AES57/ACS57/ATS7 SIGNALS & SYSTEMS

Q.2 a. Foran energy signal x(t) with energy E,, determine the energy of the
following signals:
@ x@t-T) (i) x(at)
(iii) x(at —b) (iv) ax(t)

Answer:

Ans. (i) By definition the energy contained in the signal a(t — T) is given by

00 s o]
E:/ 59;(1—T}|2dt=/ |z(r)[%dr = E,

o0
(i) By definition the energy contained in the signal z(at) is given by

o0

oo 2}
E f |z(at)|?dt = i] |e(r)|Pdr = ta
= an= a

oo

(ili) By definition the energy contained in the signal z(at — b) is given by

o . = - 5
E :] |2(at - b)|*dt = ;/ () |2dr = E

oo C o =00 &

(iv) By definition the energy contained in the signal az(t) is given by

00 {= =]
B= / la(0)dt = o? f la(t)dt = o,
o =00 -0

b. If x(t) *h(t) =y(t), then show that x(at) = h(at) = ﬁy(at)

Answer:

Ans. Case-I: @ > 0. By definition
(L) * h(t) = f : z(T)h(t — 7)dr = y(t)

oo

z(at) = hiat) = / ' z(aT)hia(t — 7))dr = /au wf{ar)h(at — at)dr

A change of variables is performed by letting ar = a, which also yields dr = ﬁda, a— 00 as 7T — 0o, and o — —oo as
7 — —0., Therefore,

x(at) * h(at) = é/m z(a)h(at — a)da = lg,r{at)

1

Case II: a < 0. By definition

2(t) * h(t) = /-w z(T)h(t — 7)dr = y(t)

z(—at) « h(—at) = fm #(=ar)h(—a(t — 7))dr = /m z(—ar)h(—at + ar)dr

o0

A change of variables is performed by letting —ar = «, which also yields dr = —%da, a—ooasT — —o0, and o — —o0
“as 7 — oo. Therefore,

z(at) * h(at) = 2/:’0 z(a)h(—at — a)da = éy(—at)

From the above two cases it is evident that

z(at) * hiat) = &y(at)
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Q.3  a Let X[k] represent the DTFS coefficients of the periodic sequence x(n)

with period N . Find the DTFS coefficients of (-1)" x(n)
Answer:

Ans. Consider the signal
(=1)"z(n) = e/™g(n) = I ¥ T"z(n)
We know that if
z(n) — Xj

then using frequency-shifting property, we obtain

j 27
Lon

=

wfz

2(n) — X;_x

b. Suppose we are given the following information about a periodic signal
x(n) with period N =8and Fourier series coefficients X[k]:

(i) X[k]=-X[k - 4] (i) x(2n +1) =(-1)"
Sketch one period of x(n)
Answer:
Ans. Consider the signal
(—1)*x(n) = e?™x(n) = ? ¥ ¥ ra(n)
We know that if
xz(n) «— X
then using frequency-shifting property, we obtain
AT Erp(n) — X, y
In this case NV = 8, therefore
(—1)"z(n) — X4

Since, it is given that X; = — X, _4, we have
(—1)"x(n) «— — Xy
(—1)*z(r) = —x=(n)
z(n)[1+ (—1)"] =0
This implies that

() =0 for n=0,42 44 F6 ---

From the given information x(2n + 1) = (—1)™, we get

o

LY =i =3 —— =P h) == =

Therefore, over one period 0 < n = 7, ®(n) is defined as

0 ==, 2,4.6
z(n) = 1 n=1,56
—1 n=3,7

Q4 a. Given that x(t)has the Fourier transform X(w), express the Fourier
transforms of the signal listed below in terms of X(w).
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1) x()=x@-t)+x(-1-1) (i) x,(t)=x(3t-06)
Answer:

Ans. Given that

z(t) —— X(w)
(a) Using the time shifting property, we have

z(t + 1) —— X (w)e?
and z(t — 1) & X(w)e ¥
Now, using the time reversal property, we have

(—t+1) — X(—w)e ¥

and z(—t — 1) — X (—w)e?
Therefore,

z1(t) —— X1(w)
2(1 =) + z(=1 1) e X(-w)e ™ + X (—w)e*
z(1l—t)+z(—1—1t) — 2X(—w)cosw
Flz1(t)] = X1 (w) = 2X (~w)cosw

b. Find the Fourier transform G(w) of the signal g(t) =it
T
Answer:

Ans. Define X (w) = = by replacing ¢ with w in the expression of g(¢). We know that

2
sgn(t) «— o

i 1
2m e W

z(t) —— X(w)

Ziti= %sgn(t) and X(w)=

=
e e
z(—w) = 2ngn( lli= 271_sgn(m) and X(t) t

-~ The duality property of the fourier transform states that if

z(t) — X(w)

then,
X(t) & 2mz(—w)
1 J
e -2W§sgn(w)
s —gaEn(]

Therefore,

1 : =7 >
_"F — = - g =
[m} Jsgn(w) {j w<0
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Q.5 a. Given that x(n) has the Fourier transform X(ej‘”) , express the Fourier
transforms of the following signals in terms ofX(ej‘”) .
() x1(n)=(-1?x(n) (i) x,(n)=e""*x(n+2)

Answer:

Ans. (i) Consider the given signal =3 (n2) = (n — 1)2x(n) = n2xz(n) — 2nze(n) + =(n).
Using the differentiation in frequency domain property, we get

reae(rn) «—— j

_dX (e?)
dew

Using the differentiation in fregquency domain property again, we have

72 [rea (r2))

n2x(n)

Tao \? (= /953
Bl d2 X (e?¥)

Therefore,

dew

Flzi(n)] = F(rn — 1)2=(n)
= Fn2z(n) — 2nz(n) + x(n))]

e d? X (ed+) PR 2 € ) e
Xal(e?¥) s 27 =77 + X (e?%)
¥ d? X (ed«) L dX (edw) :
Xoaledary =" — = X (T
ale’ ) o ) = a5 (=tatd
(ii) Using the time shifting property, we get
z(n 4+ 2) —— X (ef)ed2~
Using the frequency shifting property on this, we get
xza(n) = e Tx(n + 2) —— X (e?w—F))ef2(w—0)

Xa(edw) = X(ftj{"‘_ =5 })(_!j’.a(w— 5

b. Let the sequence x(n) be a real sequence and let X(ej‘”) =DTFT[x(n)]
(1)  Prove that the magnitude spectrum is an even function, that is,

X (1) =[x )
(i)  Prove that the phase spectrum is an
ZX(1°) =—2X(e7}*)

Answer:

Ans. Given that

x(n) — X(e'¥)

In general the Fourier transform X (e*) is a complex function of the real variable w and can be written in rectangular

form as

X (&™) = Xp(e’™) + i X (e7¥),

odd function, that is,

where Xg(e?*) and X;(e’™) are, respectively, the real and imaginary parts of X (e?*).

(a) The magnitude spectrum | X (/)| is given by

[X ()] = / XE(edw) + XF(edv)

X (e79%)| = \/XB(e) + X3(e=7*)

Since X p(e?*) = X p(e= %), and X;(e?*) = — X r(e=7*), we obtain

|X (e=7%)| =
| X (e™7<)| =
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Since Xpg(e?*) = Xg(e™*), and X;(e’¥) = —X;(e™*), we obtain

|X(e™7)| = 4/ XR(e™) + XF(e?)
| X(e™)| = |X (™)

The magnitude spectrum | X (e’*)| is an even function of w.

" (b) We know that the Fourier transform X (e¢/*) is a complex function of the real variable w and can be written in

rectangular form as
X(e™) = Xp(e™) + iX1(e)
‘ Jjw
f(w) = £X(e) = tan~* [-—LI(E‘ ))]
£X(e™%) =tan~! [XI———
Since Xg(e!¥) = Xg(e™9¥), and X;(e/*) = —X;(e™¥), we obtain
o _ Xi(e?)
Juwy = 5
A X (e=1 ) =an { XR(ej“)]
X](ejw)

Xﬁ(ej“)J
£X(e77%) = —£X (&%)

AX (™) = —tan~! [

The above equation implies that the phase speetrum £X (/) is an odd function of w.

Q.6 a. A waveform x(t) =10+10sin(500t) is to be sampled periodically and
reproduced from these samples. Find the maximum allowable time
interval between sample values. How many sample values are required to
be stored in order to produce 2 seconds of this waveform?

Answer:

Ans. Given that
x(t) = 10 + 10sin(500¢)
The maximum frequency present in the given signal z(t)is

500
mar = — = 79.58 Hz
£ e 58 Hz

Therefore the Nyquist rate (minimum sampling frequency) is given by
fs = 2fmae = 159.16 Hz

Thus, the maximum allowable time interval between the sample values is given by
Ty = = 6,28 m sec.
s 8

The number of sample values required to be stored in order to produce 1 second of this waveform is given by

2 sec. ’
Number of samples = — = 318.5
MDEr O samples {)'.281[} 60, 5]

o0
b. A signal x(t) =sin(nt)/(xt) is sampled by s(t) = Zé(t— n/2). Determine
N=—o0
and sketch the sampled signal and its Fourier transform.
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Answer:

Ans. Let x4(t) be the sampled signal. Therefore,

S =g sm Z 6( _w\ Z sin (w%)a

n==—0Q n==—0o

Q.7 a  Show that for an LTI system, when the input is x(t) =e®0'u(t), the output

is of the form y(t) = H(s, )% u(t). How is H(s,) related to the impulse

response of the system?
Answer:

Ans. We know that the input and output of an LTI system is related by
gl = hit)+xt) = f h(T)z(t — T)dr
Py
= / h(’?’)c&"(t_T)dT
v —00

= GSOtf hirje="%"dr

— 00

y(t) = H(sg)e*"
where

H(sg) = fjﬂ h(r)e™*7dr = L'[h(t)]‘

5=8p

b. Determine the impulse response h(t) of a system having a double-order
poleat s=-a and azeroat s=-b, where a,b>0and b—a=B.Itis
also given that h(0) =2

Answer:

Ans. Since hi(t) of the system having a double-order pole at s = —a, and a zero at s = —b, we may assume that
H{(s) is of the form

> K(s+1b)
X6 =Grar
X(s) = Ks Kb

(s+a)? i (s+a)?
X(5) = K3G(s) + KbG(s)

where

G(s) =

(s +a)?
Taking its inverse Laplace transform, we get

g(t) = te™*u(t)
Also, because

X(s) = KsG(s) + KbG(s)
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Q.8 a. Apply the final-value theorem of z -transform to determine x(co) for the
1, if n is even

signal x(n) = {0 otherwise

Answer:

Ans. Given that

( {1 if n is even

0 otherwise

From the definition of the unilateral z-transform, we have

X =Y amzm= Y (1
n=0 n=0

n even

Substituting n = 2r, where r is varying from 0 to co, we obtain

Sy o, ey =
X(z):zz_:b:Z(z_z) —_‘1_3_21 ‘Z 2“(1""—3"2‘>1
r=0 r=l
From the final value theorem, we have
) = lim(1 - 2 1)X(2) = I =z
IE(OO & z:n% : = z—»nl 1 = 2"'2
1-77" 1 1

14271 =2

~ i =
T

b. An LTI system is characterized by the system function

Specify the ROC of H(z) and determine the impulse response h(n) for
the following conditions:

(i) The system is causal and unstable

(if) The system is noncausal and stable

(iif) The system is anticausal and unstable
Answer:
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Ans. Given that

3—4z7!
Hz)= ———— —
G =T 55115
_ dr -4
~ 22-385z+15
H(z) 3z—4
z  22-35:+15
= 3z-4
“(z-05)(z-3)
Using partial-fraction expansion, we obtain
Hz) 1 2
i b =1
z 2z
H(z)= +
(2) z2=05 2-3
1 2

= 1-06z1 s 1 —3z=1

This system has poles at z = 0.5 and z = 3.

(i) For this system to be causal and unstable, the ROC of H{(z) is the region in the 2-plane outside the outermost pole
and it must not include the unit circle. Therefore, the ROC is the region, |z| > 3.

Since the ROC, |z| > 3, is the region in the z-plane outside the outermost pole, all the poles correspond to causal
(right-sided) signals. Now, consider

1 2

) = T s

|z| >3

The inverse z-transform yields

h(n) = (0.5)"u(n) + 2(3)"u(n)

(ii) For this system to be noncausal and stable, the ROC of H(z) is a ring in the z-plane and it must include the unit
circle. Therefore, the ROC is the region, 0.5 < |z| < 3.

The pole of the first term is at 0.5. The ROC has a radius greater than the pole at z = 0.5, so this pole corresponds to
causal (right-sided) signal. Therefore,

=y
1-0521

The second term has a pole at z = 3. The ROC has a radius less than the pole at z = 3, so this pole corresponds to the
anti-causal (left-sided) signal, Therefore,

(0.5)™u(n)

2
—2(3]"u(—n = 1} —F m

and hence, we obtain
h(n) = (0.5)"u(n) — 2(3)"u(-n—1)

(iii) For this system to be anti-causal and unstable, the ROC of H(z) is the region in the z-plane inside the innermost
pole and it must net include the unit circle. Therefore, the ROC is the region, |z| < 0.5.

Since the ROC, |z| < 0.5, is the region in the z-plane inside the innermost pole, all the poles correspond to anti-causal
(right-sided) signals. Now, consider

1l 2

Bo)= 1-05z-1 i 1-3-1°

2| <05
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