Theoretical Computer Science Cheat Sheet

Definitions Series
f(n) =0(g(n)) iff 3 positive ¢, ng such that n n
0 < f(n) < cg(n) ¥n > no. 3= ”“ Y= ”*”f"“
f(n) =9Q(g(n)) iff 3 positive ¢, ng such that = =
F(n) > cg(n) >0 n > n. Inngeneral. §
fm)=6(gtn) | i f(n) = O(gw) and | D "=, " {(" LR DB (G AR
F(n) = Qg(n). = =
g 1
T - 1 & 1
Fmy = olg(n)) | by f0)/g(m) =0. | S im— L (m - )Bknmﬂ—'f.
i=1 m+1= k
lim a, =a iff Ve > 0, dng such that L . .
n—o0 lan — a| < €, ¥n > ng. Geometrlc Lsirles .
c" . c
sup S least b € R such that b > s, ZC ——1 > ¢*L ZC chzlic’ el <1,
Vs e S. =1
n+2 n+1 o0 )
inf S greatest b € R such that b < Zici = ne (n+ 126 + C, c#1, Zicl = 5 o < 1.
s,VsesS. i=0 (c—1) i=0 (1-c¢)
lim inf a,, lim inf{a; | ¢ > n,i € N}. Harmonic series: n g n (n+ 1) ( 3
n—oo n— oo n nn —
Hn = ) ZH? = n
liglj;l}p an nlLII;O sup{a; | i > n,i € N}. = ; 2 4
n n .
- : +1 1
I Combinations: Size k sub- H;,=(n+1)H, — ’ )Hl = (n ) (Hn —) .
() sets of a size n set. ; ey ! ; (m m+1 Tomtl
(%] Stirling numbers (1st kind): n n! " /n N n n
Arrangements of an n ele- 1. k)~ (n— k) 2. k =27 3. k) " \n_%&)
ment set into k cycles. k=0
4 n\ n(n-1 5 n\ (n-—1 n—1
{%} Stirling numbers (2nd kind): "\k)  k\k-1) “\k) k + k—1)
Pirtmttlor;s of an nt elentnent o (M\(™ _ (" (- k . i rk\  (r4n+l
set into k non-empty sets. S O L e W I R . 2 i = n ,
() 1st order Eulerian numbers: " "t 1 n , s ris
Permutations w7y ... T, on 8. Z ( ) = ( 1), 9. (k) ( k) = ( ),
{1,2,...,n} with k ascents. o\ m+ k=0 = "
n k—n—1 n n
) 2nd order Eulerian numbers. 10. k) = (_1)k( 3 )» 11. { 1 } = {n} =1,
Cn, Catalan Numbers: Binary n . n n—1 n—1
i i 12. =2"""—1 13. =k
trees with n + 1 vertices. {2} . {k:} { k }Jr{k:—l}’
n n n n n
14. =(n-—1)! 15. =n-1)H,_ 16. =1 17. >
T sl el [
n n—1 n—1 n n n " n 1 2n
18. =(n-1 19. = = 20. =n! 21. C,, = — ,
R o B e e R O Mo o)
n n n n n n—1 n—1
22, = =1 23. = 24. =(k+1 k
(6)=al0) =1 ()= (i) () =" )03
0 1 ifk=0 n n n+1
25. = ’ 26. =2"—-n-1 27. =3" - 1)2"
<k> {0 otherwise <1> e <2> (n+1) ( 2 )’

28. x":§<z><xzk) 29. <;> :é(nzl>(m+1—k)"(—1)’“,
31. <T7:L> :%{Z}(”;k)(—nnkmk!, 32. <<g>> =1,
sa. (1) =" ) ea- -0,
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Identities Cont.

S AR YRDIM B or: M A PR 9
w {2} (o o (1]
2. {m+£+1}_§k{nzk}7 43, {erTZJrl

w (2)-S{ Eeor

48.

(
w {," ]
T (QADE Mt

45. (n—m)!(;) _ Xk: [Ziﬂ{f;}(_l m torm s | P
s oL [ (e K AR PR B ol G I

wLuWT)§T

1)

}_ - k(nij)[nJrk} of the leaves of
k=0

El[n—k]|/n only if every in-
V4 m k] ternal node has 2

vertices
i edges.

} ( )(‘Um_kv Kraft

ity: If the depth

a binary tree are

do2h<,
i=1

+ n) {m +k } ‘
+k k]| and equality holds

sons.

Recurrences

Master method:
T(n)=aT(n/b)+ f(n), a>1,b>1

If Je > 0 such that f(n) = O(n'°82~¢)
then
T(n) = ©(n'*% ).

If f(n) = O(n'°& ) then
T(n) = O(n'°# *log, n).

If Je > 0 such that f(n) = Q(n!o8s ate),
and Je < 1 such that af(n/b) < cf(n)
for large n, then

T(n) = 6(f(n)).

Substitution (example): Consider the
following recurrence

T =22 T2, Ty =2

Note that T; is always a power of two.
Let ¢; = logy T;. Then we have
tz’+1 =2 + Qti, t1 = 1.

Let u; = t;/2%. Dividing both sides of
the previous equation by 21 we get
tiv1 2 17

i+l il T 9i

Substituting we find
Uiy = % + u;, Uy =

b

N

which is simply u; = i/2. So we find
that T} has the closed form T; = 22" .
Summing factors (example): Consider

the following recurrence
T(n)=3T(n/2)+n, T(1)=1L1.

Rewrite so that all terms involving T
are on the left side
T(n) —3T(n/2) = n.

1(T(n) — 3T (n/2) =n)
3(T(n/2) — 3T (n/4) = n/2)

3los2n=1(T(2) — 3T7(1) = 2)

Let m = logyn. Summing the left side
we get T'(n) — 3™T(1) = T(n) — 3™ =
T(n) — n* where k = log,3 ~ 1.58496.
Summing the right side we get

m—1 m—1 )
Y gy @)
=0 =0

Let ¢ = % Then we have

m—1 . o1
i
’I’Lizoc —n(cl )
_ 2n(clog2 n _ 1)

— 2n(c(k—1)logcn _ 1)

= 2nF — 2n,

and so T'(n) = 3n* — 2n. Full history re-
currences can often be changed to limited
history ones (example): Consider

i—1
Ti=1+) T;, Th=1
§=0
Note that )
Tin=1+) T;.
j=0
Subtracting we find

[ 1—1
Tipr—Ti=1+» Tj—1-Y T,
j=0 j=0
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Generating functions:
1. Multiply both sides of the equa-
tion by .
2. Sum both sides over all i for
which the equation is valid.
3. Choose a generating function
G(z). Usually G(z) = Y o0, z'g;.
3. Rewrite the equation in terms of
the generating function G(x).
4. Solve for G(x).
5. The coefficient of z* in G(x) is g;.
Example:
gi+1=29; +1, go=0.

Multiply and sum:

Zgi+lmi = ZQQﬂi + sz

>0 >0 >0

We choose G(z) = Y, 2"g;. Rewrite
in terms of G(z):

G@) — % = 2G(x) + le

T

>0
Simplify:
G(x) 1
. =2G(x) + -
Solve for G(z):
x
G@) = a2

Expand this using partial fractions:

G(x)x(1—22x1ix>

=z QZQi i—in

i>0 i>0

=) (211 — 1)t
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T~ 3.14159, e~ 2.71828, ~ &~ 0.57721, ¢ = 15 ~ 1.61803, b=1=
i 2t i General Probability
1 2 2 Bernoulli Numbers (B; =0, odd i # 1): Continuous distributions: If
1 1 _ 1 b
2 3 Bo=1,B1=—3, B = 6’B4__%’ Pr[a<X<b}:/ p(x) dx,
3 8 5 36_42738_ 307310 . . a . .
4 16 7 Change of base, quadratic formula. then p is the probability density function of
N X. If
5 32 11 log, & = llogasg’ b+ 2b —4ac Pr[X < a] = P(a),
6 64 13 . % ¢ then P is the distribution function of X. Tf
7 128 17 Euler’s numb‘if o P and p both exist then
8 256 19 €:1+§+-+ﬂ+1—zo+'“ .
n P(a) = p(x) dz.
x
9 512 23 lim (142)" = e
10 1,024 29 noee n -y Expectation: If X is discrete
1+ " <e<(1+1) _ _
11 2,048 31 = g(a) Pr[X =a].
12 4,096 37 1+ =e- S e oL g
’ n 2n  24n?2 n3 /)’ If X continuous then
13 87192 41 Harmonic numbel‘SZ E[ (X)] _ o (IE) (1‘) dl’i o (I) dP(I)
14 16,384 43 | 8 11 25 137 49 363 To1 7120 gl= | 9\wp -9 '
, 3, 67 127 60 20 140° 280° 25207 "
15 32,768 47 Variance, standard deviation:
16 65,536 53 Inn < H, <lnn+1, VAR[X] = E[X?] - E[X]?,
17 131,072 59 1
anlnn—l—’y—i-O(—). VAR[X].
18 262,144 61 n For events A and B:
19 524,288 67 Factorial, Stirling’s approximation: Pr[AV B] = Pr[A] + Pr[B] — Pr[A A B]
20 1,048,576 71 1, 2, 6, 24, 120, 720, 5040, 40320, 362880, . . . Pr[A A B] = Pr[A] - Pr[B],
21 2,097,152 73 " i iff A and B are independent.
n
22 4,194,304 79 n! = 27m(—> (1 +0 (—)) Pr[A A B]
23 8,388,608 83 Ackermann’s function and inverse: . f[ ] .
24 16,777,216 ]9 9i i—1 For ra;do}rjl \iarla;)(eb Xyand Y:
25 33,554,432 97 ali,j) =3 a(i—1,2) j=1 E[X -¥] = E[X]-EY],
2% 67,108,364 101 a(i—1,a(i,j—1)) i,j>2 if X and Y are independent.
27 134,217,728 103 a(i) = min{j | a(j, j) > i}. E[X +Y]=E[X] +E[Y],
X] = cE[X].
28 268,435 456 107 Binomial distribution: E[eX] = cE[X]
29 | 536,870,912 109 " Bayes” theoren:
0 | Lomaasa | o113 Pt ("“>p oAt P B] = o i PrIA
’ ) ’4 ’ | ' > i—1 Pr[A;] Pr[B|A;]
31 2,147,483,648 127 Z k( ) g = np. Inclusion-exclusion:
32 4,294,967,296 131

Pascal’s Triangle

1
11
121
1331
14641
15101051
1615201561
172135352171

Poisson dlstrlbutlon.

—A\k
Pr[X = k] = %

Normal (Gaussian) distribution:

E[X] = A

_ L ewe? _
p(ﬂ?) - \/%O'e ? E[X] = M-
The “coupon collector”: We are given a
random coupon each day, and there are n
different types of coupons. The distribu-
tion of coupons is uniform. The expected

number of days to pass before we to col-

1 i 1
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n n
Pr [\/Xi] =3 Prfxi] +
i=1 i=1
Moment inequalities:

Geometric distribution:
PrlX =kl = pd" . a=1—n.

Zn:(—l)kﬂ Z Pr{ A Xij]

k=2 1< <dg j=1

Pr(|X| > AE[X]] <

Pr[|X ~ EIX]| 2 A- 0]
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Trigonometry Matrices
Multiplication:
n
C:AB, Ci)j :Zaiwkbkd'
k=1
Determinants: det A # 0 iff A is non-singular. A
c
det A- B = det A - det B, Law of cosines:
n 2 2 2
¢ =a“+b*—2abcos C.
det A = Z H sign(m)a; (i *
- - Area:
Pythagorean theorem: ™ =1
C? = A% 4+ B2, 2 x 2 and 3 x 3 determinant: A 1p
a b = 216
Definitions: d ‘ = ad — b, = fabsinC,
sina = A/C, cosa=B/C, b 2 sin Asin B
a c _
csc'a:C/A, seca = C/B, d e fl=g b ; _3 Z JCC i Z b‘ = T osmC
_sina A __cosa B h i € Heron’s formula:
tana = =5 cota = — =7 9
cosa sina .
_ aei +bfg+ cdh
Area, radius of inscribed Ciﬁf};: - — ceg — fha — ibd. A= \/5-54"8p" 8¢,
%AB, S Permanents: 5= %(a +b+c),
A+B+C n 5= 5 —a,
Identities: perm A = Z H Qi (3)- sp=s5—b
T i=1 )
sinz = pr. cosT = secz’ Hyperbolic Functions Sc=8—¢C.
tanz — = sinz 4+ cos?x = 1, Deﬁnitions; ) i More identities:
cotx e’ —e e’ +e —
9 9 9 9 sinhe = —— coshr = —— Sin%:”lﬂ,
1+ tan® z = sec” z, 1+ cot” x = csc” z, 2 2 2
et —e™® 1
. - ) ) tanhe = ———, cschx = — , - 1+ cosx
sinz = cos (5 — x), sinz = sin(m — ), ewl—i—e z Sln{lw cos§ =1/ —5
sechx = , cothz = .
cosx = — cos(m — x), tanz = cot (5 — z), coshx tanh x tan & — /1—cosz
- Identities: 2 1+ cosa’
cotx = — cot(m — x), cscx = cot § — cot x, , ) ) , 1 — cosz
cosh” x — sinh”“x =1, tanh” x +sech” x =1, = ; )
sin(z £ y) = sinz cosy + coszsiny, :Ei
coth®z — csch®z = 1, sinh(—x) = —sinh z, ="
cos(x + y) = cosx cosy F sinwsiny, 14 cosx
tanz + tany cosh(—x) = cosh z, tanh(—z) = — tanh z, . 1+ cosz
tan(z ty) = ———, cot g =/———,
( v) 1 Ftanztany sinh(z 4+ y) = sinh x cosh y + cosh z sinh y, ) i cosx
cos T
t t 1 - -
cot(z £ y) = %7 cosh(z 4+ y) = cosh x cosh y + sinh x sinh y, sinz
' . cotx = coty . 5 tam o — 9sinh N _ sinz
sin 2z = 2sinx cos x, sin2r = ———, S 2% = 4SIMAOT COSD T, T 1 _cosz’
1+ tan?x 9 . 192 ix COb—a;w
cos 2z = cos? x — sin? x, cos2x = 2cos? x — 1, cosh 2z = cosh” z + sinh” z, sinx = %7
i
) : — o g — . .
cos2z = 1 — 2sinx, 0897 — 1 Ean2 x, coshz 4 sinhx = e”, coshx —sinhzx =e™%, I it 4 —iv
+tante (coshz + sinhx)"™ = coshna + sinhnz, n€Z, 2 74
tan 2z — 20T cot2z — =1 . - _ e
T 1_—tan2z’ T T 9cotx 2sinh” § = coshx — 1, 2cosh” § = coshx + 1. tanx—_@eiz+e,im,
sin(z 4+ y) sin(z — y) = sin? z — sin?y, et
0 sinf cosf tanf ... in mathematics = e2iw 4 17
cos(x + y) cos(x — y) = cos? z — sin? y. 0 o 1 0 you don’t under- ) sinh iz
Euler’s equation: T 1 V3 V3 stand things, you ST=TT
e = COS..Z‘ +isinz e =1 ° y y ’ just get used to cosz = coshiz,
_ ) - T % % 1 them. L
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Number Theory

Graph Theory

The Chinese remainder theorem: There ex-
ists a number C such that:

C =ry mod my

C =r, mod m,

if m; and m; are relatively prime for 7 # j.

Euler’s function: ¢(x) is the number of
positive integers less than x relatively
prime to z. If [[I", p{" is the prime fac-
torization of x then

Hpez—l L 1

Euler’s theorem: If a and b are relatively
prime then
1=a®® mod b.

Fermat’s theorem:
1= a”"! mod p.

The Euclidean algorithm: if a > b are in-
tegers then
ged(a, b) = ged(a mod b, b).

If TTi, p§" is the prime factorization of x

then
n e +1 -1

=>a=11"—

dlx o1 Pl

Perfect Numbers: z is an even perfect num-

ber iff z = 2771(2" —1) and 2" —1 is prime.

Wilson’s theorem: n is a prime iff
(n—1)'=—1mod n.

Mobius inversion:
1 ifi = 1.

0 if 4 is not square-free.

if ¢ is the product of

r distinct primes.

=Y F(d)

dla
a) = Z u(d)G(%).
dla

Prime numbers:

then

Inlnn

Ppn=nlnn+nlnlnn—n+n

+O(n)7
Inn

n n n n 2In
(Inn)2  (Inn)3

Inn

m(n) =

Inn

Definitions: Notation:
Loop An edge connecting a ver- E(G) Edge set
tex to itself. V(G) Vertex set
Directed FEach edge has a direction. ¢(G)  Number of compone
Simple Graph with no loops or G[S]  Induced subgraph
multi-edges. deg(v) Degree of v
Walk A sequence wvgejvy .. . egvg. A(G) M?X.Imum degree
Trail A walk with distinct edges. o(G) Mlnlmun‘l degree
Path A trail with distinct x(G)  Chromatic number
vertices. Xe(G) Edge chromatic number
Connected A graph where there exists G* Complement graph
a path between any two Kn Complete graph
vertices. K, n, Complete bipartite graph
Component A  maximal connected r(k,¢) Ramsey number
subgraph. . Geometry
Tree A connec'ted acyclic graph. Projective coordinates: triples
Free tree A tree with no root. (, 9, 2), not all ¢, y and 7 zero
DAG Directed acyclic graph. Y 2) Y '
FEulerian Graph with a trail visiting (z,y,2) = (cz,cy,cz) Ve #0.
each edge exactly once. Cartesian Projective
Hamiltonian Graph with a cycle visiting (z,7) (z,9,1)
each vertex exactly once. y=mz+b (m,—1,b)
Cut A set of edges whose re- T =c (1,0, —c)
moval increases the num- Distance formula, L, and L
ber of components. metric:
Cut-set A Ir.ummal cut. \/(£E1 —20)2 + (41 — %0)2,
Cut edge A size 1 cut.

k-Connected A graph connected with
the removal of any k — 1
vertices.

k-Tough VS C V.S # 0 we have
k-c(G-5)<]|S|.

k-Regular A graph where all vertices
have degree k.

k-Factor A k-regular  spanning
subgraph.

Matching A set of edges, no two of
which are adjacent.

Clique A set of vertices, all of
which are adjacent.

Ind. set A set of vertices, none of

which are adjacent.

Vertex cover A set of vertices which
cover all edges.

Planar graph A graph which can be em-
beded in the plane.

Plane graph An embedding of a planar
graph.

> deg(v) =

veV
If G is planar then n — m + f = 2, so
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. 1
lim [|:L'1 —zo|” + |y1 — yo|p] /v
p—00

Area of triangle (zo,yo0), (1,91)

and (22, y2):
%abs 1 —Zo Y1 —Yo _
T2 —To Y2 — Yo

Angle formed by three points:

Line through two points (g, yo)
and (x1,y1):

Area of circle, volume of sphere:

1
[|l’1 —zol” + [y1 — y0|p] /p7

(w2, yz)
4o

0,00 4 (z1,1)

(21, 91) - (22, 92)

cosf = 0l

r y 1
To Yo 1
z1 oy 1

=0.

A=nr?, V= %wr3.

If T have seen farther than others,
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T Calculus
Wallis’ identity: Derivatives:
7r:2~2.2.4'4.6.6.” d(cu) du dlu+v) du dv
133557 1. =c—, p L e
B for? cinued fracti ) dz dz dz de  dx
rouncker’s continued fraction expansion: . u v
g L) e dafy) _ o(3) —u(®)
1=1+ “Tdr ™ @ % Tdr > :
1 9y x x x v
24 —52
2ot 7. dficu) (Inc) “Z_u,
Gregrory’s series: v r
T _ 1,1 1.1 i
4 s3T5 -7 ta- d(sclinu) = su;l—u, 10. d(cc(l')su) ——sinuj—u,
x x x
Newton’s series:
1 1 1.3 11. d(tanu) = sec? U—, 12. d(cotw) = csc? ud—u,
Ty n : i dx dx dx d
© 2 2:3:2% 2452 13 d(secu) du 14 d(cscu) du
Sharp’s series: . dr = tanwu sec ua, . I = —cotwu csc ua,
1 1 1 1 d(arcsin u) 1 du d(arccosu) -1 du
1:7<1, 4 _ +) 15. = —, 16. = —,
3 } ) . x —u2dx x V1—u2dz
67 /3 31.3 32.5 3.7 d V1—u?d d 1—u?d
Euler’s series: 17 d(arctanu) 1 du 18 d(arccotu) -1 du
) dx 14 u2de’ ) dx 14 u?da’
2
E=ptgtyptptet 19 d(arcsecu) 1 du 20 d(arccscu) -1 du
Tk thtatitat L de uV/1—u? da’ S de uy1 —u? de’
%:1%_2%"‘3%_4%"‘5%_ 21.M:coshu—u7 22.M:sinhud—u,
dx dx dx dx
Partial Fractions d(tanh ) o du d(cothu) o du
23. = sech” u— 24, ———~= = —csch*u—
Let N(x) and D(z) be polynomial func- dx S dx e
tions of . We can break down d(sech v) du d(csch u) du
N(x)/D(x) using partial fraction expan- 25. —— = —sechu tanh U 26. — — = —cschu coth U
sion. First, if the degree of N is greater )
than or equal to the degree of D, divide 27. d(arcsinh u) — 1 d_“, 28. d(arccosh u) — 1 d_u,
N by D, obtaining dx V1+u2dx dx V2 — 1 dx
N(z) — Q(z) + N'(z) 29 d(arctanhu) 1 du 30 d(arccothu) 1 du
D(z) D(z) ) dx 1 —uZds’ ) dx w2 —1dg’
where the degree of N’ is less than that of . d(arcsechu) -1  du a9 d(arccschu) -1 du
D. Selcond, factor D(z). Uzefthe follow- : dr Tl 2 da’ : dr - lu[v/T + u2 dx’
ing rules: For a non-repeated factor: .
N (z) A N'(z) Integrals:
(x—a)D(x) x—a D)’ 1. /cudac:c/udam 2. /(u+v)dx:/udac+/vdac,
where ) )
A= N(z) . 3. /z”dx: "t o £ 1, 4. /fdlenx, 5. /ez dr = e,
D(z)]|,_. n+1 z
For a repeated factor: dzx dv du
N 6. Tr.2= arctan x, 7. ud—d:c =uv — vd—dx,
N(z) 3 A N'() T l’ x
_4\m = _ 4\m—k ’
(z —a)mD(z) k=0 (z —a) D(z) 8. /sinxdx = —cosuzx, 9. /cosxdx =sinx,
where

A = % LZ:’“ <Jl\;((g)]w—a

The reasonable man adapts himself to the
world; the unreasonable persists in trying

10. /tanxda: = —In|cosz|,

12. /sec:vd:r =In|secz + tanz|,

r —_—
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11. /cotxda: = In|cosz|,

13. /cscasdx =In|cscx + cot x|,
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Calculus Cont.

15.

17.

19.

21.

23.

25.

26.

29.

33.

36.

38.

39

40.

42,

43

46

4

50

52

4
54. /xQ\/aQ—xdezg(ZxQ—aQ) a? —x? 4+ FarcsinZ, a >0,

56

58

/ sin?(ax)dz

/5602 rdr = tanz,

/arccos Zdx = arccos £ —+/a? — 22, a >0,

i (a:c — sin(ax) COS(ax))’

16. /arctan dw =

18. /0052

z _a 2
rarctan £ — §In(a” +

(az)dz = 5= (az + sin(az) cos(

20. /CSCQl‘d.’E = —cotz,

1
2%,

/sinh2 zdx = §sinh(2z) —

/ arccosh %dx =

:ln(er a2+z2)

/dm
) Vet

/ dz 1

-1 z
U R S arctan <,

a >0,

— 1 x
=arcsiny, a>0,

/dm
) Va2

. /\/azzlszdx:% a2:|::132j:‘3—2
8/ dz 1 T
. — =—"In

ax2+bxr a |a+bz|’

. /%bxdmzh/a—l—bx—&—a/

N )
. /udaﬁ:\/a?—ﬁ—aln
x

x dx

* /a2—x2_
2 2

, /_de:ﬁux?_aln
m

a? — 12,

/arcsinh 2dr = warcsinh £ — /22 +a?, a>0,

x .
xarccosh — — v/x? 4 a?, if arccosh £ > 0 and a > 0,
a

1
——dx,
zva + bx

sinf" tzcosz n—1 cos" lxsineg n-—1
/sin"xdx =— /sin”_Qacd:r, 22. /cos”mdx = /cos"fzxdx,
n n n n
tan" "1z cot" g
/tan"xdx =7 " /tan"*Qxdx, n# 1, 24. /cot”xdm =-———7 " /cot"”xdm, n#1,
n— n—
tanxzsec” txz n—2
/sec”xdm = /sec”_2 xdr, n#1,
n—1 n—1
cotzesc™ ez n—2
/csc":cdx =— T 1 /csc"*2 zdr, n#1, 27. /sinh:z:dx =coshz, 28. /cosh:cd:v = sinhz,
n— n—

/tanhxdm = In|coshz|, 30. /cothxdx=1n|sinhx|, 31. /sechacdx = arctansinh z, 32. /cschxda; = In|tanh %

1

2,

34. /cosh2 zdx = §sinh(2z) +

T .
xarccosh — 4+ v/x? 4 a?, if arccosh £ < 0 and a > 0,
a

, a>0,

2 .
41./\/@2—x2dx:% a? —x? 4 SarcsinZ, a >0,

- 4 -
/(a2 — 223z = 2(5a° — 22°)Va? — 22 + 3% arcsin £, a >0,

dx 1 a+x dx T
44. —_— = —1 45. =
/a2—x2 %2 a—z| /(CLQ—Z‘Q)?’/Q a?va? — 2?2’
dx
ln‘x+\/a2:|:m2‘, 47./7:111‘95—}— 2 —a?|, a>0,
/22 — o2

49. /x\/aerxd:z: =

T
51. —d
/\/a—l—bx .

)

a++vVa? — x?
x

55. [

22 dx B
1/012_1,2

2 __ 42
59. /7vanadas

57.

a+vVa? + 22
T

7
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37. /arctanh Zdy = xwarctanh £ + % In|a® — 2|,

53. /x\/ a? — z?dr = —1(a® — z%)3/2,

)

35. /sech2 rdx = tanhx,

2(3bx — 2a)(a + bx)3/?

15b2
1, |VaiE- v
V2 [Va+br+a

)

a >0,

)

1

a

ot VE— 2

T

In

)

dx B
Vo=

2 .
—5Va? -2+ S arcsin = a >0,

= /22 — a? — aarccos

a

]

a >0,
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Calculus Cont.

62.

/ dx 50 63 dx Va?+a?
e arccos a . =
Va2 — @ I ’ ’ z2v/22 + a? T

d 2F 42 2, ,2)3/2
64./&:«/795%6&2, 65./L4admz¢w
xT

Va2 +a? 30213
1 2ax + b — Vb? — 4ac e 10
n , if b* > 4dac,
66 / dx _ b2 —dac  |2ax + b+ Vb? — dac
’ ax? +bx +c 9 9 b
arctan ar if b < 4ac,

Vdac — b2 Viac — b2’

1
—ln‘an—i—b—i—Z\/&\/axQ—l—bx—i—c’, if a >0,
/ - ﬁ
Vaz? +br+c 1 . —2ax —b

arcsin ——— if a <0,

v—a Vb2 = dac’

2 b dax — b? d
68. /\/ax2+bx+cdac: ar + ax? +bx +c+ ar / x ,
4a 8a Vaz? + bz + ¢

67.

zdx _ Var?+br+c /
vaxr? +br+c a 2a ) Var?+bx +c

_—lln 2y/cvax? +bx + ¢+ bx + 2¢
/ x ) e x ’
xvax? +bx +c 1 bx + 2c

arcsin ————— if ¢ <0,

V—c |z|v/b% — dac’
71. / 3Va2 +a2dx = ( %x f%a Y (22 + a?)3/2,

72. /x" sin(az) de = —Lz" cos(az) + 2 /x"_l cos(azx) dz,

69.

if ¢ >0,

70.

73. /x” cos(az) dr = 2" sin(az) — 2 /x”_l sin(ax) dz,

n ,axr
x"e _
74. /x"e‘“" dr = — %/m" Le dy,
a

1
75. /x” In(az) de = "+ ( n(er)

n+1 (n+1)2

/x (Inax)™™ Lde.

7

)

76. /x”(ln ax)™ dr = o (Inax)™ m
n+1 n+1

P xl = 2t
72 — 2 + gL = 2% — gt
3 = 23+ 322 + L - x§—3x§+xT
at = ot + 622 + T2 + ot = ot — 623 4 72? — 2t
ad = a® 4 1504 + 2503 + 1022 + 2t = 25 — 152% + 2523 — 1022 + 2*
2t x! ot = x!
x§: 22+ 22 = 2% — !
23 = x3 + 322 + 22! 23 = 3 — 322 + 22

7 P A 4w o aa
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Difference, shift operators:
Af(x)=fle+1)—f
Ef(z)=f(z+1).

Fundamental Theorem:

flx) = AF(2) & ) f(z)dx = F
ZﬂmM=iﬂn

Differences:
A(cu) = cAu, Au+v) = Au+ Av,
A(uv) = uAv + EvAu,

A(]]") = nrt— 1

A(H,) = a7, A@r) =27,
A(c®) = (e = 1)c7, A(:Z) = (m:il)'
Sums:

S eudr=cd udx,

S(u+v)dr = udx+ > vz,
S ulAvdr =uv — Y, EvAudz,

71+1

rtéxr = , x=Léx=H
m+1
>t b = 5, > () 0z = (%)

Falling Factorial Powers:
r=zx—1)---(zr—n+1), n>0,

22 =1,
1
= , n<O0,
(x+1)-(z+|n|)
o™ — g (g — m)

Rising Factorial Powers:
" =z(x+1)-(z+n-1), n>0,

1
Ty M
mn+m — Im(x + m)ﬁ.

Conversion: B B

2 = (—1)" (=) = (z—n+1)7
=1/(z+1)",

2" = (—1)"(—2) = (z +n—1)"
=1/(z—1)=2,

-2 (e

k=1 k=1
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Series

Taylor’s series:

f@) = fla) + (x = a)f'(a) + ——

Expansions:

1—an

1-a)?

ar 1
k—
T dar <1 —x)

sinx
CcOs &
tan™ "z

(L+a)

er —1

- (1—VI—1a)

Vv1—4x
1 1—+v1—-4x
\/1—490(

1 1
1—2

— T

2
<1n ! )
1—2x

N = =

v

i=0
=l+z+a?+a23+2*+--
=l4+cx+cx?+S23+---
=1l+a" 4z + 23" + -

=z + 222 + 323 + 42t + - -

=4+ 2722 + 373 447t -

1o+ a2+ ga° + -

1 1 1
:x+§x2+§x3+zx4—|—-~-

= Tr —

=1+z+22%+523+ -

=1+xz+22% 462+

=1+@2+n)z+ (T2 +- -

_SCJri«;xz+
1,2 ,3,3 114,
=¥+ 3r7 + 5%+

=z +a2%+22% + 324 + -
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1.,..3 1.5 1,..7
L T g

:C3_|_Ex4_|_...

I
NE

S
~. _l’_
3

=0
00

= HZI ,
=1
0o .
I
‘ 1
1=2
o)

= S:lelv
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i

Exponential power series:

[eS) CL‘i
7:
=0

Dirichlet power series:

Binomial theorem:

" /n
-3 (k) kg
k=0
Difference of like powers:

n—1
n n __ n—1-—k_ k
-yt =(r—y) ) @ Y.
k=0
For ordinary power series:

Alz) + BB(z) = Y _(aa; + by)a’,

i=0
00

7

= E Aj—kT,
i=k

Az) — Zf:_ol a;x’ B > i
ok - Z AitkT
i=0

oo

x) = E cta;x’,
i=0
oo

Al(z) = Z(z + a1zt
i=0

zA'(z) = Z ia;xt,
i=1
oo

[ A=y “ta,

i=1

oo
Z 2
= az;r

i=0

oo

—x) 7

= A2; 1%

i=0

Summation: If b; = Zj':o a; then

(z+y)"

A(z) + A(-

A(x) — 2i+1

B(z) = ﬁA(m).

Convolution:

Bx):Z

=0

i

Z ajbi_j

Jj=0
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Series
Expansions: o
1 1 > n+i 1" (i
1 n+i — n Za - = Za
s sy () () =R
— = n o0 i) nlzt
x zg{z]x, (e —1) :;{n} T
1 \" = [i]nla? 2. (—4)'Byz*
1 = t —
) -2l st =3 g
> 22(2% — 1)B, =1
o 1—1 7 _ -
tanx - ;( ]‘) (22)| ’ C(ZL’) - ; Z.x’
1 Ry a1 o)
(@) T (@) IR
1
¢(z) = H 1—p= Stieltjes Integration
b 0 If G is continuous in the interval [a,b] and F is nondecreasing then
o d(i
2 b
¢ (x) ; 7 Where (n) =2 g L / G(z) dF ()
> S(i exists. If a < b < ¢ then
coce-1) =3 where s(n) = 5,4,
=1 " /GdF /GdF /GdF
22n_1|B2n| 2n
¢(2n) = Wﬂ' , neN, If the integrals involved exist
b b
T :i(_l)i_l(lﬂ—?)Bzix” / (G(z) + H(z)) dF (z )—/ / H(z)dF(z),
sin — (2i)! ’
1—T—4z\" in(%—l—n—l)! ; /G /G ) dF(z /G()dH( )
il e it — AT )
2z — illn+i) ’
) [e’e) Qi/Qsin% ) / / G C F(x)) =C . G(x) dF(x)a
e’ sinx = Z Tfﬂ ) b
=1 / Glz) dF(z) = GB)F(b) — G(a)F(a) — / Flz)dG(z).
1-Vi—=z > (4i)! ¢
i St - Z : AR zt, If the integrals involved exist, and F possesses a derivative F' at every
x 5 160v/2(20)!(20 + 1)) point in [a, b] then
arcsinz \ ? > 47412 %
= —_— ™, G(z)dF (z G(z)F'(z
( x ) ;(i—l—l)(%—l—l)!x / /
Cramer’s Rule Fibonacci Numbers
T " 00 47 18 76 29 93 85 34 61 52
we Lave equations: 86 11 57 28 70 39 94 45 02 63
a1,1%1 +a1,222 + -+ + @12 = by 95 80 22 67 38 71 49 56 13 04 1,1,2,3,5,8,13,21,34, 55,89, ...
a2,1T1 + a2,2%2 + - + a2 Ty, = bo 59 96 81 33 07 48 72 60 24 15 Definitions:
73 69 90 82 44 17 58 01 35 26 Fi=F,_1+F,_3, F=F=1,
68 74 09 91 83 55 27 12 46 30 F ;= (_1)”—1Fi7
An1%1 + Gp2T2 + -+ AppTp = by 37 08 75 19 92 84 66 23 50 41 o PR
Lot A — 4 B be the col « (b). Th 14 25 36 40 51 62 03 77 88 99 ’ _(¢_¢)
het = (a;;) an | t‘?t et A m%m;j (t‘jl e 21 32 43 54 65 06 10 89 o7 78 | | Cassini’s identity: for i > 0:
t lere is a unique solution iff de # 0. Let A; be 42 53 64 05 16 20 31 98 79 &7 Pop 2 (—l)i
with column ¢ replaced by B. Then i+1i-1 i = :
x; = det A; ) The Fibonacci number system: Additive rule:
det A Every integer n has a unique Foik = FrFop1 + Fra Py,
representation By, =F,F,.1+F,_1F,.
Tmnrovement. makes strait. roads. hnt the crooked n=~FF 4+ F 4+...4+F MNalilatinn s smadnionn.
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