AE35/AC35/AT35 MATHEMA

TYPICAL QUESTIONS & ANSWERS

PART 1
OBJECTIVE TYPES QUESTIONS

Each Question carries 2 marks.
Choose correct or the best alternative in the following:

Q.1 Which of the following is an entire function
z

(A) 5 B) zz
1+z
;2 72
©) e D) e
Ans: C

Q.2 Let f(z)= |z|3 . Then which of the following statements is not correct.

(A) fis differentiable at z = 0. (B) fis differentiable at z # 0.
(C) fis not analytic at z=0. (D) fis not analytic at z # O.
Ans: C
Q3 The image of a square under the transformation w = \/Eeni/ ESET
(A) asquare (B) acircle
(C) the upper half plane (D) the right half plane
Ans: A

VA

Q4 The value of '[ [e_ + sin Zjdz is
z

‘2‘22

(A) 2mi B) 0
2
(C) 4mi (D) %mnz
Ans: A

Q.5 The value of line integral I (xyzf+y3 ]) dr, where C is the segment of the

C

parabola y2 =x from (0, 0) to (1, 1) is

12
A) — B) 0

7

7 1
Cc — D) —
© B D) 3

Ans: C
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Q.6 The directional derivative of xy2 +yz3 at the point (2,1, 1) in the direction

1+2j+2k is
-11 -3
A) — B) —
(A) 3 (B) T
O o D) 1
Ans: A

Q.7 The unit normal to the surface x> + y2 +7% =1 at the point (1/J§ ,1/\/5 ,0) is

1 ~ = 1 - -
A —=\i—j B) —=-i+]
Li-j L)
1 ~ -
C) —=li+j (D) None of the above
\/E( J)
Ans: C
Q.8 Which of the following probability mass functions can define a probability
distribution
5-x2 X
A) f(x)= forx =0123 (B) f(x):Eforx:1,2,3,4,5

(©) f(x)= ix for x = 0,1,2,3,4 D) f(x)= %for x=2345,6
2

Ans: B

Q9 The expected value of a random variable X is 3 and its variance is 2. Then the
variance of 2X + 5 is

(A) 8 ®B)9
©O) 10 D) 11
Ans: A
2 2 y2 X2
Q.10 The equation y“uyy —2Xyuyy +X Uy —Yux +7uy is
(A) Elliptic (B) Parabolic
(C) Hyperbolic (D) None of the above
Ans: B
Q.11 The image of the line Im(z) = 1under the mapping ® = 2% isa
(A) Circle. (B) Parabola.
(C) Hyperbola. (D) Ellipse.
Ans: B
Q.12  The values of z for which e” is real is
(A) any multiple of . (B) odd multiples of %
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Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

(C) all multiples of % (D) any real number.
Ans: A
The value of fim (3x +iy? ) is
z—2i
A) 2 B) 0
(C) -4 D) i
Ans: C

Let f(z)= z. Then which of the following is true:
(A) f(z) is not continuous at z = 0
(B) f(z) is differentiable at z = 0
(C) f(z) is not continuous at z = 0 but differentiable at z = 0
(D) f(z) is continuous at z = 0 but not differentiable at z = 0

Ans: D
2-1

The value of integral I zdz is
1

A) 0 B) 1
(©) 1+2i D) 1-2i
Ans: D

The angle between the surfaces xlogz = y2 —1 and xzy =2—z atthe point (1, 1, 1)
is

(A) cos_1% (B) cos_lﬁ
©) cos_lﬁ D) cos_lﬁ
Ans: B

A force field F is said to be conservative if

(A)Curl F=0 (B) grad F =0
(C) DivF=0 (D) Curl (grad F)=0
Ans: A
2 2 2
The partial differential equation x2 a_u + 2xy ou + y2 a_u =0 is an example of
8y2 dxdy x>
(A) Hyperbolic equation (B) Elliptic equation
(C) Parabolic equation (D) None of these
Ans: C

The inequality between mean and variance of Binomial distribution which is true is
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(A) Mean < Variance
(C) Mean > Variance

(B) Mean = Variance
(D) Mean x Variance = 1
Ans: C

Q.20 Let f (x) be a probability density function defined by f(x)=e™ ™, for x >0 and f (x)
p y y y

= 0 for x< 0, then the value of cumulative distribution function at x =2 is
(A) 1+e72

B) 1-¢7>
(C) 1+¢? (D) 1+e¢7%°
Ans: B
Q.21 If w=u(x,y)+iv(x,y) is an analytic function of z=x +iy, then — equals
ow ow
A) i— B) —-i—
(A) X (B) .
© 2" @) -2
dy Jdy
Ans: D
dw dv oJu  |du . dv .ow
—=——i— =i —+i— |=—i—
dz dy dy dy dy dy
Q.22 The image of the circle | z | =2 under the mapping w =z +(3+21i)is a
(A) circle. (B) ellipse.
(C) pair of lines. (D) hyperbola.
Ans: A
z=w—(3+20)

|2|=[u—3+i(v-2)
=>w-3"+(v-2)Y>=4

which is circle in (u,v) plane with centre (3,2).
Q.23 The function (z—1)sin 1 at z=0 has
(A) aremovable singularity.
(B) asimple pole.

(C) an essential singularity.
(D) a multiple pole.

Ans: C
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=(z-1 *l_z__a
“ )[Z 57

— l_l_ 1 +—
z 322 3

Z = 0 is an essential singularity.

Let f(z)=(z—1)sinl
z

Q.24 A unit normal vector to the surface x3 —x yz=1, at the point (1, 1, 1) is

P-jek 2i-j+k
(A) . B —F—-.
V3 J6
2i-j+k 21-]
<€) ——. (D) )
J6 J5
Ans: B
2i—j—k
J6

Let ¢ = X3—xyz—1,

The normal to surface at point (1,1,1) is

Vg=(3x> - y2)i — xz ] — xyk

Vg, ,=2i-j—k

- %Gk

n=—-———

J6
Q.25 The line integral I xzdx+y2dy, where C is the boundary of the region

C

x2 + y2 <a’ equals

(A) 0. (B) a.

(©) ma’ ®) 7

Ans: A

J.(xzdx+ yidy) = U (i x’ _9 y*)dxdy = 0 Using Green’s Lemma.
’. 7 Oy ox

2 2 2
Q.26  The partial differential equation y J 121 +2x o"u +y J 121 =0 is elliptic if
ox oxdy " 9y

A) x* =y? B) x2 < y?
©€) xZ+y%2>1 D) x> +y2 =1
Ans: B
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The given differential equation is

ﬂ+2x azu + ﬂ:
yax2 0xdy yay2
2 2 2
Aa—’;‘+Ba—”+ca—”j=o
ox oxdy  dy

It is elliptic if B*-4AC<0 i.e. x’<y’

0

Q.27 The expected value of a random variable X is 2 and its variance is 1, then variance of

3X+4 is

(A) 9. B) 7.

© 3. D) 13.
Ans: A

V(3x+4)=E((3x+4)?) — (E(3x+4))*
= 9E(x)+24E(x)+16-(3E(x)+4)* = 9E(x*)-9(E(x))*= 9V (x)=9

Q.28 Let X be a random variable having a normal distribution. If P (X < 0) = P(X > 2) =
0.4, then mean value of X equals

(A) 0. B) 1.
©) 15 D) 2.
Ans: B

AsP(X <0)=P(X >2). = 0,2 are symmetrically placed around x .
0+2
l[[ = =

—=1.
2
Q.29 The image of the point z = 2+3i under the transformation w = z(z-2i) is
(A) 1+2i B) 1+8i
<© o0 D) 1-8i
Ans.: B

By definition, if a point z,maps into the point w,through the transformation

w = f(z) then w,is known as the image of z,. Consequently,
w = f(243i) = (2431)(2+3i-21) = ( 243)(2+i)=1+8i

Q.30 Let (i) and (ii) denote the facts
1) : fis continuous at z =0
(ii) : f is differentiable at z =0
Then for function f(z) =7 which is correct statement?

(A)  Dboth (i) & (ii) are true B) (i) is true, (ii) is false
©) (1) is false, (ii) is true (D)  both (i) & (ii) are false.
Ans. B
f()=z= lgm 0(x —iy)=0= f(0)fis continuous at z = 0.
x—0,y !
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1-i—

, Az Ax—iAy
FOy=Jt—= = =
LS T eETCR A

Ay—0

= Lt (—i_ mj which depends on slope m.
s +
Ao

Therefore, f is not differentiable at z = 0.

4
Q.31 The order of the pole of the function f(z)= w, at 7z =oois
" +5z+2
A 2 B) 1
© 0 D) 4
Ans. A
3 4
z= l,f (i) = iz HZW—+WZ w=0, is a pole of order 2.
w w) w|l+5w+2w
. 327 +7z+1 ..
Q.32 The value of the integral m—3 dzwhere C is circle |z| =2 traversed
7—
C

clockwise, is

(A) 2z B) 67l
<o o D 1
Ans. C

z=3 lies outside the circle. By Cauchy’s integral theorem.

Q.33 The curl of the gradient of a scalar function U is

A 1 B) VU
o vu D) 0
Ans. D
A
Curl girdU = VA 274 %5, %)) 9 2 2
ox dy~ 0z ox dy 0oz
o o
ox dy oz
A %u  %u A *u  %u A ’u  Qu
=i - + - +k -
dydz 0zdy 0z0x 0xdz 0xdy dyox
=0.

Q.34 The value of the integral I ydS where C is the curve y = 2Jx fromx =3 tox=24is
C

(A) 156 B) 153
© 150 D) 158
24 d 2 24
Ans. A [yas=[2Vx 1+(d—)y€j dx = [ 2/x+1dx =156
C 3 3
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Q.35 The tangent vector to the curve whose parametric equation

r+1 .
x:t3,y:—,z:t2+l at t=2 is given by
t

(A) 12{+lj—41€ (B) 125—lj+412
4 4
(C) 127 - L5 _af (D) 125+lj+41€
4 4
Ans. B

The tangent vector to any curve is given by

dj:%(ix+}y+l€z)=%[ft3 +}[ITHJ+I€(# +1)j

dt

= [f(3t2)+ j(_rlz}r]g(zt)} = 12?—% j+ak
=2

Q.36. The cumulative distribution function F of a continuous variate X is such that
F(a)=0.5, F(b)=0.7. Then value of P(a<X<b) is given as

@A 0 B) 05
© 02 D) 0.7
Ans. C P(a<X<b)=F(b)—-F(a)=0.2

Q.37 A discrete random variate X has probability mass function f which is positive at x = -
1,0,1 and is zero elsewhere. If f(0)=0.5 then the value of E(Xz) is

A 1 B 0
© 05 M -05
Ans. C

E(X*) =) f=D+0f 0+ f(D=fD+ f(=1)=1-f(0)=0.5

Q.38 A room has three lamp sockets. From a collection of 10 light bulbs of which only 6

are good,
a person selects 3 at random and puts them in a socket. What is the probability that
the room will have light?

(A)  29/120 (B)  39/60
(©) 19730 (D)  29/30
Ans. Answer is not given. Misprint in the question paper.
32 L. (6Y(4) 936
==,q=—PX2DP(X=D+P(X=2)+P(X=3)=) C | —||—| =——
P=54=7 ( )P( )+ P( )+ P( ) Z:I: ”[10) (10) 1000

Q.39 Ifthe ends x =0 and x = L are insulated in one dimensional heat flow problems,
then the boundary conditions are
A) ou(0,1) —o, ou(L,t) _latt=0 (B) ou(0,1) —0, ou(L,t)
ox ox ox ox

=0at t=0.
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©) ou(0,1) —o, ou(L,t) —Oforallt (D) ou(0,1) —o, ou(L,t) _
ox ox

ox ox

As end points are insulated so by definition.

Ans.: C

2 2
Q40 If u=x>++¢"is asolution of ¢ % = ?)—l: then the value of ¢ is
X t
A 1 B 2
© -2 D) -1/2
Ans. A

Using partial derivative, we get' ¢ =1=c=1.c= * 1, the
negative sign is neglected on physical grounds

Q.41

The curves u(x, y) = C and v(x, y) = C' are orthogonal if
(A)u and v are complex functions  (B)u+iv is an analytic function
(C)u - v is analytic function

(D)u + v is an analytic function
Ans. B

By definition of orthogonal function.

1+i

J. z’dz along the line x =y is
0

A) 273 B) -273
© -2i3 D) 23
Answer is not given. Correct solution
1+ 1 .
is j Fdz = j(1+i)3x2dx “ 24
0 3

0

Q.42 The value of

Ans.

Q.43 The critical points of transformation w =z +l are given as
A) I ) B) i
© 2 D) 12
Ans. B By definition.
Q.44

If the mean and variance of binomial variate are 12 and 4, then the probabilities of
the distribution are given by the terms in the expansion of

1 2)? 1 2y
(A) (§+§j (B) ( + j

3

3
1 2 18 1 1 18
© (5 + gj (D) (E + Ej

Ans. C Mean= np=12, variance =npq=4= p=2/3,4=1/3,n=18

Q.45 The E(e"™), t<0.5 of a random variable X is (1-2t)*, then E(X) is given as
A 5 @) 6
<o 7 M 8
Ans. D AsE'(e™) = 8(1—2t)’5 Therefore E(X) is obtained for t = 0, thus
E(X)=8
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Q.46 IfF is a conservative force field, then the value of curl F is
A 0 B) 1
(C) VF D) -1

Ans. A By definition of a conservative field F = V ¢ and curl
Ve=0.

Q47 If u=x*+y*+7°, V=xi+ yj+zk,then value of V.(uV) is equal to

(A)  Su ®) 5|V
(©) 5+ M)  5@-|V])
Ans. A

Use the identity div (uV )=udivV + V gradu
= (x2 +y' + z2)3+(fx+ jy+l€z)(f2x+ }2y+l€2z)
= 3x7 +3y7 +377 +2x7 +2y° +27° :s(x2 +y 4+ ZZ): 5u

Q48 If V.F =3then ” F.NdS , where S is the surface of unit sphere is
S

(A) 3 B) 5
(C) 4n D) 6
Ans. C
1m2n
[[FNas = [[[divFav =3 [[[dxdydz = 3 [r*dr.sin6dode
S S V (unit sphere) 000

3 1
= 3(%] (—cosO) (pf" =227 =4r.

0

Q.49 The partial differential equation of a vibration of a string is

o’y dy d’y dy
A — == B — =
(A) o’ ox (B) or*  or
o’y  , 0% o’y ,dy
C — = — D 2 =2
© T Y
Ans.: C

It is not partial differential equation but an ordinary differential equation as y is a
function of ‘t” only. The partial differential equation governing the vibration of a
string is a wave equation which is hyperbolic.

Q.50 The partial differential equation f, +2f +4f =0 is classified as

(A)  parabolic (B) elliptic
(C)  hyperbolic (D)  none of these
Ans. B
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For pde Af, +2Bf  +Cf, =0to be classified as parabolic, eclipse or hyperbolic
B? — AC <0 - Here this discriminant is <0. Hence elliptic.
>

et )
. Hzl=2
Q.51 The value of ‘l(Z 3y dz,C |z| 18
A) 3 B 2
<o 1 D O

Ans. D
Singularities lie outside |z| =2. Therefore by Cauchy’s integral theorem D

follows.

Q.52 Residue of tanz at z =7/2 is

A -1 B) 1
€ 0 D) 2
Ans. A Resf (fj - Zt”dSL ——1
7y —(cos z
2dz( )
Q.53 The Taylor series expansion of %,|z| <1is
7—
1,z 22 2 1 z 22 2
A —ll-=+———.. B) ——|l+=+—+—....
2 2 4 8 2 2 4 8
1z 22 2 1z 2 2
<Cc —ll-=——+—.. D |+
2 2 4 8 2 2 4 8
-1 2 3
Ans. B SE. - _1 I+ 242
7—2 2 2 2 2 4 8

Q.54 Let X be normal with mean 10 and variance 4, then P(X<11) is

@ oY) ® (-}

© (1) D) ¢(-1)
X -10
_ —ol1
Ans. A ;/)(z)—P( . j:>P(X <11)_¢(A)
Q55 If f(xn)= I K 5,—0 < x <o is a valid probability mass function of x, then the value
+x
of Kis
A 7 ® ¥
© 12 D) 2
P T K -1 bl 1
Ans. B jf(x)dx=j cdy=1=2ktan™' 2 =1=k=—
i S I1+x 0 V.4
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Q.56

Q.57

Q.58

Q.59

Q.60

If X is random variable representing the outcome of the roll of an ideal die, then E
is
A 3 B 25
(C) 35 D) 4
51 7
Ans. C  EX)=)n-=-=35
n=1 6 2
If S is a closed surface enclosing a volume V and if R = xi + yj + zk then ” RUNdS is
N
equal to
(A) 3R B) 3S
(©) 3V D) 3N
Ans. C  [[RONas =[divRav =3[av =3v
N Vv Vv
The unit normal at (2,-2,3) to the surface x2y+2xy=4 is
1 2 o ~ 1 N i ~
(A) 5( —2]+2k) (B) 5(1—21—2k)
L/ » A n 1/ » A ~
(C) 5(—1—2J+2k) (D) §(—z+2j+2k)
Ans. Answer is not given. Misprint in Question.
L NP
. Vf__ox "dy dz _ (2yx+2y)l+(2x+x )]
|Vf| \/fxz+fyz+fz2 \/(2yx+2y)2+(2x+x2)2
. 12/ +8J
At the point (2, -2, 3) we get ———=
P £ V144 +64
Eliminating a and b from the (x—a)’+(y—b)>+z°=c°, we obtain the partial
differential equation
A)  Z(p-g+h=¢ B) Z(p'+gi+h=c’
© (P +gH=c D Z(p-q)=¢
Ans.: B p=—(x—a), zg=—(y-b)= > (p*+q¢  +1)=c"
Solution of p\/; + q\/; =z is

@ Nai-fy=f(Va-vz) B Varfy=r(Va-vk)
©  Vi-Jy=f(Vx+vz) @ Vxfy=r(Vrez)

Ans. A Using Lagrange’s subsidiary equations we get
dx dy dz
v—==—==—fm—x—y=f Jx=z).
vx o4y Z ( )
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Q.61

Q.62

Q.63

Q.64

Q.65

Q.66

Residue of <% atz =0 is
Z
Aa 1
<o 2
Ans. A cosz _ 1
Z
l.i.e. 1
Z
The function w = log z is analytic everywhere except at the value of z when z is
equal to
a -1 B) 1
© 2 M) 0
dw 1
Ans. D w=logz=>—=—,z#0
dz z
If f(z) is analytic in a simply connected domain D and c is any simple closed curve
inside D, then the value of J f(z)dz is given by
A 1 B) 2
© 0 D) 3
Ans. C By Cauchy’s integral theorem.
If X is a binomial variate with p = 1/5, for the experiment of 50 trials, then the
standard
deviation is equal to
A) 6 B) -8
€ 8 D) 2\2
Ans. D As variance = npq = 50(0.2)(0.8)=8 = S.D. = square root of
variance = /8 = 242
A unit normal to x* + y2 +z°=5at(0,1,2) is equal to
1 1
(A) —(i+j+k (B) —(i+j—k
i) i+i-8)
1 1
©C) —=(j+2 D) —(i—-j+k
(+28) i=i+h)
Ans.
. . . _ 2j+4k
V' +y +27) = (200 +2yj+22k) =2/ +4k.=>n= NS
If u=x>+y*+z*, V =xi+ yj+zk, then value of V.(uV) is equal to
(A) 2u B) -u
€ 3u (D) Su
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Ans. D
Using the identity div(uV)=udivV +V .gradu
= (x2 +y>+ z2)3+ (fx+ Jy+ lgz)(ZiAx+ 2y + ZIgz)
=5(x2 +y? +zz)=5u :

Q.67 IF .dR is independent of the path joining any two points if it is

(A)  irrotational field B) solenoidal field
(C)  rotational field (D)  vector field
Ans. A

Since the integral is independent of path therefore the vector
F =V @ — curlV ¢ = 0 which further implies that the field is irrotational.

Q.68 The solution of the partial differential equation gif = x*sin(xy) 18
y

(A)  z=-x"sin(xy) + yf(x) + g(x)
B)  z=-X’sm(xy)-xf(x)+g(x)

(C)  z=-y’sin(xy) + yf(x) + g(x)
D) z=x" sin(xy) + yf(x) + g(x)

Ans. A
Q.69 When a vibrating string has an initial velocity, its initial conditions are
(A) &» =0 B) ¥ =y

o |, ot

=0
© [a—y} =oo (D) None of these
ot —

Ans. B

Q.70 Image of|z +1| =1 under the mapping w = 1/z is

A) 2Imw+1=0 B)2Imw-1=0

(C©) 2RIw+1=0 D)2RIw-1=0

Ans. C

2
Q.71 The value of 141;14—%56& where C: is9x” +4y* =36equal to
c Z_

A -1 B) 1

©2 (D)0

Ans. D
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Q.72 The invariant points of the transformation w=(l + z)/(1—z) are given by

A1 (B) £2
© 0 D) +1
Ans. A

Q.73 In a Poisson Distribution if 2P (x = 1) = P (x=2), then the
variance is

(A) 4 (B) 2
©)3 D)1
Ans. A

Q.74 1If V(X)=2, then V(2X+3) is equal to
(A) 6 (B) -8
©)8 (D) 212
Ans. C

Q.75 div(curlF ) is equal to
(A) O B) -1
(© (2] (D)Z[”* k]
Ans. A

Q.76 If ¢ = 3x*y-y’Z, grad ¢ at (1,-2,-1) is equal to
(A)—(12i+9 j+16k)  (B) (12i+5j+84)
(C)—(12i-5 j+8K) (D) —(12i+5j-8K)

Ans. A

Q.77 If A issuchthat V X A=0 then Ais called

(A) irrotational (B) solenoidal
(C) rotational (D) none of these
Ans. A

Q.78 If f(x)=kx’,0<x<1 and 0 elsewhere, is a p.d.f. then the value of k is equal to

A) 4 B 2

< 3 D) 1
1 1

Ans. A jkx3dx=1:>\kx4\ —4=k=4
0 0

Q.79 Letf(z)=2z z. Then which of the following statements is not correct

(A) f(2)is differentiable at z = 0.
(B) f (z) is differentiable at z # 0.

www. StudentBounty.com
-Homework Help & Pastpapers


http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com

AE35/AC35/AT35

©) f (z) is not analytic at z = 0.
D) f (z) is not analytic at any point z # 0.

Ans: B

Q.80  Which of the following mapping is conformal at z = 0

(A) w=2° B) w=1.
z
(C) w=cos z. (D) w =sin z.
Ans: D
Q.81 The Taylor’s series about z = 2 of the function f(z)= % converges in
z-1)\z—-
the region
(A) |7 <1. B) |z<4.
(©) |z—2/<1. D) |z—1/<3.
Ans: C
Q.82 If v=u+f(u), then grad v equals
(A) (1+f(u))gradu. B) f’(u)gradu.
(O)f'(u) + grad u. (D) gradu.
Ans: A

Q.83 The surface integral ” xdydz+ydzdx+zdxdy, where S is the surface of the
S

sphere x2 + y2 +22 =1 equals

(A) 0. (B)%n.
(C) 2m. D) %n.

Ans: D

Q.84 From an urn containing 4 white, 5 black and 6 blue balls, 5 balls are chosen at random
with replacement. The expected number of blue balls selected is

(A)2.5. (B) 2.
(O 15. D) 1.
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Ans: B

Q.85 The mean and variance of a binomial probability distribution are 1 and 2

respectively, then the probability that random variable takes value O is

8 6
(A) 57 B) 57
3 1
€ 57 D) 57
Ans: A

Q.86 One dimensional heat equation is given by

2 2 2
(A) ﬂzcza_u. ( )a_uzcza_u
ot> x ot x
9%u 9% du 720°u du
C) —+—=0 D = -
© 2 ayz (D) 3 52 o
Ans: B
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PART - 11
NUMERICALS

-1
Q.1 Compute the limit lim (l—eZ ) J. 2 _d& .
z—0) 0 1+ &2

Ans:

By Taylor series expansion,
A+&H)T=1-g2+E*—E0 4 ...

Therefore,
2 3 5 6
2 _1 z z z
1+ di=z——+———+......
(j) (1+&%)71dg Tt

-1
1 1 z 72
=——|1+—+—+..
1—e? z 2 3

1 1 z
= ——t—t————=
( z 2 3 J

Therefore,

[(1—el)‘1jd—§} = -1+0(2).

2
01+&

VA
_ d
Hence, lim|(1—e®)”! & =-1.
z—0 01+§2

Q.2  Show that cosh (z +lj =ap+ z an[zn +Lj , Where
Z n

n=l1 z
1 T
a, = P __[t cosn@cosh(2cosB)db. 8

Ans:

By the Taylor series expansion,

1 1 1Y o1 1Y
cosh| z+— |=1+—|z+—| +—|z+—| +....
z 2! z 4! z
=a +ia el
—40 n n

n=1 z
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for some ag,....,a,,....

. ) 1
From the Laurent series expansion of cosh(z+—j we have,
z

1
cosh(z +—
Z

N )
cosh(z+—j = Z anzn, where a, = dz,C:zl=r,forallr >0

z

S 27‘[1 ~£ ZII+1
Letr=1,z=e¢ 9 then
a, =— cosh(e'® +e719)e 040

27 r

T
= 2L J.cosh(Z cos 0)(cosnb —isinnB)dO
T —T
| LT
=— jcosh(Z cos0)cosnBdd—— I cosh(2cos 6)sin n6d6
27 27
—T —TT
1 T
= P jcosh(Z cos6)cosnBdo
(e
as the second integral is O

sin3 X

Q.3  Evaluate the integral I

—0Q0

dx , by contour integration. (10)
X

Ans:

sinox 1 3elX _3iX
3 =M 3 —
e 4

X
Consider the integral

1 3eIX _e31X
J.f(Z)dZ :ZI(TJ
C C

where C is the contour given in figure below

CR_éf—*_
/ TN
‘R -E g E
€ R
j f(z)dz = j f(z)dz + j f(x)dx + j f(z)dz + j £ (x)dx
C C, -R C, e
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iz _ 3iz
[tz < | 36—36(12
Cr Cr z
Y L3y
SunR
R3

—0asR = o0 (y = =)

Since z = 0 is a pole of f (z), by Cauchy-Residue theorem,
3eiz _ e3iZ

-[C1 f(z)dz = _[Cl Z—3dZ = —m[Re S, = of(z)l

—3mi

Now, Res, = of(z) = 3 Therefore, I f(z)dz =
4 G

Since f (z) is analytic in C, we have J f(z)dz=0. Therefore
Cr

R
0= j f(z)dz + Tf(x)dx+ j f(z)dz + j f(x)dx

Cr -R C, e
Taking limit R — o0 and € — 0 we get
0 oo 3mi
0= 0+Loof(x)dx+J.0 f(x)dx—T
Therefore,
oo 3mi
f(x)dx =—.
[ foode==,
Hence
ImJ._oo f(x)dx = J_oo S X gx = 3n

Q4  Evaluate j (z—l)zeZ2 dz, where C is the circle {z:|z|=2} traversed counter
C
clockwise. (6)

Ans:
1

Letf(z)=(z—- l)zeZ2 ,then z=01s an essential singularity for f(z). Therefore, by

Cauchy - Residue theorem,
1
2 .2 .
jc (z—1)%ex” dz = 2mi[Re's ,_f (2)]
Now by Taylor series expansion,
1
e —le L 1

22 224 626
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Therefore,

1

(z-12es? =<z2—2z+1)(1+i+L+L+...

22 224 626

:zz—z+2+0 1
zZ 22

Therefore Residue of f (z) at z =0 is -2.
Hence

jcf(z)dz = —47i

Q.5  Show that the function v(r,8)= 3r2 sin 20— 2rsin O in polar coordinates (r, 0) is

harmonic. Find the corresponding harmonic conjugate function and construct the
analytic function f (z) = u + iv such that f(1) = 1. (t))]

Ans:
By Cauchy-Riemann equations

1
Vg =Iu; Vp=——Ug

le,u, =—vg ug=-rv,

r
From the definitions v (r, 6)
Vg = 6r2 cos 20— 2r cos 0

vgo = —12r% sin 26+ 2r sin O
v, = 6rsin 26 —2sin 6

v, = 65in 20

Therefore,

Vir +lvr +i2V99 :6sin29+l[6rsin29—2sin9]+(—12sin 29+gsin9j
r r r r

=5in20(6+6—12) + sine(—g + 3)
Tr Tr

=0.
ie., v(r,0)is harmonic.

u, :lve =6rcos20—2cos 20
r

Therefore, u(r, 8) = 3r> cos 20 — 2r cos 8 + &(8)

ug =—6r2sin 20+ 2rsin 6+ ¢ (6)
v, =6rsin20—2sin0

Ve = —% ug implies ¢'(0) = 0 and hence ¢(0) = C, constant.
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Q.6

Q.7

Therefore, u(r, 0) = 3r2 c0s20—2rcos 0+ C.

Now,
f(z)=u+iv

=3r2 c0s 20— 2rcos O+ i(3r2 sin 260 —2rsin0) +C
let z = reie, 22 = rzeize

Therefore, £9z) = 322 -2z+4C
Since f(1) =1, we get C=0.

hence f(z) =322 -2z

Find the Fractional Linear Transformation which maps the unit disc {z:|z| < 1}

onto the right half plane Re(w)>0. 3

Ans:

Take the points z; = -1,z =1i,z3 =1in the z- plane
and w; =0,w, =1,w3 = on the w- plane.

Then the Cross Ratio

W—Wl W2—W3 _ Z—Zl Z2—Z3

W—W3 W2_W1 Z—Z3 Z2_Z1
implies
w—0i-o z+li-1

Weooi=0 z—li+l
z+1

(o]
Now using the convention — =1 we get, w =— "
oo 7 —

Now it is easy to see that z = 0 goes to w = 1.
So Iz| £ 1 maps onto the right half plane under the above transformation.

A thin rectangular homogenous thermally conducting plate lies in the xy-plane
defined by 0<x <1, 0<y<1. The edge y = 0 is held at the temperature x (x — ),

while the remaining edges are held at temperature 0°. The other faces are
insulated and no internal sources and sinks are present. Find the steady state
temperature inside the plate. (10)

Ans:
The given problem can be formulated as

VZu=0
u0,y)=ul,y)=0
u(x,l) =0, u(x,0) = x(x—-1).

Assume the solution be in the form u (x,y) = X (x)Y (y). Then substituting this in
the equation we get,
XY+Y'X=0
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From this, we get

X" =Y
—=——=k(sa
X Y (say)
Case 1: k>0.

Let k = p >> 0. Then the solution u (x, y) is
u(x,y) = (c1e?* +cre7P*)(c3 cospy +cy4 sin py),
Now,

u(0,y)=0= (c| +cy)(c3cospy+cysinpy) =0.

since cos py # 0 and sin py # 0, we get ¢ + ¢, =0.
u(l,y)=0=>c;e® +cre ™ =0.
The above relations immediately imply that ¢; =c, =0.

This leads trivial solution.

Case2: k=0

In this case we get
u(x,y)=(csx+cg)(c7y+cg)
u(0,y)=u(l,y)=0=c5=c¢=0.
This again leads to trivial solution.

Case 3: k<0
Letk = —pz. Then

u(x, y) = (¢q cos px + ¢, sin px)(c3eP? +cge P
u0,y)=0=c¢; (C3epy +c4e_PY) -0
since c3eP¥ +cue Y #0, we get ¢; =0.
u(l,y)=0=cjsin p(c3epy + C4e_PY) =0
For nontrivial solution ¢, # 0. Therefore p =nm. Then
u(x,y) = cpsinnmx(cze™ +cye”™™)

By superposition principle,

u(x,y) = Zsin mtx(cnen7ty + dne_nny)
n=1
The boundary condition

u(x,1)=0=sin nTtx(cnemt + dne—nn) =0.

This implies d, = —cneznn.

Therefore,

u(x,y)= i 2Cn sin(n7mx) sinh[n7(y —1)]
’ o o~

From the boundary condition u (x, 0) = x (x — 1) we get
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= 2cp . :
x(x—-1)= Z e sin n7x sinh(—n7).
n=1°¢
Which immediately implies
qummenmzzﬁx@—nmmmmm

e—l’lTC

4

33

()" 1]

Therefore

u(x,y)= Z ap sin nmx sinh[n7m(y —1)]
n=l
where
e 4
a, = |
" sin h(-nm) e (=D ]

Q.8 It has been claimed that in 60% of all solar heat installations, the utility bill is
reduced by at least one third. Accordingly what are the probabilities that the
utility bill will be reduced by at least one-third in

@) four of five installations,
(i1) at least four of five installations. 6)
Ans:
Given problem can be formulated as
ur =kuygx,0<x<1

u(0,t)=u(l,t)=0

u(x,0)=x
Letu (x,t) = X (x) T (t) be the solution. Then from the equation we get
X T
—=—=-A (sa
< %1 (say)
ie. X"+AX=0,T +AkT =0 The B.C's u(0,t) =u(l,t) =0 implies X(0) =
XM =0

The acceptable solution of the Sturm-Liouville problem
X"+AX =0, X(0)=X1)=0
2.2

is A, = DT and X,(x)=b, sin X
02 l
2.2
2.2 2T
The solutions of T'+ kKT =0is T(t)=cje !
14
Hence the solution u (x, t) may be written as
n’n?
oo ——kt
u(x,0)= D¢y sin?e 2

n=1
From the initial condition u (x, 0) = x we get
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oo
. nmX
X= ) cpsin—-.
l
n=l

Multiplying sinn—?X on both sides and integrating from 0 to /, we get

2

201 . nnx l 1

¢, =—| xsin—-dx = — (=),
f E-[O / mt( )

Q.9 Let the probability density function of a random variable x be given by
cosx, O<x<m?2,
; (x):{ X X <7/

0, elsewhere.
Find the corresponding cumulative distribution function and determine the
probabilities that the random variable x will take a value
(i) greater than 7/3 (ii) between 0 and w/4. 8)

Ans:

The probability density of the random variable is given by
cosx O<x<m/2
f(x)=

0 elsewhere
So, the density function F (x) is F (x) = Jiof (t)dt.
If x <0, then F(x) = [*_0dt=0.

If0<x< =w/2, then
0
F(x) = j_X f(dt=["_odt+ j;‘costdt = sint

0 =sinx.
If x> ®/2, then
0 /2 X
F(x)_j_ooOdwjo costdt+jn/20dt_1.
0 x<0

Hence, F(x) =4sinx 0<x<m/2
1 X >7/2.

(i) The probability that the random variable will take a value greater than 7/3

is jn/3f(x)dx = Lt/3 cosxdx = sin(m/2) —sin(wt/3) = 1-+/3/2

(ii) The probability that the random variable will take a value between 0 and

/4 /4
n/4 is jo" f(x)dx=j0“ cosxdx =sinm/4—0=1/+2.
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Q.10  Consider the heat flow in a thin rod of length /,0<x < /. The ends x =0 and x =

Q.11

Q.12

¢ are insulated. The rod was initially at temperature f (x) = x. By the method of

Separation of Variables, find the temperature distribution u (x, t) in the rod,
2

where u (x, t) is governed by the partial differential equation % =k 3—121 . 3
X

Ans:

This is a binomial distribution with p = 0.6.

(i) Substituting p = 0.6, n = 5, x = 4 in the formula for the binomial distribution,

(3 40 54 _
we get b(#.5.0.6) = | [0.6)*(1-0.6)"* =0.259.

5
(ii) Similarly b(5,5,0.6) = @(0.6)5(1 ~0.6)°™> = 0.078.

So, the required probability is
b(4,5,0.6) + b(5,5,0.6) = 0.259 + 0.078 = 0.337.

If the amount of a cosmic radiation to which a person is exposed while flying by
jet across India is a random variable having the normal distribution with p = 4.35

mrem and 6 =0.59 mrem, find the probability that the amount of cosmic
radiation to which a person will be exposed on such a flight is between 4.00 and
5.00 mrem. Given that F(1.10) = 0.8643, F(-0.59) = 0.2776, where F is the
distribution function of the standard normal distribution. )

Ans:

Let X be the given random variable. Given that L =4.35 and ¢ =0.59.

Since X has the Normal distribution, the random variable

7= X—-u  X-435
o 0.59

Let F be the density function of Z.

(i) The required probability is

. 5-4.35 _H 4-435
0.59 0.59
=F(1.10)-F(-0.59) = 0.8643-0.2776 = 0.5867.
(i) The required probability is
1_1:[5.5—4.35
0.59

has the standard normal distribution.

j =1-F(1.95)=1-0.9774 = 0.0256.

Let the probabilities that there are 0, 1, 2 and 3 power failures in a certain city
during the month of July be respectively 0.4, 0.3, 0.2 and 0.1. Find the mean and
variance of the number of power failures during the month of July in the city.

4
Ans:
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The given | X 0 1 2 3 data:
f(x) 0.4 0.3 0.2 0.1

Hence
p= 3 xf(x)=0.00.4)+1(0.3) +2(0.2) +3(0.1)
allx
—03+04+03=1
62 = Y (x—w2(x) = (0-1%(0.4)+0.(0.3) +1.(0.2)+4(0.1)
allx

=04+0+0.2+0.4=1.0.

Q.13 Show that F(x, y,z)= (2|x|y+ 23 )1 + x|x|3 +3xz°K is a conservative force field.

Find its scalar potential and the work done in moving an object in this field from
(17 '2’ 1) to (3’ 1’4)' (8)

Ans:
A necessary and sufficient condition that a force will be conservative is that

%
Vx F =0.
Now
- - o
N i j k
VX F=| d/dx d/dy d/0dz

2IXIy+Z3 x1xl 3X22

- - 5 5 -

=1[0-0]- j[3z°-3z"]+ k[2Ix]-2Ix1]=0

ﬁ
Thus F is a conservative force field.
F Vq)or ]+ —(2Ix|y+z )i+xIxl j+3xz” k.

ax ay 0z

Therefore,
%:Zley+z3, @=X|X|, %
ox dy oz
Integrating,

=3x22

o(x,y,z) =xIxl y+xz3 +1(y,z)
0(x,y,2) =xIxly+g(x,z)
0(x,y,2) = xz> +h(x,y)
These agree if we choose f (y, z) =0, g (x,z) =X z h (x,y) =xlIxly

so that o(x,y,z)=xIxly+ xz3 + ¢, for some constant c.
Then work done = ¢(3, 1, 4) — ¢(1, —2, 1) = 202
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Q.14 Find the work done in moving the particle in the force

F(x,y,z)=3x21 + (2xz - |y|)3 +7K along the space curve x> =4y, 3x° =8z

fromx=0tox =2. @8
Ans: Parametric form of given space curve is
X = 2t, y:t2, Z:3t3 [2 marks]
— — -
Therefore & 152 {1 2% =12 {+33 K
- = 5, 37
r(t)=2ti+t~ j+3t" k

- -
And Fdr =51 =263 +24¢%)dt

- = 1
j Fdr =j (516 =263 +24t%)dt = 16
C 0

Q.15 Evaluate I I EiidA, where la(x,y,z):xyf+zj+3yzf<, S is the surface of the

S

plane x + y + z = 1 in the first octant and n is unit outward normal to the surface
S. ®)
Ans:

Letf (x,y,z) =x+y +z—1=0 be the surface.

- -5 -

Then Vf =i+ j+ k and the unit outward normal is

- Vv - - -

n :—f=i(i+ j+k)

IVEl 43

Consider the projection of S on the xy plane. The projection of the portion of
the plane in the first octant is the triangle bounded by x =0,y =0 and x + y =

1.

We have

dA = Y - Fixdy
- >
n.k

- >

1
F.n =—=(xy+z+3yz)
BT

Therefore,

”S;).;)dA = ”s (xy +z+3yz)dxdy

1—
= J. D.yz)(() (2xy+1-x+2y-— 3y2dy)}dx(by taking z=1-x-y)
x=0

P EXO=RR 0 x P+ =X P == xF ]

M- x Pdx = L
—Io(l x)dx-3.
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Q.16  Verify the divergence theorem for F(x,y,z)= X1+ yJ +zk on the surface S of the

sphere x2 + y2 +z2=a’. 3

Ans:

Gauss-divergence theorem states -”s ? ;) dA = J ”v (V. ?)dV

ﬁ
Where n is the unit outward normal to S.

- - -
The normal to the surface )(2+y2+22—a2 =0isVS=2x i +2y j+2z k and

- - 5 -
the unit outward normal n =—| xi+y j+zk
a

and dA = d"dz a d;‘dy
Therefore , "
J[Fnaa=]] (X+y—+Z)dA
=a2[[ m

2 J~21'E Ia rdrd@

\/7 (taking x =rcos0,y =rsin0)

:27ta .

%
Now, V. F = 3. Therefore,

mvv-?d\’ =3[ av =2ma’,

Q.17  Verify Stokes theorem for F(x, Y, z)= zi + xj +zK, on the surface S of the sphere

x% + y2 +2% =9 above the Xy-plane. 3

Ans:

The boundary C of S is the circle in the xy-plane of radius 3 and center at the origin.

- - - -
Let r(t)=costi+sint j+0k, 0<t<2n

Be a parametric equation of C. Then

- — 2
§F.d r = J.O n9cosz tdt =91
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Q.18

- - -
i K
- - -
Now, VX F =|d/dx d/dy d/dzj= j+k
z X z

xi+y j+zk

Now,

—> AV 1 - - —>
n=——
IVSI 3

)
Hence [VX F J n = % (y+z). Since the projection R of S on to the xy-plane is

dxdy _ 3dxdy

the circle x2 + y2 =9.and dA =
z

n k

3 zZ

=[x g + 1jdxdy

= -”R %dxdy + I -[R dxdy

lo_ 2 ;2

_.[3 W & hyion
I R e 9—x2—y> y

=0+9t =9m.

we have “S(Vx;}:dA:”Ry+Z3dXdy

Thus we get
@.d? = ﬂs (VxF).ndA,

which verifies the Stokes theorem.

Show that the function Ln(z —1) is analytic everywhere except on the half line y
=1, x <0. 3

Ans:
The function Ln(z—1) = Ln(xiy —i) is not continuous,

Where

I, [x+i(y—-1)=0 and

R.[x+i(y—=1)<0. wegety=1andx<0.

Therefore, the function is single valued and continuous for all
Z:i+reie,r>0,—7t<9<ﬂ:.

The point z = 1 is the branch point and the line y = 1 is the branch cut.
We have

Ln(z—-1)= l1rl(X2 +(y —1)2), itan_l[y—_lj
2 X

=u+iv.
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1 S(y-1
Therefore, Y= Eln(xz +(y-1?), v=tan 1(}]—}

weﬁndthata—“z%:a_van du _ . y-1 -
x X +(y-1? dy dy xT+(y-D

The Cauchy-Riemann equations are satisfied. Since, the partial derivatives
u,,u,,v,, v, are continuous. The given function is analytic everyone except

on the half line y =1, x <0.

Q.19 If uis a harmonic function of two variables (x,y), then show that w = u? is not a

harmonic function, unless u is a constant. t))
Ans:

Since u is an harmonic function, u,, +u,, =0.

Now, w= u?  will be a harmonic function if

Wy W, =0, wehave w, =2uu,, w,=2uu, and
Wy =2(u +uu,), Wy = 2(uy2 +uuy,)

Therefore,

Wyx T Wyy =2(0 2 +uuyy +u2 +uu

y Yy)

= 2(uxz +uyz)+2(uuXX +uuyy)

= 2(uxz + uy2 )
Now, wyx +Wyy =0whenuy =0anduy =0, thatis uis a constant function.

Hence w = u2 is not a harmonic function unless u is a constant.

Q.20 Evaluate the integral 1= .[ (x + y2 —ixy)dz from point 1-2i to point 2-i along the
C

t—21i, 1<t<2,

2-i(4-t), 2<t<3’ ©

curve C, C:z=1z(t)= {
Ans:

The curve C is continuous but not differentiable at z = 2, as
dz 1 1<t<2
d |i 2<t<3.

Also % # 0 for any t . Therefore, the curve C is pieceuise smooth.

On the interval [1, 2], wehave z=t-2i,i—e x=t y=-2.
Z'(t)=1,and f(z) = x + y> —ixy = t + 4+ 2it.

On the interval [2, 3], wehavez=2-1(4-t)ie.x=2,y=t-4.
z'(t)=1and f(z):2+(t—4)2+2i(4—t)

Hence, I=J.C (x2 +y—ixy)dz

2 3
="t 2 ndr+ [Cf ) 7 (0dt
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2 3
I=[ @+t 2i0de+ [ 2+ (t-4)" - 2i(c-dide

2 3

:{4t+l(l+2i)t2}
2 1

{5

==+
2 3

3
+i{% — @4+t +(18+ 8i)t}
2

Q.21 Find the residue of the function f(z)= cos(z + 4)cos( >
Z+

The point z = -2 is an isolated essential singular point of f (z). The residue at z = -2

is the coefficient of in the Laurent series expansion of f (z) about z = -2. We

z+2
write

2
f(z)=cos 2746245 :cos(z+4— 3 j
z+2 z+2

=sin(z+4)sin 3 :cos(z+2+2)cos 3 +sin(z+2+2)sin 3
z+2 +2 z+2

=[cos(z+2)cos2—sin 2sin(z+2)]cos 3 j + s1n( 2)
zZ+

z+2
[sin(z +2)cos2 +cos(z+2)sin 2]

2 4 2 4
:cos2{l—(z+2) +(Z+2) ——_ZI,ll_l( 3 j _,_l( 3 j ___]
2! 4! 20z+2 4N\ z+2
3 ] 2 4
—sin2{(z+2)—m——— 1_l( 3 J +l( 3 J ___}
3! 20z+2 4N\ z+2
3 1 3
+cos2{(z+2)—ﬂ——— ( 3 j—l[ 3 j ___]
3! z+2) 3N\ z+2
2 4 3
+sin2{1—(z+2) 242 ___}[( 3 j_l( 3 j___]
2! 4! z+2) 3\ z+2

We note that first and the third product do not contain (z +2) ! term. From the
second and the fourth products, collecting the coefficients of (z +2) 1 we obtain

2 4 6 3 5
Res f(z) = —sm2{—3——3——3——__}+sin2{3_3__3____:|

7=-2 21 34! Sle! 2131 415!
oo 2n [=S] 2n+1
=sin?2 Z 3 + z 3
) 2n!(2n —1)! n:02n '2n+1)!
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Q.22 Find all possible Taylor’s and Laurent series expansions of the function

f(z)= ;2 about the point z = 1. 10)
(Z + 1)(2 + 2)

Ans:

The given function is not analytic at the points z = -1 and z = -2. The distances
between the point z = 1 and the points z = -1, z = -2 and 2 and 3 respectively.
Therefore, we consider the regions (i) Iz - 11<2 (i) 2<lz—11<3 (ii) Iz - 1l
< 3. In the region, Iz — 1| < 2, the function is analytic. Therefore, we obtain a
Taylor’s series expansion in this region. In the other regions, we obtain
Laurent series expansions. We write

)= 1 _
z+D)z+2)> @+ (2+2) (z2+2)?

I 1
(z=D+2 (z=D+3  ((z-1)+3)?
(1) In the region Iz — 11 <2, we write

-1 -1 -2
f(z):l 1+Z__1 _l 1+Z__1 _l 1+Z__1
2 2 3 3 9 3

(o]

L o2 S (2= 0 e 271
_EnZ:o(_D(Zj 3nZ:0( 1)(3j 9nZ:0( 1) <n+1)(3j

= i(—l)n [2‘“‘1 —3nl 32y +1)](z—1)“.
n=0

= > (-1)" [2‘“‘1 —(n +4)3‘“‘2](z—1)“

n=0
The first series is valid in Iz — 1] < 2 and the second and third series are rated in
Iz — 11 < 3. Hence the sum is valid in |z — 11 < 2.

(i1)In the region 2 < Iz — 11 < 3, we have

-1 -1 -2
f(Z):L|:l+ii| _l|:1+z__li| _l|:1+z__li|
z—1 z—1 3 3 9 3

1 & 2" 1 & z-1\" 1& z—1\"
=— D" | = =DM | =Y =D ()
— EO( )[Z_J 311220( )(3) 911220( )(n+)[3j
d on 1 & z—1\"
=S =) N (=D)"(n+4) — | .
nzzo( e 950( o )( 3)

The first series is valid in Iz — 11 > 2, and Second series is valid in Iz — 1] < 3.
Hence the sumisvalidin2<lz-11<3.

(iii) In the region Iz — 11 > 3, we have

-1 -1 -2
f(z)=— {1+ 2} - {1+Z_1} S {1+ S }
z—1 z—1 z—1 3 (Z_1)2 z—1
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1 & o 2 f
R (z 1) Z( D ( j (z-1)2 Z( b’ (HH)

n=0
@ .l 2"=3" 3%(n+])
= -1 — .
Z( ) |:(Z_1)n+1 (Z—l)n+2:|

=) .2
2
Q.23  Evaluate the integral .[ s 2X dx
Ceo 14X

Ans:

We have sin” 2x = %(l—cos 4x) = —Re{%( 4ix 1)}

o . 2 4ix
Therefore, I st 22X dx = —% R, —ldx
1+x S I+ x2

Cons1der the correspondlng centre 1ntegral
= J

where f (z) =

dz = j " —1)f (2)dz

5 and C is the path CRUC , i.e. semicircle Cg from A to B
l+z

and then C; from B to A along real axis.

B
R 0l o

The function f (z) = is analytic in the upper half plane except for the ample

1+z2

pole at z = 1.
we find that

4iz 4iz —4
Res(eH? ~1)f (z) = {%Z_D} It [e flJze —1
Z—)l

z=i 1+z z—i| Z+1 21

we now write

R 4lZ 1 —4_1
1= —d + —dx 2mi =me -1
Cx 1+22 1+Z
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since ‘e4lz —1‘ < ‘e‘hz +l=e M 41<2.

Hence as R — o,
oo dix

1 _
[ S5 —dx=ne*-1)
S xT+1
? sin? 2x L8 4
Therefore J. —dez—(l—e ).
1+x 2

—00

Q.24  Find the directional derivative of the scalar point function ¢ = xzy + yzz +2%x at

the point (2, 2, 2) in the direction of the normal to the surface 4x2y +222 =2 at
the point (2,-1,3). (6)

Ans:

We have
a_(P I + % 3 + % E
ox dy 0z
= 2xy+ 2D+ Qyz+xD)j+ (2zx +yD)k
Hence (V@)(22.2)=12(+j+k)

Vo=

The given surface can be written as u =2
Where u = 4x2y+ 222,
V., =8xy i+4x? 3+4z k.
(Vo1 =-161+16j+12k.
which is a vector along the normal to the surface at (2, -1, 3). Therefore repunned

directional derivative is the component of 12(1 + 3 + 12) along (-1 61+16 j+12k).

(—16i+16j+12k)

=121 +12j+12Kk)
J(=16)2 +(16)% +(12)2
36
J41
Q.25 If a and b are constant vectors and r=xi+ yj+ zk show that Vf (r)= ir)f and
r
hence show that r {BV(EV(%H = 3(5.; B.;)— (E.B)rz, where r =[t| (10)
r
Ans:
We know that Vf(r)=w.f ---(1)

—
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“ V(a V(lD = —V(i (a. f)j
T 1'3
1)-- 1o-=
= —V(FJ(a.r) —r—3 V(a.r)
1) 1d(1)y_ 3-
. Vi — |[=——| — =——T.
Using (1) we get (g} rdr(r3jr r5r

Also we know that V(E.;) =a if a is a constant vector.

- (1 3--—-1-
..V(a.V(;B—r—Sr(a.r)—r—Sa.

Therefore,

P

=r5{%(ﬁj)(£.})—%(€.£)}

T T

=3(a.r)(b.r)—(a.b)r’.
Q.26  Find the value of the surface integral j f (2x2y dydz - yzdzdx +4xzzdxdy) where
S

S is the curved surface of the cylinder y2 +22 =9 bounded by the planes x = 0, x
=2. ®)

Ans:
We know that A ds = idydz + jdzdx + kdxdy in terms of the projection of ds on

the coordinate planes. Taking F = 2x2yf+4xzzl§— yzﬁ , the given integral can be
written as J.L F.nds.

To find fi, Let @ =y’ +2°>—o,then V= 2yj+2zk. .

Hence fi= V@ _yitzk
Vol 3
_ 3
F.ﬁz—y—+£xz3.
3 3

Thus the given integral = % ”s (—y3 + 4xz3)ds.

Let y=rsin0,z=rcos6,x =x so ds=rd0dx.
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Integral = %”S (—r3 sin> @+ 4xr° cos” 0)rdxdf. (r=3)

12n 2

=3 j j (—81sin> 8+ 324x cos> 0)dxde.
00

2
= 27_[0 7t(—x sin> 8+ 2x2 cos> 6)8d9.

2 2
- -54j0“sin3ede+216j0“cos3 0do=0.

Q.27 The vector field F = X+ z} + yzﬁ is defined over the volume of the cuboid given

by 0<x<a,0<y<b, 0<z<c. Evaluate the surface integral ” F-ds , where

S
S is the surface of the cuboid. t))

Ans:

The surface integral HSI_:dg has to be evaluated as the sum of six integrals

corresponding to the six faces of the cuboid. Since S is a closed surface, the
Gaurs divulgence thrm. is applicable.

Hence I L F. dgj.”v V.Fdv.

div F=2x+ y.
”I V.Fdv = _T 'T j (2x +y)dy dx.
Y x=0 y=0 z=0
a b
=c j J. (2x +y)dydx.
x=0 y=0
=abc (a+2}
2

Q.28 A tightly stretched string with end points fixed at x = 0 and x = L, is initially at
rest in equilibrium state. If it is set vibrating by giving to each of its points a
velocity px(L—x), find the displacement of the string at any point x from one

end, at any point of time t. 12)
Ans:
The partial differential equation for vibrating string is

%y _ 2 9%

—2 =a —2 .......... (1)

ot ox
As per the boundary conditions provided, the form of solutions of (1) is
y=(cjcospx+cy sinpx)(c3 cosapt+cy sinapt) ... 2)
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Further, y (0, t) =0 gives 0 =(C; + 0) (c3 cosapt+cy sin apt)
= Cl =0.
~.(2) becomes y=C,sinpx(czcosapt+cysinapt).
or y=sin px(C31 cosapt + 041 sin apt).
Further, since the string is initially at rest,
y(x,00=0 . (3)gives C3'=0
y = C41 sin px sin apt.
Also from the condition y (, t) =0, we get

0o=C4 sinplsinapt. ... )
which gives  sinp/ =0 — pl =nm.
nm
=—. n=12——-
u L

~.(4) becomes y= C41 sin % sin ﬂLﬂ; t, n=1,2,———

Thus the most general solution can be written as

- nmw ant
= ) bysin—x.sin| —t | ... 5
y Z_:nsmLxsm(Lj 5)
n=l1
Iy . N ant \( an
—= ) b,sin—x.cos| —t || —T
A
n=l1
From the boundary condition (%) =ux(L—x), we get
t=0
ux(L—r1) = an(ﬂjsmn—”x. ............ 6)
o L L
To determine b, we expand pux(L—x) in a half range Fourier sine series in
(0, L), we get
px@-x)=Ybylsintrx %)
n=l L
2
1_2 l _ . N7 _ 4uL _(_\D
where b,!= Ljoux(L X)sin - xdx = 5 [1-(-D"]
comparing (6) and (7) yields
2
anm. 1 _ 4uL _/_1\0
0, n =even
= b, = 3
n 8":L 7> 0= odd.
an"m
Thus
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3 o _ .
y= 8],:L4 1 sin (2n —1)mx sin (2n l)am.
o 2 @en-n? L L

Q.29 Evaluate the integral § %; where C:|Z| =1
-z

C
Ans:
— 77 | Z12 1 27-1
2_7=2-L2_p 12 o, __Z8T0
Z z 7 Z

C2-7 271 2°C (-2

The integrand is not analytic at the point Z = 2 which lies within C. Using

1

2

Cauchy integrand formula —§ 24z :lZRif 1 :E.
cZ- 2 2) 2

[\)

Q.30 A continuous type random variable X has probability density f(x) which is
proportional to x~ and X takes values in the interval [0, 2]. Find the distribution
function of the random variable use this to find P (X >1.2) and conditional
probability P(X > 1.2/ X>1). 3

Ans:

Suppose there are 100 bank account holders. So, 20 persons have taken loans
among 20, 18 are males and 2 females. Among 80, who are not loan takers, 76 are
males and 4 females. So total males are 94 and females are 6 among account
holders.

Males who have taken loans = 18.

Totals male accounts holders = 94.

So, the probability of an account holders who is randomly selected turns out a

male that he has taken loans with the bank = p = ;—i =0.1915 .

Q.31 Suppose that on an average 1 house in 1000 houses gets fire in a year in a district.
If there are 2000 houses in that district find the probability that exactly 5 houses
will have fire during the year. Also find approximate probability using Poisson
distribution. t))

Ans:
In Poison distribution,N = 2000, p = 1/1000
Mean =m =np =2
—m X 27X
£(x) = e .m” _e Z

x! x!
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Q.32 Derive the mean and variance of binomial distribution.

Ans:
f(x)="Cyp*(1-p)"™*

Mean = E(x)= ) x."Cyp*q"™*
x=0

_ i x.n! "
(n-x)Lx!
0

n-— X)'x'

< (n—-1)! x—1_n-x
0 (x=D!(n—-x)!

np z n—lcx_1 px—lqn—x

n=1
= np(q+p)" ' =
Variance = E(xz)—(E(x))z
=E[x(x-1)]

+E(x) - (E(x))*
E(x(x=1) =) x(x-1). "Cy p*q"™*

0
= i ;' . pan_x
> x=2)!(n—x)!

n
2
=n(n— l)pz.

.. variance = n(n — l)p2 +np— nzp2 =np-— np2 = npq.

Q.33  Determine the analytic function f (z) = u +i v, given that 3u+2v = y2 —x2+ 16xy .(8)

Ans:
It is given that 3u+2V:y2—x2+16xy, thus differentiating partially w.r.t.x and y
ou _dv
S L W S ST T,
or
3a—u+2ﬁ—2y+16x 2u, —3v, =2y+16x
dy 9y

Solving, we get u,=2x+4y and v,=-4x+2y
Thus f "(2)= ux+ ivx=2x+4y+i(2y-4x)

By Milne’s Thomson method, putting x=z and y=0, we get
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(2)=2(1-2i)z Thus f(z) = (1-2i)7*+c.

Q.34 If w=u+1vis an analytic function, then show that the family of curves u (x, y) =
a, cut the family of curves v (x, y) = b orthogonally, a, b being parameters. 6)

Ans:
Let w=u+iv, and

¢ =ulx,y)—a=0, ¢ =v(x,y)=b=0

= ou~ oun ovr OV,
Vop=—i+—] Vo =—i+—]
= = ou dv  du dv
Vg Vg, =LV UV

-V, ™ ax+ % uy, +uy,

Since w is an analytic function, thus u =v and u =-v,

Thus V-V, =vv —v,v =0.Hence ¢, ¢,cut orthogonally.

Q.35 Find the image of infinite strip i <y< % , under the mapping w = 1 . @)
z
Ans:
Let w = 1/z, then z = 1/w. Thus
Xtiy=—— it =Y —
IR v T

Since y < 1/2, thus u’+ v24+2v > 0 or u’+ (v+1)22 1 ie. |w+ i| >1
The boundary of this region is the outside of the circle with centre at(0,-1) and
radius 1,The region y > 1/4 is transformed to

-V

2 2
u +v

zi =S u+(v+2) <4 =|w+2il<2,

The boundary of this region is the outside of the circle with centre at (0,-2i) and
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Q.36

Q.37

< y < — maps into inside of the circle |w+ 2i| =2

NG
N | =

radius 2. Hence, the infinite strip

and outside of the circle |w + i| =1. See the shaded region in the figure.

Find the linear fractional transformation that maps the points i, -1, 1 of  z-plane
into the points 0, 1, oo of w-plane respectively. Where in w-plane is the interior of

unit disc | zZ | <1 mapped by the fractional transformation obtained? @)

Ans:
Since, w1=0, wo=1, ws=00, and z; =i, zo=-1, z3=1.

The bilinear transformation is given by

Ww W, =Wy 274 \% = W:(—j => w=(1—i)z—.
W—w, W, =W, (z_lJ(zz—zl) 1+i)z-1 z-1

<3

Solving for z gives
w—1-i

z= -
w—=1+i

Z| <l =[@-0"+0-1?]<(@-1)"+@+1y’

=v=0 or Imw>0.

Thus interior of the circle |z| <1, in z plane is mapped onto the Imw > 0.

= _ (.2 2\ e 2 ~
Show that F = (y +2xz )i +(2xy-z)j+ (2x Zz—y+ 22)1( is irrotational and
hence find its scalar potential. t))
Ans:
It is given that
i j k
Curl F=VXF = i i i
ox dy 0z

Y +2x7" 2xy—z 2x°z—-y+2z

=7 (1-1)—J(4xz—4xz)+k(2y—2y)=0 .. Given vector is irrotational. Thus

it can be expressed as F = V¢ where ¢ is scalar function.

%=y2+2xzz, %22)@1—1, %=2x2z—y+21
ox dy 0z

Integrating w.r.t. X, y, Z we get
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Vx+x’2 + f(9.2)
p=3xy"—2y+ [, (x.2)
X7+ 77 —zy+f3(x,y)

Since these three must be equal
LP=X +xy’ —yz+ 77+

Q.38  Find the directional derivative of the scalar function ¢ = xy2 + yz2 at the point (2,

-1, 1) in the direction of the normal to the surface x(¢nz)— y2 +4 =0 at the point
(-1,2, 1). (6)

Ans:
Vo=yi+Quy+2)j+2yck = Vg, =i-3j-2k

A vector normal to the surface xIn(z) - y2 + 4 =01is given by

Inzi-2 yj+ Ed l;, which at point (-1,2,1) becomes —4 ] — k . The required directional
Z

derivative is the component of (; - 3}' - 212) along —4] —k,

—4}'—12}_12+2 14

=(i-3j-2k)- = =,
A ){m NN

% ~ A A
Q.39 Find the work done by a force F—sinyi+x(I+cos y)j+zk by moving a

particle once around the circle x% + y2 =a’. ©))

Ans:
F =sin yi + x(1+cos y) j + zk

A

At C: x* +y* = a% z=0, thus F =sin yi + x(1+cos y) ] .

Work = IF -dR :I[sin vdx + x(1+ cos y)dy] = ” (14 cos y—cos y)dxdy
C c R

where R is the region bounded by circle x>+ y2 = a’. Let x=rcosf), y=rsinf, then

dxdy=rdrd® , where r changes from O to a and 8 changes from 0 to 2.

a 2w

Thus work = j I rdrd@=ra’ .
00

% ~ ~ A
Q.40  Show that the vector field F = (yze Nz 4x)i + (xze A Z) j+ (xye Ny y)k is
conservative. Hence evaluate the line integral
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I (yze Xz 4x)dx + (xze Ny z)dy +(xye N7y y)dz along a path joining the
points (0,0, 0) to (1,1, 1)

Ans:

QO o
QO

[
9 9 9
ox dy 0z
vz

Curl F=VXF =
yze™ —4x xze™+z yxe™ +y

= f(xexyZ +1+ xyxze™ — xe™* —l—xzxyem)

—J(ye™ + xyyze™ — ye* - xyyze™)

+k (zem +xzyze™ -z — yaxze™ ) =0

.. Given vector represents a conservative field. Thus it can be expressed as F= Vo
where ¢ is scalar function.

99 99

. - 0
—=yze™* —4x, —=xz¢™ +z, —¢=

e +
ox dy 0z w Y

Integrating w.r.t. X, y, z we get
et —2x° + £ (y,z)

p=1e" +zy+f,(x.2)
e +zy+ 1 (x,y)

Since these three must be equal

. _ oaiy
.-,¢:exyz_2x2+yz+cAlso,IF.dr: '[ V¢'dr=[¢]:)',l(;1’:)):e—2_

(0,0,0)

Q.41 A rod of length /¢ has its lateral surface insulated and is so thin that heat flow in
the rod can be regarded as one dimensional. Initially the rod is at the temperature
100 throughout. At t=0 the temperature at the left end of the rod is suddenly
reduced to 50 and maintained thereafter at this value, while the right end is
maintained at 100. Let u (x, t) be the temperature at point x in the rod at any
subsequent time t.

a.Write down the appropriate partial differential equation for u (x, t), with initial

and boundary conditions.

b.Solve the differential equation in (i) above using method of separation of
) 22
variables and show that u (x,t)= 50+&+@ 1 sin o exp nmt
¢ mon ! a2

Where a” is the constant involved in the partial differential equation. (3+11)
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Ans:
(i)  Let the equation for conduction of heat be

2

w2t -
Jor  Ox

Prior to temperature change at end B, when t = 0, the heat flow was independent of

time (steady state condition), when u depends only on x i.e.

’u

— =0 = u=ax+b

ox’

Since u=100forx=0and x=L

- b=100 and a=0.

Thus initial condition is expressed as

u(x,O):IOO — (2)

The boundary conditions are

u(0,1) =50 } w G)

u(L,t)=100

(>i1) Assuming product solution u(x,t) = X(x). T(t) and substituting in equation (1),

”

X , T
we get —=qg"— = sa 4
g X T i (say) (4)

2
Casel: If O<u=A", 1>0, (4) givesX"—A1*X =0 and T':l—ZT.
a

Solving we have the solution
£,
u(x,t) = (Acosh Ax+ Bsinh Ax)Ce?” .
This solution is rejected as exponential term makes temperature u(x,t) increases
without bounds as t — oo.
Casell : Ifu =0.(4) gives
X"=0and T"=0
Integrating, we obtain X = (A X+ B)and T = C.
Thus we can write u(x,t) = (A; X + B;), where A; = AC and B; =BC are arbitrary
constant. Using boundary conditions (3), we get u, (x,1)= 50+?x - (5) is
a solution of heat equation.
Case III : If £ <0,say —A°, 1 >0, then from (4) (as in case (I)) we conclude that

22
— 1

u(x,1) = (Acos Ax+Bsin Ax)Ce < (6)

Since we already have a solution (5) satisfying boundary conditions (3) we can find
A, B in (6) by satisfying the condition u(0,t) = 0 =u(/,t) which gives A =0,
BsinAl=0.

As B =0 leads to trivial solution we must have sinA\l =0 or A= % ,n=1,2,.....

Combining (5) and (6), we have
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Q.42

Q.43

u(x,t) =50+570x+ibn Sin%xe_ e (7)

n=1

as a general solution of (1).
Applying initial condition (2) to the general solution we must have

u(x,0)=100=50+51—0x+2bn sin%x
n=1

implies that b, are the coefficient in half range sine series expansion of

100—(50+?xJ:50—%x

l}
= b, ZEJ(SO—Ex)sinn—mdx =D, _100
I I I nr

Putting b, in (7) we get required solution.

Evaluate the complex integral ¢(a)= I—LZ(z;a) dz,a#3.
3= (2-a)
Also find ¢’ (3 + %) ) (6)
Ans:
#a) =J-1—c0s2(z—a)dz 023

C (Z_a)3

1—cos2(z—a)

If |a —3| >1,then f(z) = ¥ is analytic within and on C. Thus ¢(a) =0,

(z—a
by Cauchy Theorem if |a - 3| >1, .

1—cos2(z—a)
)3

It |a —3| <1, the singularity of f(z) = lies within C and by Cauchy

z—a
integral formula ¢(a) =27iRes f(z)

2 —E(Z—a)+ ......... , Rsz(z)=2

z—a 4!

Since f(z)=

- §la)=4ri, if |a—3|<1. Since @(a)is constant, then ¢’(3+é) =0.

2
Find the residues of f (z) = 7 at its isolated singularities, using
(z - 1) (z + 2)
Laurent’s series expansions. t))
Ans:
2
f(z) = z z=1, is apole of order 1 and z=-2 is a pole of order 2.

(z-D(z+2)*’

Expanding about z=1,

let z-1=t, i.e. z=t+1,
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¢+ 1, t
S f)= =— @ +2+DA+2)7, 0<r <3
A t(t+3) 9t( X 3) i
2 2
.'.f(t)=l{t+2+l} P S U e S O
9 t 3 9 9/13 ¢+ 3 3

Since there is only one term in negative powers of (z-1), therefore z = 1,
is a pole of order 1. Residue at z = 1 is the coefficient of 1/t, which is 1/9.

Res f(2)=3

Expanding about z=-2,
let z+2=t, i.e. z=t-2,

(t— 2) 4 4

0=y = ta-2e -y
111 8 4 ¢
f(t)__§|:§_3t+t_2_§ ..... :l, O<|t|<3

Since there are only two terms in negative powers of (z+2), therefore z = -2, is a pole
of order 2. Residue is the coefficient of 1/t, which is 8/9.

Res f(2)=

Q.44 Letu (x, y) be continuous with continuous first and second partial derivatives on a
simple closed path C and throughout the interior D of C. Show that

” viu dA :J. j—uds where ;l_u is the directional derivative of u along
n n

D

the outer normal to the curve C. 6)

Ans: Let the position vector of a point on C, in terms of arc length s be
;(s) = x(s)§+ y(s)} . Then the tangent vector to C is given by
dr _dx~ d

7=4L-25,.97 jand a normal vector n is given by
ds ds ds
n= 2 1—ﬂ j. Thus
ds ds
ou —ds = J.Vu nds ,
on

C
) ou . L .. ) — A . ,
since — 1is a directional derivative of u in the direction of n. Now, using Green’s

n
theorem, we obtain

a_”ds J‘a_”ﬂ_a_”ﬂ ds:_[ _a_”d +a_”dy
ox ds dy ds A ox

2
= g(g—; gyu j dxdy = ” Vudxdy

% ~ ~ A
Q.45  Verify Gauss divergence theorem for F =x~ i+ y2 j+ z? k on the surface
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Q.46

S of the cuboid formed by the planes x =0,x=a,y=0,y=b,z=0 and
zZ=cC.

Ans:

divF=2x+ 2y+2z7
abc

jdlv Fdv= ZIII(x+ v+ 2)dxdydz

000

a

= 2“.[—+xy+zx}u dydz = 2]dzj[7+ ay+za} dydz

00 0 0

ya’ ay”
—ZJ{ 5 +ayz}

Also, J.f.;lds: j f.;lds,
N

Si+8,+83+8,+85+S¢

b

2 2
dz 2j{—+%+abz}dz abe(a+b+c)

0

where Si, S,, Sz, S4, Ssand S¢ are the six faces of the cuboid.
OnS;, z=0,n=-k - jf.n_ds =0
5

OnS,, z:c,n_zlz,i.e. .'.an_s—j.jicdxdy abc’
S,

00

OnSs, y=0, n j =0

On Sy, y=b, n = IF nds—_”bdxdz—acb2

Sy

OnSs, x=0, n =—i, . jf.n_ds =0

Ss

On S, x=a, n=i ands—jjadzdy a’

S 00

Thus .-. J.f.n_ds =abc(a+b+c)= J.divf dv
N R

Hence Gauss Divergence theorem is verified.

The probability of an airplane engine failure (independent of other engines) when
the aircraft is in flight is (1-P). For a successful flight at least 50% of the airplane
engines should remain operational. For which values of P would you prefer a four
engine airplane to a two engine one? @)
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Ans:
Let X be the number of engines that do not fail and let Sx denote the successful flight

with k engine plane. Let 1-p=q,

n!

P(Sy) = P(X > 1) = 1-P(X=0)= 1-q*," P(X =1) = —
r.(n—r)!

P(S4) = P(X>2) = 1-P(X=0)-P(X=1)= 1-4¢°+3q".

For P(S4) > P(S;), we have

1-44°+3q* > 1-¢* or q*(1-q)(1-3q) > 0.

If 0<qg<1/3,i.e. 2/3<p<]1, the four engine plane is preferred.

Q.47 If the resistance X of certain wires in an electrical networks have a normal
distribution with mean of 0.01 ohm and a standard deviation of 0.001 ohm, and
specification requires that the wires should have resistance between 0.009 ohm
and 0.011 ohms, then find the expected number of wires in a sample of 1000 that
are within the specification. Also find the expected number among 1000 wires that
cross the upper specification.

(You may use normal table values () (.5): .6915,0 (l)z .8413,

®(1.5)=.9332,®(2)=.9772). (7)

Ans:

Given that

#=0.01, o0=0.001
0.009-0.01 < X -0.01 < 0.011—0.01)2 (-1<z<1)

0.001 0.001 0.001
=¢(1)-o(-1) =2¢(1)-1=2(0.8413) - 1=0.6826
Expected number of wires in a sample of 1000 with this specification
=1000(0.6826)=682.6=683 approximately.

(i1) P(X20.011)=P(z21)=1-P(z<1)=—¢(1)+1=0.1587

Hence, expected number among 1000 wires that cross the upper specification =
1000(0.1587)=158.7=159 approximately.

(1 P(0.009 <X <0.01 1):P(

Q.48  Suppose that certain bolts have length L =400 + X mm, where X is a random
variable with probability distribution function.

f (x) = %(l—xz), —1<x <1 and 0, otherwise
(i) Determine C so that with probability %, a bolt will have length between

400 — C and 400 + C.

(i1) Find the mean and variance of bolt length L. Also find mean and variance
of (2 L+5). (4+10)

Ans:
(i) P(400-C<L<400+0C)=11/16
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—P(-C<L- 400<C)——é —P(- c<x<c>——1 — F(C)-F(- C)—l—l

—C
i 1 .1
::flz(l—x )dx—jz(l—x v = :_jcz(l—x )dx =—

-1

3

:>§ 2C—2C _1 =8C°-24C+11=0

3 | 16
1 —-1+35

—=C=—, N2

2 4

-1+
Since C#l_TNg as it is either >1 or <1. Thus C=1/2.

(i) E(L) = E(400+X) = 400+E(X)
1 1
=400+ J. %x(l —x%)dx =400 { J %x(l —x%)dx = 0being anodd ﬁmction}
-1

-1

Thus E(L) = 400.
V(L) = V(400+X) = V(X) =E(X?), as E(X)=0

1 1
= jéxz(l—xz)dx =j§x2(1—x2)dx 1
J4 12 5
Thus E(L) =400, V(L) = 0.2. Therefore,
E(2L+5) = 2E(L) + 5=805
V(2L+5) = 4V(L) =

Q.49 Evaluate the integral j 2— dx, using contour integration. @)
0 X~ +a
Ans:
T xsinx
Let I = J.ﬁdx
, X +a

Since integrand is an even function thus

T xsinx xsmx Im xe"

[ [ e [
X' +a’

2
0 X +a x+a

> and C is the

Consider the contour integral I = j f(2)e"dz, where f(z)= >
- " +a

path from —R to R along the real axis and from R to —R along Cg . Now {(z) is
analytic in upper half of the plane except at z=ai, which is pole of order 1.
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Residue of f(z) at z=ai = 1t

R
o= '[ f(2)edz + 'f f(x)e"dx=rme i by Residue theorem.

-R

Cr

: |

(z—ai)ze®
2ai (z—ai)(z+ai)

Now, | 2

J'Ze

z+a

<
a’|

iz

I f(x)e"dx=me™ i

R
— —0as R — o . Therefore, by Jordan’s Lemma

dz 50asR —

Equating imaginary part we get

xsin x

—a

= J.x+at

%
Q.50  Prove that grad (div Fj = curl (curl

Ans:

curl(curlf)zﬁx(ﬁxf) = (Zf%jx[Z{(%

=20 L)y{%

oy 9 (9 | (9h
_Z [ax(ay azj [E)y2

oy 9 O O[O
_Zl[ax(ay+az axj (ax

o,
dy

— 2%
F|+V°F.

B33z

azfl
0z’

E)zf1

+ azfl

(7

_9

dy 0dz
Of Of (3
dyox 0dzox | 9y’ azz

oy’
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(T ) A e i )

V(¥ F)-V'F

= grad(divf) -V’F

Q.51 The two equal sides of an isosceles triangle are of length a each and the angle 0
between them has a probability density function proportional to 8 (7 — @) in the range

(O’EJ and zero otherwise. Find the mean value and the variance of the area of the

triangle. 8)
Ans.
/2 3
f(0)=k6(r—0),0<0<7/2 and k 'f 0(7[—9)d67=ki=1:>k ——2 f(H)—EH(ﬂ' 6)
0 12 T’
2 72 _ 2
The area of triangle is S = lat2 sind = E(S) = 4 'f sin @ 129(7[3 9) de = 12a
2 T 3
3a* ¢
E(S?) =—5 | O(r— 6)sin”> 0d 6 =
ﬂ- 0
6 4
= Var(S) = E(S*)— (E(S)) =’ {” 37 “52}
87
2r
Q.52 Using complex integration, compute J. e’ cos(sin 8)d @ 6]

0
Ans:
The integrand can be written as

cos(sin @) = ¢ e [e““g + e"“‘“g} [e +et ] where z =e"”

27

I= jec"sgcos(sinﬁ)dﬁzé[];][ez+e1/z]l mf(z)dz, f(z)——[e + s ] C: |Z|

0

cos 4

Now z =0 is an essential singularity of the 1ntegrand.
The Laurent series expansion of f(z) is given by

Iz 1 ? 1 1 1
f(Z)— [6’ +€/]=2—iz{(l+z+%+..J+( o +...H,R:0sf(z)=;

o= 27z'i[I§S)s f(z)} -

Q.53 Show that if X has Poisson distribution with mean 1 then its mean deviation about
mean is 2/e. (6]
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Q.54

Q.55

Ans.

Poisson distribution is given by P(r) =

distribution.
Here meanis 1 =m, S.D. = \/E =1
APy =e =t L

er!

We require E(Ir —1|): i P(r)|r —1|

r=0

= P(0)+ i P(r)|r—1| with P(0) = 1
r=2 €

Mean deviation about mean = E(|X — 1|) = if(x)|X - 1| = f0)+ if(x)(x -1

=f(O)+i:xf(x)—i:f(x)=2f(0)—1+m=g (since m =1)
2 2 e

A person plays an independent games. The probability of his winning any game is

(a,b are positive numbers). Show that the probability that the person wins an
a+

odd number of games is %[(b +a)" —=(b—a)" J/(b +a)" )]

Ans.
The probability that a thing is received by a man is p = a/(a+b), a thing is received by
women is q = b/(a+b), hence the probability that (2r+1) things are received by men is

P(X =2r+1)= (2 " J p> g™ r=0,1,2..., the chance that the number of things
r+

. . . _ _ _ m 1 _m-1 m 3 _m-3
received by men is odd is PO—ZP(X—ZH—I)— ) pq T+ 3 pq T+

m m m 1 _m-1 m 2 _m=2 m m m 1 _m-1 m 2 _m=2
(g+p)" =q +[lqu +(2qu +on(@=p)"=¢q —{lqu +(2qu -

Subtracting we get 2P, = (g + p)" —(q— p)" = P, = %[(m a)" —(b- a)’"]/(b+ a)"

An infinitely long uniform plane plate of breadth « is bounded by two parallel edges
and an end right angles to them. This end is maintained at temperature u, for all points
and the other edge at zero temperature. Determine the temperature at any point of the
plate in the steady state. 3

Ans.
In the steady state the temperature u(X, y) at any point P(x, y) satisfies Laplace
equation.
. u du
Thus, we have to solve the following boundary-value problem: Eye +F =0,
X y

www. StudentBounty.com
-Homework Help & Pastpapers



http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com

AE35/AC35/AT35 MATHEMA

Q.56

Q.57

u(0,y)=0=u(rz,y); u(x,0)=u,; u(x,o)=0for Vx.

For solving this we make use of the product solution:
u(x,y)=Xx)Y(y) —>X”Y+XY”=O—>XY=—Y7=—p2.
The boundary conditions are u(0,y)=0=u(rx,y) Vy,

u(x,0)=u,,0< x< 7, u(x,0)=0,0<x <z The solution is given as
u(x,y)=(c, cos px+c, sin px)(c3e”y +c4e_”y),u(0, »=0=¢=0

~ou(x,y)=(c,sin px)(cSe”y +C4e_”y) “u(m,y)=0= p=n,alsou=0asy —>o,c,=0

R 57 0, n=even
~u(x,y)=b, sinnxe™.Thus u= ) b, sinnx, b, =— |u,sinnxdx =
(x,y)=b, nZ:}n 7[-([ 0 %,I’l:Odd
niw
. . . d’u ou
Using the method of separation of variables solve — = 168_ 6]
X y
Ans.
2
Given 8_1: = 168_14
ox dy
Let u(x, y) = X(x)Y(y) be the solution of (1), then
XY =16XY’ or X—zizk
16X Y

Three possibilities arise
(1) k=0(@G)k>0(i) k<0
Fork=0,X(x)=Ax+B,Y=C;u(x,y) = Clx+C,

(i) k>0 X"—16kX =0— X = Ae*" + Ae™", Y(—y) = A,e”
Hence u(x,y) = (A4e4*/; + A5e4& )ek‘ .

(i) k=-a’; X"+16a’X =0— X (x) = B, cos4ax + B, sin 4ax
and Y'+aY =0 > Y(y)=B,e ™

Thus u(x, y) = (B, cos 4o + B, sin do)e™ " .

Verify Stoke’s theorem for the function F =2y% + x°j + zk where C is the curve of
intersection of cone z =+/x’>+ y*> by the plane z =4 and S is surface of cone below
z=4. (8)

Ans:
As per Stoke’s theorem we have to prove that

§Cﬁ.d7 = j j CurlF jidS
S

Here F:2y3f+x3j+zlg
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Q.58

Q.59

ik

0 0 0 ) 2\»
CurlF=|— — —|=0Bx"-6y")k;

ox dy oz ( Y )

2y’ 2x’ 2

Ai=Ve; P(x,y,2) =X +y’ -z

¢7—l 2x (0—1 2y 0 =—1
x 2/x2+y2’ y 2/x2+y2’ :
n=V¢—£f+—j—ll€
y z
xi+yj—zk
Z

In obtaining j J. (V A F). nds we transform it to polar coordinates by using x=rcosé,

y=rsin@. Thus we get
0
[sz yidx + x’dy + zdz = 256 j [cos*0-2sin*0]d6=1927
C 2
Hence Stoke’s theorem is verified.

Verify Green’s theorem for the function f(x,y)=e "siny, g(x,y)=e "cosyand C

is the square with vertices (0,0),(7/2,0),(7/2,7/2),(0,7/2). 8)
Ans:

() fde+ gdy = [+ +[ + [ (e + gay),

c G G G G

Along C, : y=0,0£x£ﬂ/2,je’x(sin ydx +cos ydy) =0,
G

/2
C,:x=7r/2,0< ySﬂ'/2,J-e"”(sinydx+cosydy)= I e cos ydy = ¢

G

0
0
G y:”/z’ﬂ'/zﬁx£0,'|‘€_x(sin ydx +cos ydy) = I dp=e? —1
G /2
0

C4:sz,ﬂ/ZSySO,Je‘x(sinydx+cosydy): J.cosydy:—l

C, /2
m fdx + gdy =2(e™* -1), Using Green’s theorem we get
C
/2 7)2

I f (=2¢™* cos y)dxdy =2(e ™ —1),
0

0

mfdx +gdy = ” (=2e " cos y)dxdy =
C R

Hence Green’s theorem is satisfied.

Show that the vector field F = 2x[ v+ za}f +2x7y) + 3xz%k is conservative. Find its
scalar potential and work done by it in moving a particle from (-1,2,1) to (2,3,4). (8)

www. StudentBounty.com
-Homework Help & Pastpapers


http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com

AE35/AC35/AT35 MATHEMA

Q.60

Q.61

Ans:
i j k
vxi=| 2 A
ox dy 0z

2x[y2+z3] 2x’y 3x°7’

Therefore the vector field is conservative.

= A ’} "_a¢f,\ a¢/\ a¢/\
F —V¢:2x[y2+z3]z +2x%yj+3x°2k _gl +5J +a_zk
%,2)‘.2}):%, 3x2Z2 =%

_ 2,2 3 . —(Far=g" =
Thus ¢=x"(y +Z)—i'c"VV_."F'dr_¢|(—121)_

:>2x[y2+z3]=

Find a normal vector and the equation of tangent plane to surface z=+/x"+ y” at
point (3,4,5). (6)

Ans:
f =z—+/x*+ " ; By definition Vf is a vector normal to the surface
of 1 2x of 1 2y of 1

W IRl TR vl

Equation of the plane through (Vf )3’ 4518

a(x=3)+b(y—4)+c(z—-5)=0

Here a, b, c are the direction ratios of the normal to the plane and are given by
-3 -4

— 1.

55
Using these values we get equation of the tangent plane as 3x+4y—-5z=0.

If @ is a constant vector and 7 = xi + yj + zk Show that curl (@x7)=2a (5)

Ans:

LetE:a1f+a2}+a3l€,Vx(Ex7) li-l-]i-l-k J X(ax7)
ox “dy oz

=foai(EXr le(ax—rj le(axf)
x

=itk -Gafl=2h-aii)

=Ya-Yaji= (£+21+;)—(a1f+a23+a3f<)

=3a—a=2a
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Q.62 Find the values of constants A and uso that the

Ax* —uyz =(A+2)x, 4x*y+ 7’ =4 intersect orthogonally at the point (1,-1,2). (5)

Ans.
Let ¢ =Ax" —puyz—(A+2)x, ¢, =4x’y+7’ —4 the given point (1,-1,2) must lie on
both the surfaces. Thus we have A+2u=(1+2)= u=1. The two surfaces will
intersect orthogonally if normals to them at (1,-1,2) are perpendicular to each other.
Therefore at (1,-1,2) gradg,- gradg, =0= A=2.5

Q.63 Show that the function f(z)= 1/|xy| is not analytic at the origin even though CR

equations are satisfied at this point. 3

Ans.
If f(2) =4 /|xy| =u+iv, u= w/|)cy ,v=0 at the origin, we have
ou u(x,0)—u(0,0)

—= 1t 0,

ax x—0 X

du_ 4 u0.9)-u©0) _dv_  v(x.0)-v0.0)_, v _, v0.y-v00)_,
ay y—0 y a)C x—0 X ay y—0 y

thus CR equations are satisfied at the origin.

2
— .[ mx A/|m
JHOER/ f2)= 1) =1t | - | = | - | which depends on m, thus f(z) is not
o z-0 =0 x(1+im) 1+im

analytic at the origin.

Faad

3 Y
Q.64 If f(z) = u+iv is an analytic function of z and u—v=SXTMXTE " 54 f(z)
y
2cosx—2coshy

subject to the condition f {%} =0 ®)
Ans.
__cosxt+sinx—e  du dv _ (sinx—cosx)coshy+l—esinx
" 2cosx—2coshy  dx Ox 2(cos x —cosh y)*
du dv _ (sinx+cosx)sinhy+e’ (cosx—coshy—sinh y)
dy dy 2(cos x —cosh y)?
dv du _ (sinx+cosx)sinh y+e ' (cosx—cosh y—sinh y)
S ox ox 2(cos x—cosh y)?
) 28_u _ (sin x —cos x)cosh y —e ™’ (cos x —cosh y —sinh y +sin x) —(sin x+cos x)sinh y +1
ox 2(cos x—cosh y)*
_2i _ (sin x —cos x)cosh y+ e (cos x —cosh y —sinh y —sin x) + (sin x4+ cos x) sinh y +1
ox 2(cos x—cosh y)?
du .dv _ 1

Putting x = z, y =0, we get f'(z)=—+i = f(z):—lcot£+c
ox 2 2

ox 2(1—cosz)
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Q.65

Q.66

Q.67

:>c=%asf(%j=0:>f(Z):%(l_COtéj

Discuss the transformation w = z + 1/z and show that it maps the circle Izl=a onto an

ellipse. In particular discuss the case when a=1 3
Ans:
% = w ,it is conformal everywhere except at z=1, -1 which corresponds to
Z Z

w =22 of w plane. Let transform to  polar  coordinate
w=u+iv= (H—ljcosﬁﬂ'(r—ljsiné’ ..... D),

r r

u’ v
Eliminating € we get -+ >=1...(2)
- )
r r
2 v2

Eliminating r we get ————=4.....(3) From (2) it follows that the circle r = a

cos’@ sin’ @
of z plane are mapped into a family of ellipses in the w plane. The ellipses are
2 2
confocal since (r+—) —(r——j =4 a constant. In particular, the unit circle r=1 in
r r
the z plane gives from (1) u=2cos@,v=0= |u| <2,v=0i.e. the unit circle flattens

out to become the segment u=-2 to u=2 of real axis in w plane.

Obtain the first three terms of the Laurent series expansion of the function

f(2)=

( 11 5 about the point z =0 valid in the region 0<|z|<27 (8)
o —

Ans:

The given function is not analytic when e” =1, at z = 0 and z=27zni,n =+1,+2,.....
The requires Laurent series expansion is about the point z = 0 . Its region of
convergence is 0 < |z| <27z, we have

-1

1 1 1 z z 1 1 z
= =—| 14| =4+—+..|| =———+—=

e =1 z+(22/21)+(2%/3)+... z{ (2! 3! ﬂ z 2 12

. T xsinx : .
Evaluate the integral I ————dx by contour integration. 10)
0 (x2 +a’ )
Ans:
Since the integrand is an even function we write
T xsinx xsin x
[ g L j
o (¥ +a?) 22 (x"+a (x*+a )
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Q.68

Q.69

Q.70

Consider the contour integral [ :J‘ f(2)e“dz,where f(z) = >
(z"+a

f(z) is analytic in the upper half plane except for the pole of order 2 at z = ai

Res(f(2)e")= Lt — {—(Z o }: e_

(Z°+a*)’ 4a
I= J. f()e“dz+ J. f(x)e"dx = e Now,
Cr -R
R2
_[ X 2Z+€ e dz| < (R;[ 7y — 0as R — oo
< a —a
= I Flx)etdx= I xsin x _ e
0 x +a’ 4a
Evaluate I - where C is unit circle described in the positive direction. 6)
v.zsinz
Ans:

Poles are given by z=0, which is a pole of order 2, sinz =0, z = nz. Thus only z=0 lies

dz=0

within C. Res(z=0)=hmi(z2 ! j=o.-.j :
=0 dz zsin z v zsinz

2
Solve the differential equation ?)_u =a’ M for the conduction of heat along a rod
t

ox’
without radiations, subject to the following conditions:
@) u is not infinite for t — o

(i) %:O forx=0and x = L.

(iii) u=Lx- x2, for t = 0 between x = 0 and x = L. 10)
Ans:

Let u = X(x)T(t) then X7 = T

oa’T

= —k’>(say)..u=(c,coskx +c,sin kx)c3e_k2”’2’
From condition (ii) we get

_nzﬂ'zaV
lZ

n
c=0, kl=nm...u=a, COST xe ,

nrw I’ 21 nrw 41*

N - nx -t _Z — 52 LR N —
sl —x —a0+2ancos 7 X, a,= 6’a”_l~[(lx x~)cos ] xdx = nzzz,n—even
m’n’ o’
P rPal (2m7[ }[4 =
LU= ——— —cos X
6 = m [
2 2
Solve ? + % =0 subject to the boundary condition
X
u(0, y)=sin y,u = 0,x — oo (6)

Ans:
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2 2

a_bz‘ +a_”2‘ =0, Letu=X®x)Y(y)

ox~ dy

X Yy ., I =P (L si i

Y y Pous (c,e™ +c,e”")(cysin py +c, cos py) using the boundary

conditions we get ¢, =0,c;,=1,¢,=0,p=1..u=e "siny
Q.71 From a bag containing a black and b white balls, n ball are drawn at random without
replacement. Let X denote the number of black balls drawn. Find the probability mass
function of random variable X and compute expectation of Y = 2+3X. S

Ans:

s ()
X
SinceP(X:x):u’xzoyl,Qr,....n, E(X): =20 il nTx - na

a+b a+b a+b
n n
E(Y):2+3( na j

a+b

Q.72 If the probability of a bad reaction from a certain injection is 0.001, determine the
chance that out of 2000 individuals more than two will get a bad reaction. (5)

Ans:
Mean= np= 2, P(more than two bad reaction)=1-(P(0)+P(1)+P(2))=1-5/¢*

Q.73 If X is a continuous random variable with p.d.f. given by

kx 0<x<2
f(x)= 2k 2<x<4
—kx+6k 4<x<6

Find the value of k and mean value of X 6)

Ans:
6 2 4 6

By definition j f(x)dx=1= j koxdx + j Dkdx+ j (kx + 6k )dx
0 0 2 4

P 6
Or 2k+k—k(%] + 6k ()] =8k—>k=%

4

Mean = Ixf (x)dx = j-xkxdx+ j- x(2k)dx+ j (—kx* + 6kx)dx

0 2

- k{%} +2(x—j +(—%j +6(x2)i=%{§+(16—4)—%(216—64)+6(36—16)

0 2 2 4

=l §+12—E+120 =3.
813 3
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Q.74 Using the method of separation of variables, solve

Q.75

Q.76

Q.77

u(x,0) = 6e™"
Ans:

’ X”_ X T, (14+2k)x s kt
Let u=X(x)T(t), then XT =2XT'+ XT = X :?z k= X =ce , T =Ce

thus u(x,f) =cc’e"™ " = 6" =cc’e" ™" = e’ =6,k =2 . u =6

If the directional derivative of ¢=ax’y+by’z+cxz’at the point (1,1,1) has
-1 _y-3 z

maximum magnitude 15 in the direction parallel to the line al 5 = 1 Find the
value of a,b,c. ®
Ans.
Vo= 799, 3 == 199, 199 = (2axy +c2*)i +(ax” +2byz) ] + (by” +2cz0)k = |V =15
ox ~dy 0z
Thus we get(2a +c)> +(2b+a)’ +(2c+b)* =15°
But directional derivative is maximum parallel to the line
ol _yo3_c Zate _2bdd _p o b k=159
2 -2 1 2 -2 4 -11 10
Thus we get a = +§ b= +5—5, c—Jr@
9 9 9

N _ 1Ty G20 90 0 90
If A _Vx(¢l ) where V?¢ =0 show that A.VxA-a—Z.ayax _g'azax @®)

Ans.
ik
A=V gi=|2 3 &|=]p kg,
0 0
i
V,A ai L 2=l ke -ilp.+9,)
0 o %

= jp, +ko_[-Vp=0)
-4V, Aa=ip. -k, )jo, +ko.)= (0.0, -0,0.)

3.4
Show that the integral J. (xy*+y*)dx+(yx*+3xy’)dy is independent of the path
(12)
joining the points (1,2) and (3,4). Hence evaluate the integral. 3
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Q.78

Q.79

Q.80

Ans:

For integral to be independent of path F = V ¢ obviously
(3,4) (3.4)

jf.d?z I (xy2+y3)dx+(yx2+3xy2)dyand

(1,2) (1.2)
i Jjok
curl i i i =0
ox dy 0z
' +y xX*y+3x°y 0
a 2.2
a_z?:xy2 + = @ y) =72+ x4 fly)
2.2
?)_¢=3xy2+x2y—>(0(x,y)=xy3+x T Ie)
y
3,4 3,4
N 0 ’ 9x16 1
. I(_‘PdXJF_‘deJ: [do= ol = +(3%64)—(8)—— (4
ox dy ’ 2 z
1,2 1,2
=254.

Use Stroke’s theorem, to evaluate J V.dr where V = y% +xyj+zxkand C is the
C

bounding curve of the hemisphere x>+ y* +z° =9, z > Ooriented in the +ve direction.

®
Ans.

_xiA+yj+ZI€

V.dr = (—g yz)(édxdy) = —22”sin 6’516’3 r’dr=0
[V.ar=][=3rG
C S 0 0

The vector field F = x% + z} + yzlg is defined over the volume of the cuboid given by

0<x<a,0<y<bh,0<z<cEvaluate the surface integral ” F.dS where S is the
N

surface of the cuboid. 8

Ans:

”(xzf+ z}+ yzlg)dS = m div.FdV = ]1. j j. (2x+ y)dzdxdy = abc(a +§)
S Vv

x=0 y=0 z=0

Find the points where CR equations are satisfied for the function f(z)=xy>+ix’y.
Where does f'(z)exist? Where f(z) analytic? t))
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Q.81

Q.82

Ans:
du ou v v

Let u=xy’,v=x"y,— = y?,—=2xy,— =2xy,— = x°

Y Y ox Y dy Y ox Y ady

ou dv du v

Now —=—=y =x’, —=——=4xy=0=>x=y=0
ox dy Y dy ox Y Y
Thus at origin C-R equations are satisfied. f’(z) exists at the origin only and f(z) is

analytic at the origin only.

Find the analytic function f(z) = u(r,8)+iv(r,6)
where v(r,0) = r* cos 20 — rcos 8 +2 )

Ans:
We have

v(r,0)=r*cos26 —rcosf+2 = ﬂ =2rcos268—cos 0,3—; =-2r’sin26 +rsin @
r

a_u = la_v =-2rsin26 +sin G, a_u = —ra—v =-2r?c0s20+ rcos@ thus
or radé 00 or
du = d(-r’sin20+rsind)
du = 3—udr+§—2d9 =(~2rsin20+sin 8)dr + (- 21 cos 26— r cos 8)d@
r
= (2rdr)sin 20+ r*(2cos 26d6)+ (sin &dr + r(cos 640))
= —d(r*sin26)+d(rsin 6)

Thus u =—-rsin20+rcos@+c
f(2) =u+iv after some simplifications turns out to be

= ir*e™ —ire” +2i+c

=iz +iz+2i+c

Find the image in w-plane of
(i) the circle with centre (2.5, 0) and radius 0.5
(i1)The interior of the circle in (i) in z plane under the mapping w = 3;2 8
7 —

Ans:
3—x—iy
x+iy-2
Equating real and imaginary parts we get
ux—vy-2u=3-Xx,vX—2v+uy =-y
or(u+ Dx—-vy=2u+3, vx+u+1)y=2v (1,2)
or solving eqns(1) & (2) we get
x_2u2+2v25u+3 _ -V

T v+l ) T 2u
Equation of the circle with centre (2.5, 0) and radius 0.5 is (x—2.5)* + y> =0.25(5, 6)
On combining eqns (3,4,5,6) we get

2 2 2 2
2u”+2v5u+3 5 -y 1
= 2. A 1 Al TN T | T
u +v+2u+l 2 u +v +2u+l1 4

w=u+iv= or (x+iy—z)(u+iv)=3—-x—iy

3.4
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Q.83

Q.84

Q.85

(—u2 -y’ +1)2 +4v7 = (u2 +v’ +2u+1)2
After some simplifications we get

V= (u+1)2 +(u2 +v? —1)(u+1)

Or u’+2u’+u+uw’ :0:u(u2 +2u +1+v2)—>u =0 which is an equation of
imaginary axis.

2
Equation of the interior of the circle is (x —%j +y’< 1

4
When transformed 2, u, v coordinates we get

u(u2 +2u +1+v2)>0 or ul(u+1)2 +v2J> 0
As (u+1)*+v* >0 as u> 0 which is an equation of the right half plane.

Expand f(z)= S in Laurent Series valid for 0< |z + 1| <2 (t))]
(z+D(z+3)
Ans:
The function f(z)= ! :l[ 1 }
(z+D(z+3) 2[1+z z+1+2
_ L1 1_z+1+(z+1)2_ 1 —1+Z+1—(Z+1)2
2(1+z) 4 2 4 ] 20+z2)0 4 8 16
Toxt—x+2
Evaluate | —————dx 10
_~[ox4 +10x* +9 {10
Ans:
The integrand can be written as I#dz = J. f(2)dz. Poles are z = + 3i, +i
~z +10z°+9
7+2 1 1

2

. . l —
Res(z=i)=Lt(z—i)————=———,
(2=9) H'( )z4+1012+9 16i 16

Res(z=3i)= Lt(z 31)—Z+2— ! +i
P +10z°+9 48 16

If(z)dz—Zm[l 7}:5_” Tx—x+2 5T

) =) T a2 o=
16/ 48i 12 < x"+10x"+9 12
. 2 2
Use Cauchy Integral formula to evaluate jsm L +COSTL dz where C is the circle
v (z—-D)(z-2)

Izl =3 traversed counter clock wise. 6)
Ans:
Poles areatz=1, 2.
Thus

sinzz? +coswz> (| sinzz* +coszz? sinzz? +coswz’ .
j dz =27 + = 47i
v (z-D(z-2) (z=2) _ (z—=D -
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from its horizontal position (zero initial displacement) with initial velocity g(x) given

x, 0<x< %
as g(x)= Find the displacement of the string at any instant of time.
0, % <x<lL
10)
Ans:
The equation governing the motion of stretched string is given by
aZ 2
_2’ =c? a_b; _________ (1)
ot ox
(1) has to be solved under the following initial and b.conditions
b.conditions: u(0,t)=0=u,tpy ——eemv 2),(3)
initial conditions: u(x, 0) = 0; (g—uj =g(x) - 4),(5)
! t=0
For solving (1) we assume solution of the form
Y0 =XTO e (©6)
Using (6)in (1) we get XT"=c¢*XT  —eeemee (7
" X
Or ——="—=-k> (on physical ground
T x (on physical g )

Or X"+k*X =0— X (a) = ¢, coskx+c, sin kx

T"+k*c’T =0—T(t) = c, cos ket + ¢, sin kct

Hence u(x,t) = (c, cos kx+c, sin kx)(c, cos kct + ¢, sin kct) ---- (8)
Using b.condn(2) we get ¢, =0 and (8) reduces to

u(x,1) = ¢, sin kx(c, cos ket + ¢, sin kct)

Atx =1 u=0yields c,sink/ =0 for all

Either ¢, =0 which gives trivial solution y =0

Or sinkl =0 —> kI = nz or k=%

. nw nw . hmw
Hence we get u, (x,t) =sin e x(cn cos 7 ct+a,sin E ctj

Where c,c, =c,, c,c, =a,

no

Att=0, u,(x,t)=0—>c¢, =0

- . NT . nx
Hence u(x,t) = Zan smesm Tct
n=l
. . du 0’u
The equation is —-= c’ —» 0<x<i,
ot ox

With conditions u(0,t)=0, u(L,t)=0, t >0, u(x,0)=0, %—u(x,o) =g(x)
t
Thus wu(x,t)= Zan sinnTﬁctsin%x,

n=1
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Q.87

Q.88

Q.89

7 L o | sin™, [ cos%
anz—J.g(x)sin@xdxz /32 - A
nrwe I nze| (nm/L)” 3 (nz/L)
21 & | sin n% 1 nxe zn
u(x,t) = ——cos™ 7/, |sin——rsin— x
(1) e (n27z') 3n A [
2
Solve by the method of separation of variables a—i - 2% + % =0
ox ox Ody
Ans:
Let z = X(x)Y(y) . Using this in the given d.eqn. we get
ﬂ:—zza or X"-2X"—aX=0,Y +a¥Y =0
X Y

+
Aux. eqn. is m’ Cdm—a=0—m= VAT “;1+4a, 1+41+a
Hence X (x)= cle(“m e +e, e(l—m )
Y(y)=e®

—ay ( ¢, e(m/@ Jx (117 x )

nLz=e +c,e

The frequency distribution is given as

X, 0<x<1 .. ..
fx)= s Calculate Standard deviation and mean deviation about
2-x), 1£x<2
mean. 5)
Ans:

1 2 1 2
Total Frequency N = [ X’dx+ [ (2—x)'dx = % u = %{ [xtdx+ [x(2- x)%lx} =1
0 1 0 1
c s, s |16, e, ] 1
=—||xXdx+|x2-x)dx |=—=0" =4, — =—=0=—F
1 ND [#@-» > =) =4

0

oy

1 2
M .D.about mean = %[ﬂx - 1| Xdx+ “x - 1| 2- x)3dx} =
0 1

| —

Suppose the life in hours of a certain kind of radio tube has p.d.f.

100
—— x2=100
fx)=4 x* * Find the distribution function. What is the probability that

0 x<100

none of the 3 tubes in a given radio set will have to be replaced during the first 150
hours of operation? What is the probability that all three of the original tubes will be
replaced during the first 150 hours? 6)
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Q.90

Q.91

Ans:
100 100

Distribution function = F(x) = I —-du =1——— Probability that a tube will fast for

100 X

first 150 hours is given by P(X <150) = F(150) :% Thus the probability that none of

3
the three tubes will have to be replaced during the first 150 hours is (%j = % The

probability that a tube will not last for the first 150 hours is %Hence the probability

that all three of the original tubes will have to be replaced during the first 150 hours is

2y _8
3 27

A variate X has p.d.f.

X 3 6 9

P(x) | 1/6 12 13
Find E(X), E(X?) and E(2X+1)". 5)
Ans:

Ex)=-31v6 ol pixyy=olizeligr 123
6 2 3 2 6 2 3 2

EQX +1) =4E(X*)+4E(X)+1=209

Fit a Poisson distribution to the following data which gives the number of calls per
square for 400 squares.

No. of calls per square (x) | 0 1 2 |3 |4 |5 6 (7(8(9]10
No. of squares (f) 103 | 143 |98 [42 |8 4 2101010

It is given that e =0.2674 t))
Ans:
Mean = DM _ 0x103+1Xx143+2x98+3x42+4X8+5x4+6X2+7X0

Zf 1034+1434+98+42+8+4+2
= 529 _ 1.32
400
No. of calls | 0 1 2 3 4 5 6 |7 8 9 10
Probability | .267 |.353 |.233 |.10 |.034 |.009 |.00 | .00 |.000 |.00000 |.00000
4 3 2 |04 |06 9 1
Frequency 107 | 141 932 |41 (135 |3.57 |78 |.15|.24= |0 0
=93 2=14 | =4 =1 |=0 |0

Q.92 Find the directional derivative of V> where V = xy’ + y*zj + xz°k at the point (2,0,3)

in the direction of the outward normal to the sphere x> + y> +z> =14at (3,2,1).  (8)
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Q.93

Q.94

Ans:

Vi=VV= x2y4 + y4Z2 +x°z%;

VV?= f{2x(y4 + 14)}+ }{(x2 + zz)4y3}+ l€{2zy4 +4xzz3}
- Atthe pt (2,0, 3) VV? =108(3/ +4%)
f=x*+y*+2° (V)2 :(6f+4}+212)

Thus directional derivative along the normal

_ 108(3?+4l€). 3i+2j+k _ 1404
Jia V14
A Fluid motion is given by V = (ysinz—sinx)i + (xsinz +2yz)j +(xycos z + y2)]2 is
the motion is irrotational? If so, find the velocity potential. 8
Ans:
i j k
— d 0 0 . o
VXV = — — — =0Thus V is a conservative field.
ox dy 0z
ysinz—sinx xsinz+2yz xycosz+y’
Now
V=Vp=> (ysinz—sinx)f+(xsinz+2yz)}+(xycosz+ yz)lg :%f+%}+%lg
ox dy~ 0z
= ysinz—sinx =%,xsinz+2yz =%, xycosz+y’ _99
ox dy 0z

Integrating partially w.r.t. X, we get ¢ = xysinz+cosx+y,(y,z)
Integrating partially w.r.t. y, we get @ = xysinz+ y’z+¥,(x,2)
Integrating partially w.r.t. z, we get @ = xysinz+ y’z +¥,(y,x)

Thus ¢ = xysinz+cosx+ y’z

A vector field is given by F =sinyi+x(I+cosy); Evaluate the line integral

I Fldr where C is a circular path given by x>+ y* =a”. 8
C

Ans:

j;CF dr = j;c sin ydx+ x(1+cos y)dy =~ —--m-mmmm- (1)

From Green’s theorem we know that
§ (Mdx+ Ndy) = ”(a—N - aﬂjdxdy
’. lox  dy
Using this theorem the line integral (1) is transformed to
” [(1 +cos y)—cos y]dxdy = _”dxdy .
R R

2za

Using polar coordinates we get _[ J. rdédr = ma’ .
00
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Q.95

Q.96

Q.97

Q.98

Q.99

Find ”F AdS where F =(2x+32)i —(xz+ y)J +(y* +21)k and S is the surface
the sphere having centre (3,-1,2) and radius 3. 6]

Ans:
divF =3, ”F-ﬁdS:J.lJ'3dV:3V, V:%ﬂﬁ r:3:>V:367Z'.-.HF-ﬁdS:1087r

Evaluatemf drwhere F = y% + x*] —(x+2)k and C is boundary of triangle with

C
vertices (0,0,0), (1,0,0) and (1,1,0). t))
Ans
i k
— |0 0 0 A N
VXF =|— — — |=j+2(x—y)k
ox dy 0z JH2Ax=y)

Since z coordinate is zero thus triangle is in xy plane. Thus A=k.

Ude_ ”curlF nds = J. JZ(x y)dxdy—%

x=0 y=0

Show that the function z|z| is not analytic anywhere. t))
Ans:

21y v 2y 4R
Let w=z|g|= u=xyJ(x*+y"),v=y/(x’ +7) du _ 2x°+y" v _ 2y’+x

ax VO +y%) ay \/(x2+y2)’

now
a_u = Qwhen y =4, a_u =2 - Q thus C-R equations are not satisfied
ox dy dy (x*+y%) Ox

anywhere.

Show that the function u(x,y)=4xy-3x+2 is harmonic. Construct the corresponding

analytic function w = f(z) in terms of complex variables z. 3

Ans

We have

o’u 82 v v du ou
—=0,dv=—dx+—dy=——dx + 24y = v=-2x"+2y’ -3y +c.

PP o ay oy ™ Yo

Thus f(z)=4xy—3x+2+i(=2x" +2y>=3y)+ic =-2iz> —3z+2+ic

Find the Taylor series expansion of the function of the complex variable

fl)=— 1

(2=D(z=3) apout the point z = 4. Find the region of convergence. 3
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Q.100

Q.101

Q.102

Q.103

Ans
If centre of a circle is z=4, then the distance of the singularities z =1 and z = 3 from
the centre are 3 and 1. Hence, if a circle is drawn with centre at z = 4, and radius 1,

then within the circle |z—4| =1, then given function f(z) is analytic hence it can be

expanded in Taylor’s series within the circle |z - 4| =1, which is therefore the circle of

convergence.
1 1 1 1 1 o[, z-4]"
)= =— - =—(1+(z=-d| ——|1+—
/@ (z—=D(z-3) 2{1—3 z—l} 2[ (z=4)] 6[ 3}
1 4 13
= (-4 +—(z-4)" +...
3 9(z ) 27(z )
Z 1
Evaluate J. ——dz where |[z+—|=2. )]
w7+l Z
Ans:
Poles are
2
z=1i, z+l=2: z +1 223(x2+y2)2—2(x2+y2)+1=4y2
z Z

>+ y -1=Ry= x>+ (y£1)>=2.
These are two circles with centre at (0,1) and (0,-1) with radius \/5 .

IZZ dz=0
Thus c? +1

Using complex variable techniques evaluate the real integral

2w .2
J- sin” @ 10)
o d—4cosb
Ans:
27 .2 2 _ 2ie 2 _
J.Mdé’ =real partofl J l—edﬁ = real partofl.jzz—1 z
oy d—4cosé 23 5—4cosb 2i.2z"—5z+2
Poles are z =2, 2. So inside the contour C there is a simple pole at z = V5.
2 —
Res(z :lj = Lt (z—ljz—l :l, I= realpartofi,Zm'l -z
2 Z_% 2)2z-1)(z-2) 4 2i 4 4
Determine the poles and residue at each pole of the function f(z)= cotz 6)
Ans:
. . cosz
Poles are given by sinz =0, z = nn. Thus Res(z =nz)=——"— =1
—(sin z)
dZ (z=n1)

A string is stretched and fastened to two points / apart. Motion is started by displacing
the string in the form y = asin(zx/l)from which it is released at time t = 0. Show

that the displacement of any point at a distance x from one end at time t is given by
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y(x,t) =asin(7x/l)cos(zct/l)

Ans:
Vibrations of the stretched string are governed by the wave equation (under usual
notations)
0’ 0’
R e~ ——— (1)
ot ox
Since the end points of the string are fixed for all time, therefore the displacement y(x,
t) satisfies the following conditions
yO,0=y@,=0. ), 3)
Further, as the initial transverse velocity of any point of the string is zero one can
write
(a_yj =0 e 4)

at t=0

, X

Also, y(x,0)=asin(]] 7) ————————————————— 5)

For obtaining solution of (1) under the two boundry conditions (2, 3) and two initial
conditions (4, 5) we use the method of product solution and write

Yx, )=Xx) Tty e (6)
Combining (1) and (6) we get
X" 1 2 :
— === on physical ground
X o P (on physical g )
Thus, y(x,t)= (cl cos px+c, sin px)(c3 coscpt +c, sin cpt) ————————————————— @)

On using b.c.(2) we get ¢, =0, and on using the b.c.(3) we get

0=c,sin px(c3 cos pct +c, sin pete) &)

Since (8) is valid for all time therefore ¢, sin px=0

¢, cannot be zero as it shall lead to trivial solution. Therefore the only possibility is
nrx

sinpl:0—>p:7 _________________ 9)
Consequently, solution (8) assumes the following form:

y(x,t) =sin % x(An cos % ct+ B, sin % ctj

Where A, =C,C,, B, =C,C,

ﬂ:sinﬂx —Asinﬂct E+ Bcosﬂct nr
ot / / / / /

Att=0, i:0—>B=0
ot
Hence the solution assumes the following form

Y, (x,1)=A,sin % xcos% ct s (10)

Att=0, yo(x,0) = y(x) = asin% =A, sinn—lﬂ;x

Hencen=1, A =a
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Q.104

Q.105

Tict

Sy(xt)=a sin(?j cos T .

An infinitely long plate uniform plate is bounded by two parallel edge and an end at
right angles to them. The breadth is 7 ; this end is maintained at a temperature u, at
all points and other edge at zero temperature. Determine the temperature at any point

of the plate in the steady-state. 6]
Ans:
In the steady state the temperature u(X,y) at any point P(x,y) satisfies the equation
2 2
% +¥ =0, the boundary conditions are u(0,y)=0=u(x,y) Vy,
X y

u(x,0)=u,,0<x< 7, u(x,0)=0,0<x<7
u(x,t) =X ()Y (y)
X’ " 2 - .
Or 5a = =7 =—p° (pis a separation constant)
Thus, X = (Acos px + Bsin px); Y(y) = Ce” + De™"”
Oru(x,y) = (C1 cos px+C, sin px)(C3e”y + C4e'p"')
Where A, B, C, D are replaced respectively by C,,C,,C, &C,.
The solution is given as
u(x,y) =(c, cos px+c,sin px)(c;e” +c,e” ), u(0,y)=0=¢,=0

sou(x,y)=(c,sin px)(c3em' +c4e_m') cu(7,y)=0= p=n,alsou=0asy —>oo,c, =0

0, n=even
oo 2 va
~u(x,y)=>b, sinnxe™. Thus u = an sinnx, b, = —juo sin nxdx =1 4u,
n=l1 0 , = Odd
nw

Show that under the mapping w = 1/z, all circles and straight lines in the z-plane are
transformed to circles and straight lines in the w-plane. ®

Ans:
The equation a(x’ + y*)+bx+cy+d =0 represents a circle if a # 0 and a straight
line if
a =0, in the z-plane. Substituting z=x+iy, w=u+iVv, in w = 1/z and comparing
the real and imaginary parts, we get

u -V a bu cv

-, we get + - +d=0

2,2V T3 2, 2 2. 2 2. 2
u’+v u’+v w+vioouwr+vt out+y

XxX=

2 2 2, .2 ’
=a+bu—cv+du’+v)=0.If d iO,{M+i} ‘{V—i} :w
2d 2d 4d

is the equation of a circle. If d = 0, we get a + bu — cv =0. We observe the following:

(1) A circle (a#0) not passing through the origin (d #0) in the z-plane, is
transformed into a circle not passing through the origin in the w-plane.

(ii) A circle (a # 0) passing through the origin (d=0) in the z-plane, is transformed
into a straight line not passing through the origin in the w-plane.
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Q.106

Q.107

Q.108

Q.109

(iii) A straight line ( a=0) not passing through the origin (d #0) in the z-plane,
transformed into a circle passing through the origin in the w-plane.

(iv) A straight line ( a=0) passing through the origin (d = 0) in the z-plane, is
transformed into a straight line passing through the origin in the w-plane.

The probability that a man aged 60 will live to be 70 is 0.65. What is the probability
that out of 10 men, now 60, at least 7 will leave to be 70? t))

Ans:
The probability that a man aged 60 will live to be 70 = p = 0.65, q = 0.35, n = 10,
Probability that at least 7 will live to 70 = P(7 or 8 or 9 or 10)

="C,q’p’ +"°Cyq’ p* + °Cyqp’ + p'* =0.5137
0°E o°E oE

Solve the telephone equation — e =LC—- ¥ +RC o when E(0,t) = E sin gt,
X

E =0as x — oo assuming that q—}f is large compared with unity. 8

Ans:

Let E = Ae” e be the solution of the given equation. Substituting in equation, we
get p> =—LCq*(1—iR/qL). p=+igNLC (1-iR/Lg)"* = i[zq\/LC +1/2R/C/L ]

as—Lis small. The boundary condition is satisfied when we take —ve sign. Since q
q
can be both -ve as well as +ve, thus the general solution is

—ax igt+ibx —igt—ibx R C . .y
E=e{ce" ™" +c,e™ ™}, a :E"—’ b=—9_ Using boundary conditions, we

JLe

E
get ¢, =—c, = ?‘) Thus E(x,t) = E,e“ sin(qt +bx) where a = § ‘ /% p=—2_,
1

JLe

Show that the vector field defined by the vector function v = xyz(yzi + xzj + xylg) is

conservative. 8)

Ans:

If the given vector field is conservative, then it can be expressed as the gradient of a

scalar function f(x,y,z), therefore, Vf = { gf af +k gf } =v = xyz(yzi +xz] + xylg)
X y

Comparing, we get —— s =xy’z’%, s _ yx*z2, I _ zy°x* integrating the first equation,
ox dy 0z
: 1 T : .
we obtain f(x,y,z)= Exz y*z* + g(y,z) substituting in the second and third equation

1
we get that g =k = constant. Hence f(x,y,z)= Exzyzz2 +k

Evaluatej(x+ Vdx—x*dy+(y+2)dz, whereC:x* =4y,z=x,0<x<2  (8)
C
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Q.110

Q.111

Q.112

Ans:

2
. . . t
The parametric equation for Cis x=t,y = VE 7=1,0<t <2 therefore

Py J 7 ) ot )|, 10
l(x+y) x—x"dy+(y+2z) z—J. H—Z —t E+ H-Z t—?

0

If V.E = OVH OVxE——a—HV aE,
ot ot

o’u

show that vector E and H satisfy the wave equation V’u = 57 8
Ans:

O°E

or’

-
VX(VXE) =V(V.E)-V?E =-V?E. Thus V’E = % E . SimilarlyV*H = o
t?

Consider Vx(VxXE)= w{-aﬂj =—3(Vxﬁ) =-
ot ot

t*

o’u

Thus vector E and H satisfy the wave equation V’u = — -
t

Using the Green’s theorem, show that mg—udsz ”Vzudxdy, where n is the unit
C n R

vector outward normal to C. t))

Ans:
Let the position vector of a point on C, be 7(s)=x(s) + y(s)], then the tangent

d d d dy » dx »
vector to C is given by T =— =— +— ,n=——i——7j , nis the
g y dsr(S) s x(s)i s y(s)j, 7 dSl s J . n

unit normal vector . Thus m—ds = mVu.ﬁds since 3—” is the directional derivative of
C n C n
u in the direction of n Using Green’s theorem, we get
au ds = a_uﬂ_a_u@ ds [ﬁ Ou dy—a—udx Ijvzudxdy.
an “\0x ds dyds ox dy i
In obtaining the double integral from line integral,
We have used the following form of the Green’s theorem

§(de + Ndy) ”(G_N —aﬁ xdy .
C

dy

Use the Divergence theorem to evaluate ” (v.n)dA, wherev = X’z + y}—xzzlg, and S
S

is the boundary of the region bounded by the paraboloid z = x* + y* and the plane
z=4y. (8)
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Q.113

Q.114

Ans:

Wehave”(vn)dA vamv mczv ‘jo j j dzdxdy =87

x=— 4yv Z=x"+y

4)\ 4 ?

ffjav= ] faowar zﬁy = ki

0 seayey? =ity 2
h 1 ; ¢ y(1 4% ¢
zzﬂ(éty—yz)(éty—yzy—§(4y—y2ﬂdy=2£(4y_yzy(1_§jdy:§£(4y_yz) dy
Put y=4sin’,dy=8sinOcos@dB; y” =8sin> 6, (4—y)”* =8cos’ 8,
6 =4y=0 mzazg y=4

% %
%_"8sin36?8cos3 68 sin & cos %9:%(512)xjsin490054 6
0 0

= %x512fsin49(l+sin4 6—2sin”6)= %xSlej(sin“ 6-+sin® 6—2sin° O)16
0

P PV IR SV SIS S B Iy
3 122186 6 16\ 48

Show that the function f(z)=7 is continuous at the point z = 0, but not differentiable
atz =0. ®

Ans:

Let z=x+iy, z=x—iy. f(2)=x—iy, Az=Ax+iAy, A7 = Ax—iAy now

lin(} f(z)= l(i)m O(x—iy) =0= f(0). Thus the function f(z)=7 is continuous at the
7! x—0,y—

point z=0. Now at z = 0,

lim FACS AU = lim Az = lim {Ax — l_Ay } choosing now the path y = mx, we
Az—0 AZ Az—0 AZ Ax—0,4y-0| Ax + lAy
have as Ax - 0,Ay — 0 thus lim A = lim Ax—imAx = 1=im which depends on
220 Az A0 Ax+imAx | 1+im

the value of m, thus function f(z)=7 is not differentiable at z =0.

Show that the function v(x,y)=e"sinyis harmonic. Find its conjugate harmonic
function u(x,y) and the corresponding analytic function f(z). 3

Ans:

We have v(x,y)=e'siny=v =e'siny,v, =—esiny=v +v =0. Thus the
function v(x,y) is harmonic. From Cauchy-Riemann equation u, =v we get
o . . .
u,=v, =e cosy Integrating w.r.t x, we get u(x,y)=e"cosy+g(y) where g(y) is an

arbitrary function of y.
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Using Cauchy Riemann equation u, =-v _we get—e” sin y + g (y)=—e"siny
= g’ (y)=0= g(y)=constt.=c Thusu(x,y)=e* cos y+c
Thus f(z)=e"(cosy+isiny)+c=e+c.
Q.115 Evaluate the int 1]( +y2 —ixy)dz, where C (t) t=2, 1932(8)
. valuate the integral | (x —ixy)dz, where C:z=z(t)=
sl JLEmy 2-i(4-1), 2<1<3

Ans:
The curve C is continuous but not differentiable at z = 2, as

dz |1, 1<t<2 dz . .

— = also — # 0 for any t. Therefore the curve C is piecewise smooth.

dt i, 2<t<3 dt

On the interval [1,2], we have z =t — 2i, x=t, y = -2, % =1 and f(z) = (1+2i)t +4, On
t

the interval [2,3], we have

7 =2-i(4-1), x=2, y =t-4, % =i and f(z) = 2 + (t-4)* -2i(t -4),

Hence
2. i dz , T dz
j(x+y —my)dz=jf<z>—dz+jf(z)—dr

j.(4+t+2lt)dt+'|.(2+t 4) —2i(t— 4))zdr—§+2—32i

1

Q.116 Show that the function f(z)= Ln[z/ z—l] is analytic in the region |z| >1, obtain the

Laurent series expansion about z = 0 valid in the region. t))
Ans:
The function f(z)= Ln[z/ z- 1] is not analytic when
Im|[z/z-1] = —+ =0, Re[z/z-1]= M <0, These conditions are
(x=D"+y -1’ +y
satisfied when y = 0, 0<x<1, The given function is analytic in the region |z| >1. In the
region |z| >1, consider the function f()=—- Ll
Z z
i, 17" 1 1
jf(z)dz = Ln[ } C:l=r>1.f(2) _——{1——} =—— ..
-1 z z 7z
Integratlng term by term, we obtain the Laurent series expansion as
Ln[ £ } l+L2+L3+ ......... +k, where k is a constant of integration, letting
z=1] z 2z° 3z
Z I 1 1
7 — o0,k =0thus we get Ln| — |=—+— sttt ,1<|z|<ooor|z|>1.
Z- z 278 3z

Q.117. Prove that u=x> —?axy2 +3x2 —3y2 +1 is harmonic. Find a function v that is
conjugate harmonic to u and hence the analytic function f(z)=u+iv with
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f(1)=i+5.

Ans:
ux:3x2—3y2+6x, Uxx=6X+6
uy:—6xy—6y,uyy: -6x-6 uxx{:.‘uyy:O or u is harmonic
Ifuis conjugate then u+1u is unalytlc and hence CR-equations are satisfied
Uy =Vy= 3x°-3y” +6XI:> v=3x7y-y +6Xy+g(x)
vx—6xy+6y+g (x)=-ug=-(-6xy-6y)= gi(x)=0 9 g(x)=C
=3x* y-y +6xy+C v(1,0)=C,u(1,0) =5, f(1)=5+ic=5+I, c=1

f(z)o z +3y +(1+i)

£(z)*. (7)

Q.118 If f(z) is a regular function of z, then prove that [aiz + %J |f(z)|2 =4
X y

Ans:

|f(Z)| =u’+v’ ?) =2uu_+2vw, ?:‘f 2[uuxx+uf+vvﬁ+vj]
X
2

similarly o f
ox

- 2 2

= Z[WW +u; +vv +VJ

az 2
A=+ |p="2uu, +u, )+2v(v +v, )+2(u +u, )+(v +v, %)
x> 9y’

u,v are harmonic > u, +u, =v +v =0,alsou =v u =v,

90> 0’
:{g+g}p 4(u +u )

since f' (z) =u, +iv, 3‘fl(z)‘=uf +v;

2> 0’
thu{a 5 a—yz:|p:4‘f1(1)‘

Q.119. Find the image of the strip x =0, 0 <y <« under the mapping w =e”. 4

Ans:

W=Rel =Y S R=¢¥,0=y

Image of 0<y<7z,x20isthus0<¢ <7, InR=200rR =1
That is the interior of unit circle |W| =1 lying in the upper

half plane as shown in the diagram

Q.120 Find the image of the circle |z - 2| =3 under the mapping w =i(z—2)+3. ()]
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Ans:

W=i(z-2)+3, Represent a transtation by 2 to the left followed by rotation through —

followed by transtation by 3 unit to the right. The circle is mapped into a circle
of same radius |W - 3| =3 with center shifting by 1 to the right.

Q.121 Find the linear fractional mapping that maps the points i, 1, 2 + i to 4i, 3-i, o
respectively. (6)

Ans:
Required mapping is wi—w (-2 (5-2)
w—w, (z,-2,) (z;—2)
(4i—w)(i—=DQ2+i—2) = (i —2)(~3+5)(1+1)

4,~_W:{ z—i }(—3+5i)(1+i) _—(z=i =246+ 1)~ (2 —i)(-8+2i)
Z

—-i-2 i-1 (z=i=-2)i-1
_1=-3i+({-95)z
(z—=i=2)
4 4 ~ ~ ~ —
Q.122. Show that f(r) r, where r =xi+yj+zk and r =|r| is irrotational. Find f (r) if
it is also solenoidal. t))
Ans:
i j k
- d d 0
cure[f(r)r] = > g a_z

xf(r) yf(r) zf(r)
B AN A T I oS _ 9
_{Zay yaz}-]{xaz Zax}-k[yax xay}
1
=7f‘(r)[i(zy—yz)+j(xz—zx)+K(yx—xy)]=0

f(r)f is irrotational

f(r)r solenoidal if dwf(r)r=0,0r

A-(f(r);):?)f(r)‘l‘fo(r)+y2f(r)+22f(r)
r

r r

=rf' (N+3f(r)=0

:rfl(r)+3f(r):O:>1nf(r):—3lnr+k or f (r):%, C a constant
r

Q.123 The temperature at a point (x, Y, z) in a space is given by T(x, Y, z)= X2+ y2 -z
A fly located at the point (4, 4, 2) desires to fly in a direction that gets cooler
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fastest. Find the direction in which it should fly. Also find the rate decrease o
temperature in the direction of flight. 6)

Ans:
The direction of maximum decrease is —VT(X,y,z)
= - 2xi -2y ] +k, thus fly should fly in direction
8i— 8}' + IQ the rate of direction is ‘8 i+ 8}' - k‘ =/64+64+1=+/129

Q.124 Evaluate the line integral J 2_ Y 7 dx + 5 x 7 dy where C is a simple closed
c X" +y X" +y

path enclosing origin in its interior. (7)

Ans:
-y
Let f(x,y) = ,8(X,y) =
( y) x2+y2 g( y) x2+y2
a_f__(x2+y2)+2y2_ y2_x2 a_g_ yZ_xz thus a_g_ai_o
dy (x> +y*)’ (x2+y2)2’ax (x2+y2)2’ ox dy

dg d . .
98 %8 4re all continuous except at the radius so that so

ox  dy

except at origin and f,g,
it does not intersect C.
By applying Green's theorem in the region between k and C,

98 _ U l4a

Wehavej(fdx+gdy)=Ifdx+gdy+ﬂ[ax dy

C

I fdx + gdy

K

Q.125 Show that the following line integral is independent of path C from points
P(-1,2,3) to Q(2,2,4) and hence evaluate the integral

_[ (2xz+y)dx+(x+z)dy+(x2+y)dz @)
C
Ans:
i J k
CureR=| 2 J 9 =i(l-D+ j2x—2x)+k(1-1)=0

ox dy 0z
2xg+y x+z X +y

= line integral is independent of path C.

The integral is then exact defferential

— = 2 + ,— = + ,— = +
a)C ey a)C e a)C * Y

integrating first equation w.r.t. X
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¢:xzz+xy+h(y,z):g—f=x+g—;l=x+z:>g—;l=z:>h= yz+2(2)
The ¢=X”"y+xy+yZ+g(z)3?”2 +ty+g'()=x"+y=g()=C
Line integral = ¢(2,2,4) — ¢(—1, 2Z,3) =28-7=21
Q.126 Obtain d’Alembert’s solution of the wave equation zi; = ngilzl with initial
conditions u(x, 0) = f (x), u(x,0)=g(x). t " (1)

Ans:
Let v=x+ct,z=x—ct

thenu, =u v, +u.z =u, +u,
u, =, +u, v, +@, +u )z, =u,+2u, +u,
u, =u,v, +u,z, =cu,+(—cu,
u, =cu, —u,)v, +c(u, —u._)z, =c(u, —2u, +u._)
The way equation transforms tou , =0
=>u, =h(v)y=>u= jh(v)dv +w(z)=0(v)Hr(z)
Thus, u(x,t)=@(x+ct)+ ¥ (x —ct), where @, are
arbitrary functions gives a solution of wave equation. Applying initial conditions:

u(x,0)=¢(x) + ¥ (x) = f(x)
u, (x,0) = cg' (x) —cy' (x) = g(x)

Thus 9(0- (0= [ g (s +0(x,) = P x)

*o

Hence ¢(x) = %{f(x) +005) =px) - [ g(x)dx}

X0

y = l{f(x) 0+ ) | g(x)dx}
2 cy

The required solution is thus

x —ct

u(x,t) =@(x+ct)+w(x—ct) :%{f(x+ct) — f(x—ct) +l X].d g(x)dx}
c

Q.127 A string stretching to infinity in both direction is given the initial displacement

f(x)=

and released from rest. Determine the subsequent motion

1+8x2
using d’ Alembert’s solution obtained in part (a) of the question. A3
Ans:
x)=——,2(x)=0
f(x) a0 g(x)
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u(xt)—l ! + !
2 1+8(x—ct) | | 148(x+ct)’

Q.128 State Cauchy integral formula for derivatives of an analytic function.

If

322 +7z+1

=] =
C

using Cauchy integral formula. @)

Ans:
Statement of Canchy Integral formula

, where C is the circle |z|=2, find f'(1—i),f"(1-1)

(z—a)’

fl(a)='|. ) dzp(z) =3z" +7z+1

2_.
- %;ﬂ (a),a =1—i lies inside C

= 2Ai[6(1—i)+7] = 2A(6 +13i)

2

1 P(2) 11 "
a)=2 dz=2.—¢ (a)=12ni
M@ !@—af 0@
2 +z-1 1
Q.129 Identify the singularities of the function W sin—.  Classify the
zlz -1 z
singularities and find the residues for each of them. @)

Ans:

z=1, apole of order 2 z=0, essential singularity

Res f(z):limi [M sin l} =—cosl+3sinl
dz Z Z

z=1 z—1
Resf(z)=coeff of 1 in the Laurent expansion in the region 0(|z| 1
z
z=0
211
f(z)=(z3+z-1)(1-2z) “—sin—
z z

= (P 421+ 224327 4 ) .
z° 3lz7 Slz
T . .2, 4 5 6 1 1 1
_[ l-z-2"+72 +22 +3z +....]{ZZ _3!z4 +_5!z6m
Res f(z)=-1+£+i+£+ ......
5! 70 9!
z=0

Q.130 State Green’s theorem and use this theorem to show that for a solution w (x, y) of

Laplace’s equation V2w =0 ina region R with boundary curve C and outer
unit normal vector n,

www. StudentBounty.com
-Homework Help & Pastpapers


http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com

AE35/AC35/AT35

(T[] oo e

Ans:
Statement of Green's theorem

jj[aF aF}ddy dex+de

ox dy
2 2 2 2
ox dy ox ox ax ox ox

% z(awj _282w oF, %

nd—2 —
dy dy dy’ ox dy

s R REEE
"-LPH?TZTJFBJ }d dy = j 2wa—ydx+2w3—xdy

:I2w 2w _a_w@+away ds
dy ds 0x Os
IZW—ds

% ~ ~ A
Q.131 Verify Stoke’s theorem for F :—yi+2yzj+y2 k, where S is the surface of

upper half of the sphere X2+ y2 +2% = az, and C is the circular boundary on
XOY-plane. (7)
Ans:
i Jj k
Cure F = i i i = K. Stoke's thm '[FE = ” curF.ds
ox dy 0z g -
-y 2yz ¥’

RHS: ” Kds= ” dxdy Aa® , as unit normal to S is ~ 'V

x+\

LHS: J—ydx+2yzdy+y dz,C:x*+y*=a’,z=0

a

2A

—j ydx—ja sin 6d6 = ra’

RHS LHS Theorem verified
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Q.132 Suppose that two teams A and B are playing a series of games. Team A has a
probability p of winning a game against team B. The first team to win three
games is declared winner of the series. Find the probability distribution of
number of games played in the series for declaring a winner. @)

Ans:
x=no of games in the series R, = {3,4,5}

=3, ft ek or BEB happens, Plx =3)=[p +(1- p) ]
=4, iff &8 BA or BBAR happen, P(x =4) = (31p (1- p)+{3)p(l-p)

=3p(l-piip +g )

Graseseach Fix=51=1-Ax=3-Ax=4) =ép'g
x 3 4 3

pixiip +g)3vglp +g)6p g

Q.133 The probability density function of a random variable X equals

f(x)=c e ,x >0 and = 0, otherwise. Find c. Also find the probability that
X takes a value greater than its expected value. @)

Ans:
jce‘zxdx =l=>C=2
0

oo

E(x)= j x2e X dx=1/2

0

o 1
P|:x>l:|: J.2€_2Xd.x:e22 :l
2

172 €

Q.134 A ticket office can serve 4 customers per minute. The average number of
customers arriving to the ticket office for purchase of tickets is 120 per hour.
Assuming number of customers arriving to the ticket office follow Poisson
distribution, find the probability that ticket office is continuously busy during

first 30 minutes of opening. 6)
Ans:
. . 120
X=no arriving in 30 mins. 4=30 x——=60
120 6—60(60))6

P(x>120)=1-P(x<120)=1-)_

x=0

1

Q.135 Sick leaves time X used by employees of a company in one month is roughly
normal with mean 1000 hrs and standard deviation 100 hrs. How much time t
should be budgeted for sick leaves during next month if t is to be exceeded
with a probability of 16%?
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Also find the probability that in the next year no more than one month will
have sick leave time more than 1200 hrs. (You may use the following values
of distribution function ®(z) of standard normal distribution ®(.5)=.691

®(1.0)=.840 ®(1.5)=.933 ®(2.0)=.977) 8)

Ans:
t—1000

100

(i) X [ A(1000,(100)*,P(X >1)=.16 or CI{ }:.84310”:1100

1200-1000
100

Required prob = (.977)"* +12x.023x(.977)"

(ii))P(X >1200)=1- q{ } =1-.9772=.023

2

Q.136. Evaluate the integral j X—dx, where a > 0, by using contour integration.
b a2
- \X7 +a
)
Ans:
2
0(z)= —, has triples poles at z=+ ai

[ +d

of these only z=ai iz in the upper half plane.

j[z ] —_jg(;:}d;:+jg(z}a‘z C

|l 2)| =0 as |2|= R =
= [Qla}dz =0 as R —m

R

J’ X xhdy =20 Residue (1 2)]

2itm L (zma) — 2
z=ai 41 de (2 +al

- 2 12z 127
2N ~3 4 + N5
(z+ai)’ (z+ai)' (z+ai) |_,
| _

A
16a°c 8a’

XN = ——

Q.137 Let S be a closed surface of volume V, containing the point P in its interior and let N
be the outer unit normal to the surface S at a general point. Show that

divF(P) = \}ino [j (F.N)dSJ /V . (5)
S

Ans:
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By mean value theorem for triple integrals
j j j f(x,y,2)dv = f(P)v,P, being a point inside V.

By divergence theorem

j j divF dv = j j (F.N)ds

j j (F.N)ds
Thus leF(f;) = ST
If V shrinks to P, then £, — P

j j (F.N)ds
vV osT = divF (P)
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