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6675 Further Pure Mathematics FP2
Mark Scheme

Question Scheme Marks
number
1. 58 *e | €€ |_nn B1
2 2
3 -22e¥+7=0 M: Simplify to form quadratic in e*. M1 Al
(3" -D(e*-7)=0 e = % e* =7 M: Solve 3 term quadratic. | M1 Al
1
x:lng(or—InS) x=In7 Al (6
6
H 2 2 2 H H . — — \/g
2. @) Using b® =a“(l—e“) orequiv.tofindeorae: (a=2andb=1) e=7 M1 Al
Using y? = 4(ae)x y® = 44/3x (M requires values for a and e)) M1 Al (4
(b)) x=-43 B1ft 1
5
3. p=£ s:jesi”‘” cosydy =™ (+k) M1 A1l
dy
(M mark may be scored by a full substitution method)
s=0at yw=0: k=-1 s=e" -1 M1 Alcso (4
(M mark requires a k, or use of limits)
4
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number
4 | Yo 2 Mo W 2 M1 AL
dx 1+ (x%) dx 1+(x%) dx 1+x
d’y  2@+x")-2x4x® [ 2-6x* M1
dx? (L+x%)? (1+x*)?
3
2\2
2]
X 2
p= - = a+1 M1 Alcso
o
dx?
3
=-242  (or 2V2) (or exact equivalent, e.g. \8, 22) Alcso (6
6

2" M: Quotient or product rule attempt. (Chain rule, if used, must be ‘good”.)

39 M: Attempt p with derivative values...
A: Correct derivative values (1 and —1) seen or implied by working.

Alternative: (involving implicit differentiation).

sec’ yj—y = 2X [M1 A1] (allow one “slip’ for M1)
X
2
sec’ yd ¥+d—y~25ec y(sec y tan y)d—y:Z [M1]
dx® dx dx

2
(or alternative e.g. d_y = 2XCc0s’ Y, SO d—Z =2c0s’ y + 2X- 2¢0s y(-sin y)ﬂ)
dx dx dx

Then marks as in main scheme (n.b. tany =1, sec’ y = 2).
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number
dy 2
5. () — =4sech“4x -1 Bl
dx
Put j—y =0 (cosh?4ax=4  coshax=2) M1
X
4x =In(2++/3) or 8x =In(7+4/3) or e =2++/3 or e =7+4./3 (tor+) | Al
X :%In(2+\/§) or x:%ln(7+4\/§) (or equiv.) Al 4
1 .
(b) y = —Zln(z + \/§) +tanh(....) (Substitute for x) M1
sech4x:%:\/1—tanh24x, tanh 4x:§ M1
V3 1 1
y=">-Jin(2+ J3) = Z{2\/5— In2+3)} * | A1 @3
7

(a) “Second solution’, if seen, must be rejected to score the final mark.

(b) 2" M requires an expression in terms of \3 without hyperbolics, exponentials
and logarithms.
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number
1
6. (a) LA B1B1
dt t dt
2 1\2
\/[1}] +£2t ?-J , = 1+2+12:1+1 or 11 M1, Al
t t ot t t
4 1 .
Length:I (1+—jdt:[t+lnt]1 =(4+In4)-1=3+In4 *) M1M1AL (7
1 t L1

2 1)? 1 1
(b)  Surface area = 27:[144\/?\/(1%) +(2t_2J dt (=8n_|;4(t2+t_2]dt} M1
3 4

;1
~ ) 2 ote | = (8n) (Ew)—(guj _ 1607 (53%} M1MLAL (4
3 3 3 3 3 ]

1

11

Note dependence of M’s.

(a) 2" M: Complete integration attempt. 3" M: Subs. correct limits and subtract.
(b) 2" M: Complete integration attempt. 3" M: Subs. correct limits and subtract.
In (b), missing 2 or xt or 2 throughout could score MO M1 M1 AO.

If 2 is there initially, then lost, could score M1 M1 M1 AO.
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hxdx = arsinh
7. Ix arsinhx x_—arsm X— J. M1 Al Al
3Wx2+1
3 3
{Xgarsinhx} = 9arsinh3 (or 9In(3+\/ﬁ)) Bl
0
Let u=x%+1 d—u=2x {uzzx2+1 2ud—u:2x} | M1
dx dx
1 1 T
I - Iu 11du:ij uz—u 2 |du Fj-(uz—l)du —M1
3 o : 6 3 i
uZ
3 —
2 1 3
L o0 _Lu M1
6| 3 3| 3
When x =0, u =1 and when x = 3, u = 10 [ ..... u=+10
10
1
1 ZL_Z | 20\/_ _ __zj M1 AL
6| 3 6
1
Area = 9arsmh3—g(l4\/— gj 9In (3+\/_)——(7\/_+2) *) Alcso (10
(10

Dependent M marks:

M: Choose an appropriate substitution & find :_u or ‘Set up’ integration by parts.
X

M: Get all in terms of ‘u’ or Use integration by parts.
M: Sound integration.
M: Substitute both limits (for the correct variable) and subtract.
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7. Alternative solution:
) dx
Let x=sinh@ — =cosh@ ——M1
de
szarsinh xdx = j&sinhzﬁcoshede H-M1
H 3
_ P'”sh 0}—J‘%sinh olcosh? 0-1)do M1 AL Al
esinh39 arsinh3
[ } = 9arsinh3 Bl
3 0
3
j Lsinho(cosh? 0 -1)do = | N0 _ cosng M1
3 3 3
3 —jarsinh3
1100 cosho 10*/_ T (—— J TM1AL
3| 3 1, 3

Area = 9arsinh3—% @+§Jz 9In(3+\/ﬁ)—%(7\/ﬁ+2) *) | Alcso (10

(10
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number

Scheme Marks

A few alternatives for: j

XS
dx
VX2 +1

(i) Let u=x? d—u:2x
dx
3
2
J e o[
1+u ou? 1+u
No marks yet... needs another substitution, or parts, or perhaps...
u 1
=Vl+U —— —M1
AJ1+u v1+u
Liiruau-t | M1
v g
3 1
%(1+u)2—(1+u)2 M1
Limits (0to 9) T M1
. : dx 1
(i) Let x=sinh@ — =coshd M1
deo
H 3
Ismh 9 cosh 9d0:_[sinh f(cosh? 6-1)d6 M1
cosh @
Then, as in the alternative solution,
3
J%sinh 6(cosh? 0 —1)d6 = %{COSh 9 _cosh 6’} M1
Limits (O to arsinh3) M1
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du 2
7. (i) Let u=tand —=sec" O —M1
déo
tan*0 2
f -sec Hdezjtan esece(sec 0—1)d0 —H—M1
secd
) sec® o |
= [ sec’ 6(secOtan 6)do - [ (secHtan 6)d6 = —secd M1
Limits (secezlto secezx/ﬁ) TM1
(iv)  (By parts... must be the ‘right way round’, not integrating x?)
u:xz,d—u:ZX dv__x , V=A1+X%° 1 M1
dx dx 1+ x2
x*4/1+ x? —JZX\/l—i- x* dx —H—M1
3
x° N1+ x° —%(x2 +1)5 M1
Limits -—M1
v) (By parts)
u=x° d—u=3x2 d_v:;, v = arsinh x No progress | MO
dx dx A1+ X2
3 2 _ 2
(vi) X X(x°+1)—x _ X(x“+1) X M1
V1+ x?2 V1+x2 VI+x2 A1+ X2
J'x\/1+ x? dx—f X dx H—M1
V1+x?
3 1
=%(1+ xz)i—(1+ xz)E —M1
Limits M1
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number
8. @ Jx” coshxdx = x”sinhx—Jnx”‘lsinh xdx M1 Al
= Xx"sinhx —nx"*coshx + n(n—l)J‘xnz cosh xdx M1
I, = x"sinhx—nx""coshx+n(n-1I_, *) Al (4
(b) 1, =x"sinhx-4x*coshx+12l, M1
I, = x*sinh x—4x® cosh x+12(xzsinh X — 2xcosh x+2|o) M1
(This M may also be scored by finding I, by integration.)
I =Icoshxdx:sinhx+k Bl
1, = (x* +12x2 + 24)sinh x, +(-4x® —24x)coshx (+C) ALAlL (5
©  [(x*+12x* + 24)sinh x+ (- 4x* — 24x)cosh x;
= 37sinh 1 — 28cosh 1 M: x = 1 substituted throughout (at some stage)| M1
a1 -1
=37 878 | _og &F° M1
2 2
M: Use of exp. Definitions (can be in terms of x)
- %(9e —65¢) Al @3
12

(b) Integration constant missing throughout loses the B mark.
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number
2 2
9. (a) X—2+M:1 b’x* +a*(mx+c)® =a’b’ M1
a b
(b2+a2m2)x2 +2a2mcx+a2(cz—b2):0 (*) Al (2)
(b) (2a2mc)2 = 4(b2 + azmz)az(c2 —bz) M1
4a*m?c? = 4a?(p’c’ —b* +a’m?c? —a?m?b?)
¢’ =b%*+a’m? *) Al (2)
(©) Find height and base of triangle (perhaps in terms of c). M1
2 2 hn2
0B =c [vb?+am’) and A0=S [: —“b“"mJ Al
m m
: ¢ b*+a’m? -
Area of triangle OAB = — = 5 M: Find area and subs. for c.| M1 Al 4)
m
2 2,72 2 2
(d) _b +a'm” _b" ., a
2m 2 2
2 2 2
L P S L S M1 Al
dm 2 2 m a
b>Ya) (a® )b
A=|—|—|+|— | —|=ab * Al 3
[ZJ@ (zj@ ) ©
—a’mc
(e) Root of quadratic: x = o7+ a?m? (Should be correct if quoted directly)| M1
+a‘m
Using m:E and ¢ =+b®+a’m?: x=—% M1 Al (3)
a
(The 2" M is dependent on using the quadratic equation).
14

S

(d) Alternative: b? +a’m? > 2bam (since (b—am)?>0) [M1]
b* +a’m?

2m
(e) Alternative: Begin with full egn. (b2 +a2m2)x2 + 2a2mcx+az(c2 —bz): 0.

In the egn., use conditions m = b and c=+b2+a’m? (=by/2) [M1]
a

>ab [Al] ...Conclusion [Al]

mplify and solve eqn., e.g. 2x% +2av/2x+a? =0 x= —%
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