Answer: D

@ p(x)=(x*=2x* +2x> = 2x+1)= (x> = 2x+1)x* +1)=0. Hence roots are x =1, 1

and x = £ i. These roots form a complex pair.
Answer: C

(e) Using Gerschgorin theorem, we find that
|/1| < max l,é,g =§

12 6 4 6
Hence, spectral radius < 1. Answer: D

(f) An n-point Gauss-Legendre method is exact for polynomials of degree upto 2n — 1.
Hence, for n = 4, the method will produce exact results for polynomials of degree
upto 7. Answer: D
(g) The error term of the method is given by

TE = y(x, + h)— y(x, —=h)—-2h y'(x,) =h’y"(x,)/3+0(n*)

Hence, order of the method is 2. Answer: A
(h) We have Af (x)= f(x+h)- f(x)=Ef (x)- f(x)= (E-1)f (x)
Hence, A= E— 1. The result A= FE + 1 is wrong. Answer: B
2. (a) We obtain from the augmented matrix
— ~
1 1 2 1
(A |b)= 2 1 -3 0 R, - 2R,
-3 -1 8 A R; + 3R,
N— -
— ~
1 1 2 1
= 0 -1 -7 -2 R; + 2R2
0 2 14 A+3
N— e
1 1 2 1 )
= 0 -1 -7 -2
— 0 0 0 A-1-
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For consistency of the system A = 1. For other values of A, the system is
inconsistent.

(b). We obtain from the augmented matrix

— ~

1 1/2 1/3 1
(Alb)= 1/2 1/3 1/4 0 R, —R;/2
1/3 1/4 1/5 0 R;-Ry/3

A4
) \

1 172 173 1
= 0 1712 1/12| -172 | R3-Ry
0 1712 4/45 | -1/3

7

A4

~

1 172 173 1
= 0 1712 1/12| -1/2
0 0 1/180 1/6

N— e
Using back substitution, we obtain x3 = 30, x, =-36, x; =9.

3. Gauss-Legendre two-point method is written as

f_llf(X)dX=/10f(x0)+,11f(xl)

where A, 4,, x,, x, are to be determined. Making the method exact for

f(x):l, X, x* and x3, we get

f@=t: [ dx=4+4, or A +A =2 )

fx)=x: jllx dx = Ayx, +A,x,, or AyXy + Ax,=0 (2)

12

Flox)=x": Lx dx = A,x; + A,x;, or Ax; + Ax;=2/3 (3)

3
flx)=x": J-llx dx = A,x, + A,x,, or AxX,+Ax,=0 (4)

From (2) and (4) we obtain on eliminating 4,, Ax,(x; —x) =0
Since 4, #0, x, #0, x, # x, (system becomes inconsistent).

we get xo = -x1. From (3) we obtain (4, + 4,) x; =2/3 or x, =1/3

We obtain x, =1/+/3, x, =-1//3, A, =4 =1.

Hence, the method becomes

[ rG)ar=rl3)+ rl143)

To evaluate the given integral using this method, we first change the limits of
integration from [-2, 2] to (-1, 1). Using the substitution x =2¢, we obtain
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1=[ e ax=2[" ear =2l + e |= 4685302

4.(a)Wehave x, =1, x, =3, f(x)=x>—x-2, f, = f(x,)=-2, f, = f(x,)=4.
Since f, f, <0, e (xo, X, ). Using the method of false position, we get

First iteration:  x, =170 ~%0/1 _ 6667 £, = f(x,)=—0.8888
fo - f1
Since f, f, <0, e (x,,x,) we get
X, fi =% /s

Second iteration: x, = =1.9091, f, = f(x,)=-0.2644

17 J2
Since f, f, <0, e (x,,x,). we get

Third iteration: x, = NS nts =1.9767

i1

After three iterations, we obtain the root as 1.9767.

(b) Using Lagrange interpolation and the given data, we obtain

_ =D -2)x-3)  (x-0)fx-2)(x-3
10 = 2 )= 50— 2)0-3) @ —0Ni—2)i—3)

Lm0 w=3) e (=00 Dr=2) o e

(
(2-0)2-1)2-3) (3-0)3-1)3-2)

;(x —5x> +6x)(1. 7183)—1()8 —4x’ +3x)(6.3891)+%(x3 —3x% +2x)(19.0855)

)(1.7183)

=0.8455 x* — 1.0603 x* + 1.9331 x
We obtain f(1.5) = 3.3675.

5(a) We have f(x,y)=x+y% x,=1, y,=2, h=0.1
Using the classical fourth order Runge-Kutta method, we get
k, = hf (x4, y,)=0.1£(1,2)=0.5
k, =hf(x, +h/2, y, +k /2)=0.1f(1.05,2.25)=0.61125
ky=hf(x,+h/2, y,+k,/2)=0.1f(1.05,2.305625) = 0.636591
k, = hf (x, +h, y, +k;)=0.1£(1.1,2.636591) = 0.805161
y, = y(1.1) = y, + (k, + 2k, + 2k, + k,)/ 6 =2.633474
Now, x; = 1.1, y; =2.633474. We get

k, =hf(x,,v,)=0.1£(1.1,2.633474) = 0.803518
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k, =hf(x, +hi12, y, +k /2)=0.1f(1.15,3.035233) =1.036264

ky=hf(x, +h/2, v, +k,/2)=0.1f(1.15,3.151606) = 1.108263

k, = hf(x, +h, y, +k;)=0.1£(1.2,3.741737) = 1.520060
~y(1.2) = y, + (k, + 2k, + 2k, + k,)/ 6 =3.735579

(b) We first write the given method in the form

Substituting x, =&+¢€, and x, =&+€,, we get

{( Jf(aek)

E+e,)-f(E+e
—e )k, FERE FE 24 . ]
)+ (ek—e) &) 2+....

:ek

( —e,)f(&
since f(f)zO. Cancelling (ek —eo), we get
€,,1=€, kk +C, €} Frvvreerrnnnn, ][1+{e +e,)C, + ]
=e, -k, +C, €2+ |-, +€,)C, + oo |

where C> = f7(§)/2f(£))
Therefore, we get €,,,= €, -, -C, €,&, +0k’e, +e,2)|
= C,e,c, +0lle, +e,€2)

Hence, €,,,=ce,, wherec=C, €,

Therefore, the method has linear rate of convergence.
6. (a) We have f(x)=x/sinxand f(0)= £i_r)r(}(x/sin x)=1.
From the trapezoidal rule, we get
h=1/2: x0=0, x=1/2, fo=1, fi=1.042915 and
I =h[f,+ f,]/2=0.510729
h=1/4: x0=0, x;=14, x2=1/2, fo=1, fi=1.010493, f,=1.042915 and

I =hf, +2f + f,]/2=0.507988
h=1/8: x0=0, xy=1/8, x»=2/8, x3=3/8, x4=1/2, fo=1, fi =1.002609,
£,=1.010493, f;=1.023828, f=1.042915 and

I=h[f, +2(f, + f, + f,)+ f,]/2=0.507298

Using Romberg integration

m (m—1 m—l)
100 (1) = 4 (Z’Z)l D) 12 1) = 1(1),
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we obtain the following Romberg table:

h 0(h»), m=0  0(h*), m=1 0h%), m=2
12 0.510729

1/4 0.507988 0.507074

1/8 0.507298 0.507068 0.507068

Hence, I = 0.507068.
(b) (1) A(ﬁj _ S i _ &S~ fi& _ 1

[gi(fi+l _fi)_fi(gm _gi)]

8 8 8 8:8in _gigH—l
1
= [g.4f, - f.Ag.]
1O i+l
- — f. = f. Af.
(ﬁ)A(Lj:L_i:ﬁ T e T/
fi) fw fi Sifia Jifia Jifia

7. (a) If Ais an eigen value of a matrix A, then 1/4 is an eigen value of A’l. Thus the
smallest eigen value in magnitude of A is the largest eigen value in magnitude of A™.
Thus, we use the power method on A to obtain its largest eigen value # in

magnitude. Then A= 1/ is the smallest eigen value in magnitude of A.

We take an arbitrary vector Vj (non-zero) and generate

Y =AYV,
Vi1 = Yt/ Mg, (where my.; is the largest element in magnitude in Y1)
Y
Then u=lim ¥,.,), and A =1/u
ke (Vk )r

Since Vo =10, O, O]T is zero vector, we cannot use Vj to obtain 4 .

Hence, in this case solution cannot be obtained. However, if take any other vector

Vosay Vo=1[1, 1, l]T, solution can be found. (The question in the present form is
wrong).

8. Let A be a given real symmetric matrix. The eigen values of A are real. There exists a
real orthogonal matrix S such that S' A S is a diagonal matrix D. The elements on the
diagonal of D are the eigen values of A. This diagonalization is done by applying a
sequence of orthogonal transformations, Si, Sy, ....., Spy «eene. as follows:

Among the off diagonal elements, let a, be the largest element in magnitude.
We define
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I ... 0 0 veeee 0

S = cosf@ -sin@ ith row

sin@ cosé

0 .. 0 U |
kth column

Thus S is an identity matrix in which the elements in positions (i, 1) , (i, k) , (k, 1) and

(k, k) are written as cos @, - sin@, sin@ and cos @ respectively. It can be verified that

S in an orthogonal matrix (Sl‘l =S/ )

We consider the 2x2 matrix
cos @ -sin@ )
S = sin @ cos @ B

Now obtain the matrix (since A is symmetric, a; = ax;)
A= Sl"lAS1 = cos@d sind a;; ik cos@ -sind
-sind cos@ ik ik sin @ cos @
= Pu P
P P»n

2 s 2 .
where, p,, =a,cos” 8+a, sin” 8+ 2a, sinfcosb

P =py =(a, —a,)sin@cosO+a, (cos> §—sin 8)

_ ) 2 .
p,, =a;sin” 8+a,, cos” 6—2a, sinfcos bl

We choose € such that the matrix A; becomes the diagonal matrix.
Setting p,,=0, we get
tan 20 = 2a, /(a; —a,,)

where @ is called the angle of rotation. To obtain the smallest rotation, we take
—n/4<0<rx/4. Now, we find the largest off-diagonal element in A; and the
procedure is repeated. After r such rotations, we obtain

A,=S'S8"' . ..S"ASS,..S =S"AS

where, S=SS,...... S,
As r = o, A tends to a diagonal matrix D having eigen values on its diagonal.

The columns of S give the eigen vectors corresponding to the elements on the
diagonal of D in that order.
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We take this element as a3 (since az; = as3 and exact arithmetic can be performe

From tan 20 = 2a,, /(a,, —a,;) =, we get @ =7 /4. Now define
1 0 0 1 0 0
S, = 0 cos@ -sin = 0 12 -1/42
0 sin@  cos@ 0 172 142
1 0 0 2 1 0 1 0 0
A=S'AS| 0 142 142 1 4 1] 0 U2 -2
142y Lo 1 4 0 /72 1742

1 0 0 2 U2 -2 |2 12 -2
= 0 U2 12 1 5/2 32| |2 s o
0 1/42 1742 0 5/2 342 | -2 0 3

Now, the largest off-diagonal element in magnitude in A is a;; (or a;3). We find
tan 26 = 2a,, /(a,, —a,) = —2/3 = 6 = -0.2203
We obtain sin@ =-0.2184, cos @ = 0.9758. Now, define

cos@ -sin@ 0 0.9758 0.2184 0
S, = sin@ cos@ O = -0.2184 9578 0
0 0 1 0 0 1
A,=S)'AS,
0.9758 -02184 0 2 /32 -1/42 | 109758 02184 0
= | 02184 09758 0 12 5 0 02184 09758 0
0 0 1 L -1/42 0 3 0 0 1
0.9758 -0.2184 0 1.7971 1.1268 1742
= | 02184 09758 0 -0.4020 5.0334 0
L0 0 1 -0.6900 -0.1544 3
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1.8414 0.0002 -0.6900
= | 0.0002 5.1577 -0.1544
-0.6900 -0.1544 3

Since A, is not a diagonal matrix, we need more iterations. If we neglect the off-diagonal
elements, then eigen values after two iterations are obtained as

A=1.84, A=516, A=3.

9. (a) We need an approximation of the form y = a + bx + cx*. We determine a, b, ¢ such

that
I(a,b,c)= Zél (yi —a—bx, —cx] )2 = minimum

i=1

We get the normal equations as

g—i:—ZZ(yi —a—bx, —cxf)zO, %z—ZZ(yi —a—bx, —cxf)xi =0
%z—ZZ(yi —a—bx, —cxiz)xi2 =0

Hence, we obtain

Dy —6a-bY x,—cY xI=0, Y xy,—a).x,—bY x}—c) x/ =0
inzyi —ainz —be? —chf =0

From the given data, we obtain

dYox=21, D x=91, Y x) =441, D x' =2275,

Dy, =3060, > x,y,=6450 and > x7y, =17950

Substituting these values in the normal equations, we get
6a +21b +91c = 3060
2la +91b + 441c = 6450
9la + 441b + 2275¢ = 17950

We write these equations as
a+3.5b + 15.66667¢ =510
a+4.333333b + 21¢ = 307.142857
a +4.846154b + 25¢ = 197.252747

Subtracting, we obtain

0.833333b + 5.833333¢ =-202.857143
0.512821b + 4¢ =-109.890110

Solving these equations, we obtain
b =-498.434243, ¢ =36.429357 and  a =1702.007924
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(b) We have y’ =1-2xy. Differentiating, we get y " =-2y-2xy’, y”
y" =—6y”—2xy”. Taylor’s series method of order four is
Vou =y, +hy, +h*y 12+ R’y 16+h*y" . 124,n=0,1,......
We have h= 0.1. We obtain
n=0 :  x=0,  y=0 y;=1L y=0 y'=-4
y, = y(0.1) =y, +hy, + >y, 12+ h>y16+h*y) 124 =0.099333
n=1 : x1 =0.1, y1 =0.099333,
Y =0980133, ' =-0.394693, y’=-3.841593, y," =-3.841593
v, = y(0.2) = y, +hy + 2y 12+ R y716+h*y"™ /24 = 0.194746

10. (a) Taking the limit as n — o and noting that
limx, =&, limx,,, =&, where & is the exact root. We get

n—oo n

() & = %§(1+

&

Hence, both the methods determine \/; , where a is a positive real constant.

(i) f+€n+1=%(§+€n){1+f—2} = %(§+en) {1+(1+€”j2}

Y= & =a, (i) f%f@—;):fz o

(+e,) 3
1 €, , 2Sn 1
= E(¢f+en) [1+{1—2 : +3(=E2 ............ H = 2(¢f+en)
€ €’
2-2—243—........
S
We obtain, € ,, = /(2£)+0le?)  Error constant = || =1/]2¢] (1)

Hence, the method has second order convergence.

(ii) §+en+1:%(§+en)[3—?(5_,_6")2} _ %(§+en){2—2§" _;}

Simplifying, we obtain, €, =-3¢€> /(2£)+0le?)
Error constant = ‘c*‘ = 3/|2§| ()

Hence, the method has second order convergence. Comparing (1) and (2), we find

that error in the first method is about one third of that in the second method. If we

multiply the fist method by 3 and add to the second method, we obtain the method
2 2

4xn+1:);[3+3—“+3—x"} or xn+1:);[6+3—6213—x"} 3)

2
X a X, a

n
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The error of this method is given by
€ .1 = 3 (error in first method) + (error in second method)

= (-3/26) +3128))e2 +0le? )= 0l?)

n

Hence, the new method (3) has third order convergence.
11. (a) TE = f'(x,)=[=3f(x,)+4f (x, + h)— f(x, +2h)]/(2h)

Expanding each term in Taylor series about x, and simplifying, we get
TE =1’ f"(£)/3, x, < & < x,.Therefore, |[TE| < M;h’ /3 where M ; = max|f"(x).

Let €,,€,,€, be the round-off errors in evaluating f,, f,, f, respectively. We obtain
RE=(-3e,+4e, —€,)/2h. If e= max[|e0 €, €2|]

then |RE| <8e/2h=4¢€ /h. We choose h such that
|RE|=|TE| = 4€ /h = h’M /3 which gives h=(12¢€ /M,)".

o 9

(b) I 0 0
From A = LL” where L = b b 0 . we obtain
l31 [3 L33
1 2 1 111 0 0 111 121 131
2 5 0 = 121 122 0 0 122 l32
1 0 13 [31 I3, [33 0 0 33
I} Il Iil3
= Ly I, +1, bilzi + [0l
Lils Lilr+l000 1321 + 1322 + 1323
Comparing element by element, we get
First row: =1=1,=1 I, =2=1,=2 1, =1=1,=1
Secondrow: I} +1, =5=1,=1or L, =1, Ll,+0L,l,=0=1,=-2

Third row: Bo+ld+13=13=1% =8 or [, =22

Hence, we obtain

1 0 0
L= 2 1 0
1 2 242

We write the given system of equations A x =b as
LL”x=b,orL"x=z andLz=b
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1 0 0 A}
From L z = b, that is, 2 1

0
1 2 22| | z

We obtain using forward substitution

21=0, z=-3,23=[ 14-2,+22,]2 2 =22

1 2 1 X 0
From L' x =z , that is, 1 y

-2 -3
0 2\/5 z 2\/5

We obtain using back substitution z=1, y=-3+2z=-1, x=-2y—-z =1
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Subject NUMERICAL COMPUTING

Code C-09 / T-09 (December 2004)

1. (a) We are given f(x)= x* —=x-10, x,=1.8,x =19
We obtain f, = f(x,)=-1.3024, f, = f(x,)=1.1321
Using the secant method, we obtain

First iteration : x, = x, —{xl — % }fl =1.8535, f, = f(x,)=-0.0511
fl _fo
. . X, — X,
Second iteration : x; = x, — oy f, =1.8555 Answer: B
21

(b) The characteristic equation of the iteration matrix is
“Al1ra- 42 —1/16]=0, or 2(2-1/2)=0

The roots are 4=0, 0, 1/2. Spectral radius is 1/2. Answer: C

(c) Since the points are not equispaced, we use Newton’s divided difference
interpolation. We have

X f(x) First d.d Second d.d  Third d.d
-3 7
-1 1 -3
0 1 0 1
1 3 2 1 0
2 7 4 1 0

Using Newton’s divided difference interpolation formula

f(x): f(xo)"‘ (x_xo)f[xo’x1]+ (x_xo)(x_x1 )f[xo’xl’xz]’ we get
Fx)=7+x+3)(=3)+(x+3)x+1)1) = x> +x+1

Hence, f(-2) =3 Answer: B

(d) We write the truncation error as

1
307 (e )+ 160f Gy )+ f (o = (o )+ £ (i
Expanding each term in Taylor series about x; and simplifying, we obtain

TE = —h* f(£)190, x,_, < £ < x,.,. Hence, p = 4. Answer:
D

TE = f"(x,)-

(e) Make the method exact for f{x) = 1, x and x*. We get
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flx)= jdx 2a+b or 2a+b=2
flx)=x: I_dex:—a+0+a or 0=0
flx)=x*: J-_llxzdxza+0+a or 2a=2/3

Hence, we get a =1/3, b=4/3

2
(f) Write the integral as [ = I \/_)dx where f(x) = ( 2) .
1-x
Using the Gauss-Chebyshev two-point method

(e Ao et}

Answer: A

(g) We need the approximation f(x)= ax+b. We determine a and b such that

2
I(a,b)= j: [xl/ S —(ax+ b)] dx =minimum. We obtain the normal equations

ﬂ=—2J‘1(x1/3—ax—b)xdx:O or é—g—ézO (1)

da 0 7 3 2

ol o 3 a

— =22 " —ax—b)dx=0 or Z-=-b=0 2

Solving (1) and (2), we get a=9/14, b=6/14 Answer: A

(h) Euler’s method y,,, =y, +h f (xn, yn) when applied to the given problem gives

Vo =Y, Thyx, +y,,n=01......
We have 4 =0.1. We obtain
n=0: Xo=1 y,=2, y,=y,+hyx,+y, =2.1732

n=1: x, =11y, =21732, y,=y,+hyx, +y, =2.3541 Answer: C

2. (a) Let & be the exact root. Since & is a root of multiplicity 3, we have

f&)=f1)=f"(§)=0 and f"(£) %0
Writing x,,, =&+¢€,,,,x, =&+¢€, in the given method, we get

ST ‘“{ ]
¢

{eif &)/ 6+t £ (E)/24+....... }

=, —q 1

2 f7 (f)/2+en (&) 6+......

—e —af, /13+erc, 112+ 1+, e, 3+

or, €

n+l

www. StudentBounty.com
-Homework Help & Pastpapers


http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com

=€, —« len—iei Cot oo -11-2 €, +£ei ¢, +0le?)
3 36 3 36

Setting the coefficient of €, to zero, we get & = 3.

The error becomes €2 ¢, /12+ 0 (€?).

The method has second order rate of convergence and the error constant is 1/12.

(b) We have f(x)=x*+x*+x+4, f'(x)=3x*+2x+1. We obtain
n=0: x,=-15  f,=1375  f/ =475
Xi=x,— f, 1 f =-1.7895, f(x)=-0.3177, x, = x, — f(x} )/ f; = -1.7226.
n=1: x =-17226,  f =0.1332, f/=6.4569
=x, —f, 1 f/=-1.7432, f(x)=-0.0016, x, =x - f(x))/ £/ =—-1.7430.

3.(a) We have f(x,y)=2x>+4y°-20, g(x,y)=4x>+5y* —2land

of /0x af/ay} _(6xj 12y3J

J, =Jacobian matrix = =
L)g/ax dg/dy| |8x, 10y,

J_1_1 10y, —12y,
—8x, 6x’

: xVH-l 'xn -1 2)(:3 + 4y2 - 20 .
Using Newton’s method = -J, , we obtain

:I, D=60x2y, —96x,y..

Yur ) \ Y 4x; +5y2 —21
n=0: x,=19, y,=09, D = 47.196
9 -9.72T-3.366] [2.0249
» 47.196|-152  21.66 | -2.51 | |0.9678
n=1: x =20249, y, =0.9678, D =56.0184
2.0249 1 [9.678 ~11.2396770.2310] [2.0019
y,) \0.9678) 56.0184|-16.1992  24.6013 ] 0.0841| |0.9917

(b) The iteration matrix associated with the Gauss-Jacobi iteration method is given by

30 olfo -6 2
H=-D'(L+U) = -|0 1 0| |-4 0 -1
0 0 7111 -3 0

www. StudentBounty.com
-Homework Help & Pastpapers


http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com

73 0 0 |0 6 -2 0 2

=0 1 0 4 0 1 |=4 0
0 0 7 -1 3 0 -1/7 3/7
-1 2
The eigen values of H are obtained from |H - /11| =4 -1 1[=0
-1/7 3/7 -1

We obtain 214 —1794+30=0 or (1+3)214 —631+10)=0

The eigen values of H are -3, 2.8318, 0.1682
The spectral radius is p(H) =3 > 1. Hence, the method diverges.

U U, U

4.(a)Let U=|0 u,, Uy |[FromA=UU", weget

0 0 Uy,

14 -7 15 u, u, Uy | Uy, 0 0
-7 5 -10|=1]0 U, Usy Uy, Uy 0
15 -10 25 0 0 Uy ([ Uy Usy Usy
wh tug Upplhyy + Uyslho; UELES
= | Unpllyy TUy3Uy, y, +it, UpsUss
Uy3lts; UpsUss s,

Comparing element by element, we get
third column: Uy =25 =155 =5, Upttyy; =—10 = 1y =2

Uy, =15=u;,; =5

. 2 2 _ 2 _ _
second column: U, +uyy, =5=u, =1 or u, =1

Uply + Uty =T = Uy, =-1

first column: ul +uh+usy =ld=u’ =4 or u, =2
2 -1 3 1/2 1/2 -1/10
Hence, U=|0 1 -2land U'=10 1 2/5
0 0 5 0 0 1/5
Now, A" =(UU")" =(U")'U" =(U") U". We obtain
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(b)

1/2 0 01/2 172 -1/10

25
125
35

(pivoting)

Al =112 1 010 1 2/5
110 2/5 150 0 1/5
1/4 /4  -1/20 25
= 1/4 5/4 200 |=_L|9s
100
-120  7/20 21/100 -5
From the augmented matrix, we have
[Ap]= [ 1 1o o2 )
2 3 5 3 R, = R,
_ 3 2 3 6 _
~ 3 2 3 6
2 3 5 3 R, - 2R,/3
1 1 -1 2 _J Ry—R/3
=~ ( 3 2 -3 6
0 53 7 7
0 173 0 0 — R;—Ry/S
~ [ 3 2 3 |6 )
0 53 7 7
0 0 705 | 715

Using back substitution, we get

x,=—1, x,=3[-7-7x]/5=0, x =[6-2x,+3x,]/3=1

5. (a) The largest off-diagonal element in magnitude in Ais a,; = 4.

From tan260 =2a,, /(a,,—a;;) =, weget =7x/4

cos 6 0 —sin@] [1/42 0 -142
Define S, =(0 1 0 =0 1 0
sin@ 0 cos® N2 0 142
1/J2 0 /42 1 ) 4 1742 0
=S'AS, =(0 1 0 2 5 210 1
“1/42 0 /42 |4 -2 1 Ji2 o0
1/2 0 2 52 -2 3/2 5 =242
0 1 0 42 5 0 =[-242 5
“1/42 0 V2 |52 -2 =3/42 0 0
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Now the largest off-diagonal element in magnitude of A, is a,,.

From tan26 =2a,, /(a,—a,,) = —o,we get 8 =—7/4

cos 8 -sin 8 0 1/42 1/V2 0
Define S, =|sin@ cos @ 0 |=|-1/42 142 0| and
0 0 1 0 0 1

/N2 12 0 |5 -2d2 0 |12 142 0
A,=STA,S,=[1/2 142 0 [-242 5 0 ||-1/42 142 0

0 0 1 0 0 -3 0 0 1

N2 vz o0 Jl+2va)vz (-2v2)2 0 ] [s+242 o
=142 N2 0 | —(+2v2)V2 5-2v2)W2 o |=|o 5-22

-0 0 I |0 0 -3 0 0

Hence, the eigen values of A are 5+ 2\/5 , 5— 2\/5 and -3.

1 1 0 0o 1 -1
(b)yWehave A-3I=|1 1 1| and B=(A-3I)"=[1 -1 1
0 1 1 -1 0

Starting with V, =[I, -1,  1]", we get

Y, =BV, =[-2, 3, -2['im=3;V,=Y,/m=[-2/3, 1, -213]
Y,=BV, =[5/3, -7/3, 53]':m,=7/3:V,=Y,/m,=[5/7, -1, 577
Y,=BV,=[-12/7, 1717, -12/7]"

After three iterations, we obtain the ratios

|ﬂ|:(Y3)r {|—12| -17| |-12|
Vo), UsTlslls]

We take | ,u| = 2.4 (we need more iterations for more accurate results.)

9 9

}:[2.4, 3.4, 24]

Hence, the largest eigen value in magnitude of Bis | ,u| =24

The eigen value nearest to 3 of the matrix A is

[A|=30/|u)=3£01/24) or A=3.4167, 1=2.5833

Since A =2.5833 satisfies the equation |A - /11| =0, more accurately, the nearest
eigen value to 3 is 2.5833.

6. (a) We obtain from the given matrix

tan@=a,/a, =4/32 =22
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Therefore sin @ = 2\/5/3 and cos@=1/3

1 0 0 1 0
Define  S,=|0  cosf -sinf |=|0 13  -242/3]|and
0

0 sind  cosé 2W2/3 13

1 0 0 2 V2 4 1 0 0
A, =STAS, =0 173 22/3[42 6 W2 |0 13 -242/3
0 2273 13 |4 V22 o 2W2/3 13
1 0 0 2 32 0
=0 1/3 W2/3||V2 1073 S11W27/3
0 2V273 13 4 572173 -2/3
2 32 0 b ¢ 0
=32 1073 257273 = | ¢, b, ¢
0 -5v21/3 14/3 0 c, b,

which is the required tri-diagonal form. Using Sturms sequence, we obtain
fo=1, fi=A-b=1-2
fo=(A=b)f, —clf, =(A-10/3)(A-2)—18 =1 —164/3-34/3
fi=(A=b)f, —c2f, =(1-14/3)\ —=164/3-34/3)-50(A—2)/9

= £ —104* +84+64.
The characteristic equation of the given matrix is f,= 2’ —104* +84+64=0

(b) From the given matrix, we write

— 4 1 1 1 0 07
NIE 1 4 2 ]o 1 0 | Ry-Ry/4
3 2 4 0 0 1 J R3;-3R/4
~ [ 4 1 1 0 0 0 )
0 15/4  9/4 | -1/4 1 0 R, — 4R./15
0 5/4  -19/4| 3/4 0 1 R; - Ry/3
=~ 4 0 8/5 | 16/15 -4/15 0
0 154 9/4 | -1/4 1 0 R, + 2R;/5
0

0 -4 -2/3 -1/3 1  R,;-9Rj/16
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=~ 4 0 0 4/5  -2/5  2/5 )
0 15/4 0 1/8  19/16 -9/16| R,/4,4R,/15,
0 0 -4 23 -13 1 -Ry/4
1 0 0l[1/5 -1/10 1/10 |
=10 1 0|1/30 19/60 -9/60
0 0 1 |]1/6 1/12 -1/4 |
1/5 -1/10 1/10 12 -6 6
Hence, A =|1/30 19/60 -9/60 :é 2 19 -9
1/6 1/12 -1/4 10 5 -15

7. (a) We need to determine a and b such that

2
I(a, b)= I 14[ i (a\/; + b/x)] dx = minimum. We obtain the normal equations

A o'l —adx-brxNadr=0 o 1o
oda 1 7 2

ﬂ:_zj (x —a x—éjldx 0, or B 3-0 2)
ob xX)x 2 4

Solving (1) and (2), we get a =684/91, b =-914/91.

(b) Newton’s backward difference interpolation is given by

(x_xn)(x_‘xn—l) 2 (x_xn)(x_xn—l)(x_xn—Z)VSf n

(x—x,)

x)=f, +—=Vf + Vif +——————F———=Vof 4+
)=, P T TE L e n

Substituting  x—x, = hs, we get

Flx, +hs)= f, +sVf, + (Sz“)v fo+ Mvvﬁ ...........

We obtain

2
GG &gy 2S+1V PR kL U
ds dx ds 3!

Now dx/ds = h and for x=x,, we get s=0. We obtain

fx,)= 4 _ I[Vf +—Vf, +3V fo e, } (1)

dx
We now construct the backward difference table from the given data. We get for &
=1
x o fw VO ViV
1 1
2 3 2
3 7 4 2
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4 13 6 2 0
5 21 8 2 0

Substituting in (1) for x,= 5, we obtain f’(5)=[8+(2/2)]=9

8. (a) Using Lagrange interpolation formula and the given data, we get

_ (x+1)x(x—1) (x+3)x(x-1)
e e Y ey By (S sy vy sy avpry L)

N (x+3)x+1)(x—-1) )+ (x+3)(x+1)x
G)M(=1) (1+3)A+1)(1)

3
_»

24
=x +x+1

£(0.5)= p(0.5)=(0.5)° +(0.5)+1=1.625

(x3 —x)—i()f +2x7 —3x)—%(x3 +3x° —x—3)+§(x3 +4x’ +3x)

(b) we have f[xO’xl]: 1 [f(x1)_f(xo)]: : {i_i}:_ 1 :(_1)_1

X, — X, X, — X,
We shall now show by induction that f [xo, Xjveenne , X, |=(=1) 1(XyX;...coX,)
The result is true for n = 1. Assume that the result is true for n = k, that is
f[)co,xl ....... , X, ]=(-1) /(xyX,.....x, ). Thenforn =k+ 1, we have

1

f[)co,xl ....... ,xk,xk+l]=

{f[xl,xz, ......... xk+l]—f[x0,xl, ........... ,xk]}

1 — Xo

Hence, the result is true for any k.
9. (a) We can write TE = f(x,)—[f(x, + h)— f(x, )]/ h
= £(x, )= nf (e )+ B2 (e ) 24 12 f (3, )/ 6+ e 1/h
= —hf"(x,)/2 =h*f"(x,)/ 6—.........
Hence, we can write the error term as
TE = c,h+cyh” +.......... +c,h” + 0(1"*"), where c; s are independent of &.

Let g(x)=f '(xo ) be the exact quantity and g(i/2") denote the approximate value
of g(x)obtained by using the given method with step length 7/2", r =0, 1,

Thus we can write
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Eliminating ¢, from the above equations, we obtain

g(l)(h)zzé'(h/z)—g(h): (x)_ﬁ_éc

2-1 & 2 4

2 2
S (r2) 2¢(n12%)-g(h12) W-C" 3

2-1 & g 32

Elirﬁinating ¢; from the above equations, we get
4gV(n12)-g(n) 22" (n12)-g"n
O(n) =28 (4_)1 glh) _2°¢ (22_)1 8B | o)

Thus the successive higher order results can be obtained from the formula

m (m-1) _ o lm-1)
()= 28 (fo_)l 8" g ()= o(h)
Using the given formula and the given data, we obtain
h=4: F)=[r6)-r))/4=025-1)/4=31
h=2: F)=[fB)-r)2=027-1)/2=13
h=1: fO)=[r2)-rW=6-1=7

We obtain the following Richardson’s table

h O(h) O(h%) o)
4 31

2 13 -5

1 7 1 3

Hence, the best value of f'(1) is 3.

(b). Truncation error of the given method is given by
TE = f'(x))=[=3F (xo )+ 4 f (x, + B)= £ (x, +20)}12h)
Expanding each term in Taylor series about x, and simplifying, we get

f7(x)

If €,,€, €, are round off errors in evaluating f (xo ), f (xo + h), f (xo + 2h)

W, n
TE =?f (&), X, <& <x,.Hence |TE| S?MW where M, = max

XSXSX,

respectively,
then we get RE = (-3¢, +4€, —€,)/2h
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e, |l . Then |RE|<8e /2h)=4e/h

2

Let e= maxﬂfo
We choose h such that h*M , /3+4 € /h = minimum

Differentiating with respect to 4 and equating it to zero, we get
2hM /13-4 /h* =0 or h=(6e/M,)"

10. (a) Make the method exact for f(x)=1, xand x*. We get
f =1 [ de=(4+2,+2,)=0
fo=x: [ xar-[a,(V375)+ 2,W375)]=0
F)=x* I_llxzdx—[/lo(—\/%)z +/12(\/%)2} =0

From the above equations, we obtain
A+A4+4, =2, (4, -4,)=0, (4,+4,)=10/9

Solving these equations, we get 4, =4, =5/9 and 4, =8/9
It can be verified that the method produces exact results for f(x)= x’, x* and x°.

The error term is given by Error = ¢f "(£)/6!, —1<¢& <1, where

c= I_lle’dx—[/io(—\/%)é +/12(\/%)6} =

2 27 2 10( 27 8
——(/10+/12)—:___(_j:
125 7 91\125 175
8 1 1
Hence, Error = —| — ©)(£) = ©)(£),
' 175(720jf (5) 15750f (5)

(b). Using the Trapezoidal rule, we get
h=1: X =1 x =2 f0=f(x0)=l, f1:f(x1):1/3

1= h[f, + £,]/2=0.666667
h=1/2: x,=1, x=3/2, x,=2 f,=1, f=0571429, f,=f(x,)=1/3

I=h[f,+2f + f,]/2=0.619048
h=1/4: x,=1, x,=5/4 x,=6/4 x,=7/4 x,=2
f,=1,  f, =0.761905, f, =0.571429
£, =0.432432, f, =1/3
I=h[f, +2(f, + f, + f;)+ f,]/2=0.608108

m y(m-1) _ (m-1)
Using Romberg integration / (’”)(h)z sl (312)1 ! (h), m=1, 2,
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we obtain the following Romberg table
h o(h’) o(h’) o(h°)
1 0.666667

Va 0.619048 0.603175
Va 0.608108 0.604461 0.604547

The improved value of /is I = 0.604547

11. (@) We have y' =x+y2, y'=1+2yy, y"=2(y') +2y".

Third order Taylor series method is given by

You =Y, +hy, +h*y 12+ h*y7 16, n=0,1,

We have h =0.2, xo =1, yo=1. We obtain
n=0: y,=1, y;,=2, y,=5, y,=18
v, =y1.2)=1y, +hy6 +h2yg/2+h3yg'/6

=14+0.2(2)+(0.2)*(5)/2+(0.2)*(18)/6 =1.524
Now x, =1.2, y, =1.524, y =3.522576
Y/ =11.736812,  y”=60.590886
v, =y(1.4)=y, +hy + R’y 12+ h’y16

2 3
=1.524+0.2(3.522576) + ©.2) (11.736812) + ©.2) (60.590886) = 2.544039

2 6
(b). Wehave x, =1, y, =2, f(x,y)=+x+2y, h=0.1
Using the classical fourth order Runge-Kutta method, we get
k, = hf (x,,y,) = 0.1f(1,2) = 0.223607
k, =hf(x, +h/2,y, +k /2)=0.1f(1.052.111804) = 0.229643
ky=hf(x, +h/2,y,+k,/2)=0.1£(1.052.114822) = 0.229775
k, = hf (x, +h, y, +k;)=0.1£(1.1,2.229775) = 0.235786
y, = y(1.1) = y, + (k, + 2k, + 2k, +k,)/ 6 =2.29705
Now, x; = 1.1, y; = 2.229705. we get
k, = hf (x,,y,) = 0.1f(1.1,2.229705) = 0.235784
ky, =hf(x, +h/2,y, +k /2)=0.1f(1.152.347597) = 0.241768
ky=hf(x, +h/2,y, +k,/2)=0.1f(1.152.350589) = 0.241892
k, =hf(x, +h,y, +k,)=0.1£(1.2,2.471597) = 0.247855
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