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Review Exercise 2
Exercise A, Question 1

Question:

A circular flywheel of diameter 7 cm is rotating about the axis through its centre and
perpendicular to its plane with constant angular speed 1000 revolutions per minute,

Find, in ms™ to 3 significant figures, the speed of a point on the rim of the flywheel
(E]

Solution:

diameter =7 cm
Soradius =3 5com
ier =0035m m——mm | Find the radius in .
angular speed = 1000 reva/min
_ 1000x 27

1.6 o radianz/second |

Change the units of angular speed
to radians per second.

TTzing v =ren

1000 2o . | +— Tlze the formula connecting linear

speed and angular speed.

Sov=0035x%

=267ms" (3af)

So the speed is 3.67 ms™ (3 5.£) 1 CQuote answer to required
ACCUTACy.
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Review Exercise 2
Exercise A, Question 2

Question:

string is attached to a fized point A, The particle moves in a horizontal circle with

constant angular speed oo and with the string inclined at an angle of 607 to the
vertical, as shown in the diagram abowe. The length of the string 12 L.

a =how that the tension in the string 15 Zmg.

b Find eo interms of g and L. [E]

Solution:
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60°! 4+— Draw a diagram showing the
L p torces acting an F.

¥
mg

'

a R(T) « Eesolve vertically
Trostl —mg =10

me
= . 4— Make T'the subject of the
cos bl E i
e =g ormula.
b Eesolve Ei{+e)
TTzing the equation of motion:
Tonbl =me +— Tse Newton's 2nd Law F=ma with a=re°,
= where # 15 the radivs of the croular motion.,
Butr = fainé0°
= Tsin 60° = mal sin 60" — A
It
ml
_ 2mg 0 P
sz From the triangle ACF
=2 r=Lsin60".
L
= 2_g Substitute the value for Tfrom
L part a.
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Review Exercise 2
Exercise A, Question 3

Question:

A car mowes round a bend which 1z banked at a constant angle of 10° to the horizontal
When the car iz travelling at a constant speed of 18m 7, there is no sideways

frictional force on the car. The car 15 modelled as a particle mowing 1n a horizontal
circle of radius » metres. Calculate the value of # [E]

Solution:

+— Draw a diagram showing the forces
acting on the car — its weight myg and
the nortnal reaction &

R(T)
Roosll —mg =10
. R=_"8_
cos 10

Using F =ma horizontally gives  a———| TJse Mewton's Second Law.,
s w182

Eanl)=—=
F r
substituting for £ Tse the result in equation @,
2
—» ain 10 = gl
cos 10 »
2 1
i _ B — | smmu=tan10“
E* tan 10° cozll

=187 (35.5) or 190 (2 5.£)
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Review Exercise 2
Exercise A, Question 4

Question:

A cyclist 15 travelling around a circular track which 15 banked at 25° to the horizontal.
The coefficient of friction between the cycle’s tyres and the track 1z 0.6, The cyclist
toves with constant speed in a horizontal circle of radius 40 m, without the tyres
slipping.

Find the mazimum speed of the cyclist [E]

Solution:

4+— Diraw a diagram showing the
weight sz, the normal reaction &
and the fiiction acting down the
slope for maximum speed.

R(T)

Frosl2s —Fain2s—mg=0 D

R(c) .
2 | _ oy
Rsin25"+Fc0525"=mv G Tee F =mua Witha—T ima
40 horizontal direction.
Also F=06R - ——
s, Blept o 0k Gn By = Thalr.na}.nmum friction 1z B for
no slipping.
e R= g
cos25 —0.6s5in 25 ‘\

Make & the subject of the formula

Also in equation .
.

Risin 25" +0.6cos20") = —
40

, mglsin 25 +0 6cos 25) _ mo
" cos 25 —0.6sin 25° 47

+— Substitute into equation @.

(210 20" + 0. 6cos 257

vt =40g :
{cos 25 — 0610 257
= 580
v =241or 24
2 } Y i o hﬁ\ Make v? the subject of the
So mazimum speed1s 24 m T (25£) Earnial s nd abtan
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Review Exercise 2
Exercise A, Question 5

Question:

A light inextensible string of length 8/ has its ends fixed to two points 4 and B, where
Atz vertically above B A small smooth ring of mass # 15 threaded on the string. The
ring is moving with constant speed in a horizontal circle with centre & and radius 3/, as
shown in the diagram. Find

a the tension in the string,

b the speed of the ring.

¢ State briefly in what way vour solutions might no longer be valid if the ring were
firmly attached to the string. [E]

Solution:

Draw a diagram showing the weight
of the ring and the tensions of equal
magnitude 7.

F Y

mg
R(D)
Tand—mg =10
rama 8
sind - _ )
Simg B 1z an angle in a 3-4-5 triangle.
S
Tse Mewton's 2nd Law with
b Rie) v
2 a = 7 v ig the speed of the ring
T+Tcosd =10
3
3 o
. S _ e wesou
"T[1+5] e cosd =§ from 3-4-3 triangle.
Smg 8 _ m”
N T R S S UL
V= gl ubstitute value for T from part a.
v =, bgl — | -
Wlalee v the subject of the formula.

¢ The tensions could not be assumed to have the same magnitude.
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Review Exercise 2
Exercise A, Question 6

Question:

A metal ball B of mass w12 attached to one end of a light inextensible string. The
other end of the string is attached to a fized point 4 The ball B mowes in a horizontal
circle with centre & vertically below A, as shown in the diagram. The string makes a

constant angle & with the downward wertical and B moves with constant angular
speed ,,p'(Egﬁ:) . where k 1z a constant. The tension in the string 1z 3mg. By modelling &
as a particle, find

a the value of =,
b the length ofthe string. [E]

Solution:

Draw a diagram showing the
forces acting on the metal ball,

mg

k(D)

Zmgoosa —mg =0

3

Eezolve vertically and make o
e l the subject of the equation.

La =T0T

b R(e)
2

Zmgeina = mro

TTee Mewton's 2nd Law & =ma

with @ =re” .

= mrx 2gk

But » =1 '
utr=isina 4 Tlee AADE to express the radius

S Zmg =mlw 2gk 7 in terms of the length of the
_ 3 string { and the angle «.
2k
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Review Exercise 2
Exercise A, Question 7

Question:

A particle F of mass 0.5 kg 15 attached to one end of a light inextensible string of
length 1.5 m. The other end of the string 15 attached to a fized point A, The particle 13
toving, with the string taut, in a horizontal circle with centre & vertically below A4

The particle is moving with constant angular speed 2.7 rad 5™, Find

a the tension in the string,
b the angle, to the nearest degree, that A" makes with the downward vertical [E]

Solution:

4+— Draw a diagram. Let the tension
in the string be T and let the string
make an angle & with the
vertical

“‘_,‘; ¢

a r=15%:nn8
R (<) +— Let OF =r.

2

Tan8 = prew
=05%1 5508 %27

4+ Tlze Mewton's 2nd Law & =

with @ =re®

LT =546751

=55MN2:1)

L RCT) 4+—| Eesolve vertically.
Trosf-050g=10
L Teoosd =05g +— ZSubstitute the value for Tfound in
part a.
Socosd = 0.5g
54675
= [ 896

S8 = 26" (nearest degree)
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Review Exercise 2
Exercise A, Question 8

Question:

& particle P of mass m moves on the smooth inner surface of a spherical bowl of
internal radius ». The particle moves with constant angular speed in a horizontal circle,

which 15 at a depth %r below the centre of the bowl.

a Find the normal reaction of the bowl on F.
b Find the time for P to complete one revelution of its circular path, [E]

Solution:

4+—| Draw a diagram showing the
forces acting an the patticle F.
& is the angle between the
normal reaction and the
horizontal.

*+— Find & and use this to find &

R()

e
E= =2m
sin & 5
b E(—)
Reosd = mxe’ *— TIse Mewton's 2nd Law * F =’
= mircos&)e’ S 2 G 4
B with a = xee x—?r ut you do
2mg cosd = mr cos e’ not need to find this.
L 2g =t
w — 2_g
V7 4+——| Youshould learn this formula.
. . 2 r
Time to complete one revolution = —=2x [—
w 2g
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Review Exercise 2
Exercise A, Question 9

Question:

......

¥
B

A particle P of mass s is attached to two light inextensible strings. The other ends of
the string are attached to fized points A and B The point 4 i a distance & vertically
abowe B The system rotates about the line A8 with constant angular speed . Both
strings are taut and inclined at 607 to A8, as shown in the diagram. The particle moves
i a circle of radiusg »

a chow that » =§Fz.
b Find, in terms of a, 2. & and o, the tension in AP and the tension in 5P
The time taken for P to complete one circle 18 T

¢ Showthat T = %] . [E]
g

Solution:

PhysicsAndMathsTutor.com
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a i!
4+— Divide the equilateral triangle
into two right angled triangles.
i TIze trigonometry to express # in
) terms of f2.
5
p tan 607 = ¢
2
#
.o =—xtan &0°
2
A
i) LES = T

B

+— Draw another diagram showing
the forces acting on F.
Let 77 be the tension in AP and

T, be the tension in BF.
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R
Teosbl =L cosbl —mg =0
1 1
=h-=T=mg O
51T 5 =4
R«
T, sin 60° + T, sin 60° = mres’®

= i bt
a mzw

i.e.lﬂ+l?;=lmﬁzwg =
AR

4— TIze equation of motion & =ma

with a =re” .

Adding D and @ -

=olve the simultanecus equations
to find the two tensions.

T =wmg+ % b
Subtracting @ — @D
L= %mﬂzwz —mg

i
c Lell=w= f

2 h

=0 forall walues of oo so consider

the condition T, = 0.

b T=—""Ta«2x |—
73 2g

teT<m %
\ g

Tse T= 2—?? to find the time to
o

complete one circle.
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Review Exercise 2
Exercise A, Question 10

Question:

One end of a light inextensible string is attached to a fizxed point 4. The other end of
the string is attached to a fized point B, vertically below A4, where A8=4% A small
smaooth ring & of mass m is threaded on the string The ring & mowes in a horizontal
citcle with centre &, as shown in the diagram The upper section of the string makes a
constant angle & with the downward wertical and & mowves with constant angular
speed . The ring 15 modelled as a particle

a Show that o =§[1+51n5].

sin &

2g

b Deduce that w = ?

f3
Given that o= f g

¢ find, in terms of a2 and g, the tension in the string,

Solution:
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Draw a diagram showing the
forces acting on the ring.

Eesolve vertically.

Eesolve horizontally using
F =ma with a =re®, where
F=htan 8.

“Show each line of working as
there 1s a printed answer.

=1

a A
b -
I b
\'\

Y < \ R

B o T
E( «—
Tros8—mz =10

S Tees@=mg O PR
(<)
T+ Tsiné = mre’
EBut r=htan &
5 B oy B0 S

cosd cosd

qa g l+sinéd
e =2 _
Al san8
b As wf*=§[ : +1] and sind <1 so that —
sin & sin &

Lot w %xE P

2
S0 m i 5
h

Express o in this way, as it is
clear that when siné 15 a

maximum, ¢ 15 a minimum.

3
¢ Given o= -g
k

Then E[lfsmé‘]:B_g |
R\ =né h
Sol+snd =3anf = sinf =%

NG

L ocosd =—

and T =2—fmg orl 1omg

© Pearson Education Ltd 2C
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TTze the expression obtained in
patt a to find the angle &

From equation @ T = i

cosd
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Review Exercise 2
Exercise A, Question 11

Question:

e
& hollow cone, of base radivg 34 and height da, is fized with itz axzis vertical and

vertex I downwards, as shown in the diagram. A particle moves in a horizontal circle
with centre O, on the smooth inner surface of the cone with constant angular speed

fB
g_g . Find the height of T abowve I [E]
a

Solution:

PhysicsAndMathsTutor.com
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Draw a diagram showing angle
/ between the slant side and the axis of

the cone.

Also show the radius » and the height &

R(T)
Rena—mg =10

L Rsina=mg @O

R{<)
Reosa = mre’ 4————| Wse the equation of motion
F= ith & =re” .
Frosa =mrx8—g @ T
O
Divide equation (D by equation @
e call .
Then tana = mg + Srirg Use the result that tana = o |
Da COs
_ B
Br 3
9_‘1:E:>r=3_ / Tsze tan-:x=3 to obtain ».
B 4 2
s, f o DAL —] p |
tane 2 03 Tze tan-:x=§ to obtain A

The height of & abowe Fis 2a.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 12

Question:

A particle P of mass #2 15 attached to one end of a light inextensible string of length
2. The other end of the string 1z fized to a point A which 1z vertically abowe the point
' on a smooth horizontal table. The particle & remains in contact with the surface of

the table and mowves in a circle with centre & and with angular speed 1’? . where k15
a

a constant. Throughout the motion the string remains taut and LAPD =307 |, as chown
in the diagram,

a Show that the tension in the string 1z g

b Find, in terms of a, g and &, the normal reaction between & and the table.
¢ Deduce the range of possible values of &

ﬁ 2
The angular speed of F 1z changed to _g] . The particle F now moves in a
a

horizontal circle abowe the table. The centre of this circle 15 X
d Show that X 15 the mid-point of G4 [E]

Solution:

PhysicsAndMathsTutor.com
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a E(«<)
TTze equation of motion
Teos30° = mi2a cos 30"}[E] +— Let the tension in the string be 7
3a Tse F =ma with @ =re”,
o\ T:mea_ XE nOting that r=2ﬂ COSBU“.
i
3
b BT
R+Tsin 30" —mg =0 #+— Let the normal reaction be & and
R=mg— Ebngx 1 resolve vertically.
3 2
k
- fte
”g[ 3J
s
c bz B=0, 1—550 *— TIze the condition R =0 to find &
b3
d

*+— Let the newtensionbe T' and let

AF malke an angle & with the
herizontal,

PX =2acos8
Ri{+)
T'cos8 =mx2a cosé‘x[z—g]
0 A TJze F =z forthe new

LT = dme herizontal circular motion.
R(T)
T'sind—mg =10 4+— Find the expression for &

s T B L

Todmg 4

Ae AY =Z2asnd

M=2axl=la +—]

But AD = 2asin 20" =4
AN = %AO as required

© Pearson Education Ltd 2C
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Find the length: AY and AJ to

show the result which 15 asked.
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Review Exercise 2
Exercise A, Question 13

Question:

A particle P oof mass s 15 attached to the ends of twe light inestensible strings AF and
EP each of length /. The ends 4 and B are attached to fized points, with A4 vertically

abowe B and AR =§f, as shown in the diagram abowe The particle P mowes in a

horizontal circle with constant angular speed «o. The centre of the circle 12 the mid-
point of A5 and both strings remain taut.

a Show that the tension in AF is ém(ﬁmﬂ +4g1.

h Find, interms of w2, J, o0 and g, an expression for the tension in AP

¢ Deduce that o = 4_g [E]
3

Solution:

PhysicsAndMathsTutor.com
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4— Let the tension in AF be Tand in
EFbe 5

Draw a diagram showing the
forces acting

a R(T)
Trosf—Scosf—mg =10
mg _ dmg
cosd 3

LT=8=

Ir.l

I

From triangle AP cosd = E

4

Fie)
Teind +5sind = mres
= sl sin e

LT+ =i @

1 Alzo from triangle APO

, _ _ r=lsin8d.
Adding equations T and @ gives

Solve the simultanecus equation

2T = 4 g + il oo “
3 to obtain T first,

S %m(}?mz +4g)

b Subtracting (@ — (D gives

D8 — gl et _4m+g 4—— Alzo uge these equations to find &
1 3
LA = Em(?)fw —4g)
c As S0, 2 4_g as required. 4+— Asstring BF iz taut it 13 under
S tension and S =0

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 14

Question:

A rough disc rotates in a horizontal plane with constant angular velocity o about a

: : : : : : 4
fized vertical axiz. & patrticle P of mass a2 lies on the dizc at a distance ga from the

axis. The coefficient of friction between & and the disc 13 3 Given that P remains at

rest relative to the disc,
4

a prove that o < it
O

The particle iz now connected to the axis by a horizontal light elastic string of natural
length @ and modulus of elasticity 2mg The disc again rotates with constant angular

; ; : : : ; 4
velocity o about the axis and P remains at rest relative to the disc at a distance ga

from the amis,
b Find the greatest and least possible values of . [E]

Solution:

PhysicsAndMathsTutor.com
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R l
F -

i |

mg

R(T)

R—mg=0 . HE=mg
Eie)

F = mrep

5+

=m| —a jp

3

Az Fremains atrest F =y R

4 4 .3
LR —e BT R —m
[BJ 7] £

- g 59_8
20z

'

mg

o

]

Case 1 minimutmn value for e

T:2mg
a
Rl
T+F =mrod
dmg 3 da
L —— g = K —
3 s =4 3 e
1592
2 o SR
“HE T S
R
t
T —@—F

g

Case ii minimutm value for e

R

T-F =mrad,
2mg  dmg da .
'I PSS Y 2SS b me_ %
3 5 g fun
X 2 :i
T

© Pearson Education Ltd 2C
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; 2
Tse F =ma with a =rw” for
citcilar motion.

. ) "
The radius of the circular motion 18 —.

+— Fuhbstitute & =g and

s 4—._.__._____,___._———'—'_
xg da

F=m(§a]wﬂ inte FEuk.

Draw a diagram showing friction
acting towards the centre of the
tnotiet,

Casze 1 mazimum value for

Tse Hocke's Law T = % with
A=2mg, I=ua

and e=—-—a=

*
>

F=,uR=§mg, asin a.

Page2 of 3

This is the greatest possible value of .

Draw a diagram showing friction
acting away from the centre of the
citcular motion,

Thiz iz the least possible value of o’
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Review Exercise 2
Exercise A, Question 15

Question:

Oine end of a light inextensible string of length £ 15 attached to a particle P of maszs m.
The other end 1z attached to a fixed point 4. The particle 15 hanging freely at rest with

: . o . : _ fﬁ d
the string wertical when it 18 projected herizontally with speed ?g .

a Find the speed of P when the string 15 horizontal
When the string 15 horizontal it comes inte contact with a small smoeooth fixed peg
which iz at the point 5, where A5 1z horizontal, and AF <. Given that the particle

then describes a complete semi-circle with centre &,
b find the least possible value of the length AS. [E]

Solution:
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Conservation of energy:

1 =7
—m| = —u" |=mgl
2 [2 } ¢

-—(“—--

Conservation of energy
1
Em(uz —v*) = mgr

vi=uio2gr D

R T+mg= ﬂz
r

R ki 28
.

2
PRI

——Zmg
r
mgi
=—-3m
2 S

As Tzo:mé—g“?z Tng
P

Mg

e
&

2 least value of A8 15 -

o | e

© Pearson Education Ltd 2C
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Let w be the speed of F when the
string is horizontal

TTzing loss of kinetic energy =
gain in potential energy.

Let the particle move in a
semi-circle of radius #.

WWrite down an equation of
motion & =ma when the particle
1z at the highest point.

Substitute from equation @

TTze the value of u from part a.

Asthe string does not go slack T =0,
TTse this condition to find the least

possible value of the length A8

o | N
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Review Exercise 2
Exercise A, Question 16

Question:

One end of a light inextensible string of length / is attached to a fized point 4, The
other end 1z attached to a particle P of mass # which 15 hanging freely at rest at point
B The particle F 15 projected horizontally from B with speed 32/ . When AP makes

at angle & with the downward vertical and the string remains taut, the tension in the
string 15 T

a Show that ¥ =mg(1+3cos &)

b Find the speed of P at the instant when the string becomes slack.

¢ Find the mazimum height above the level of B reached by P [E]

Solution:

— {3gl)

Tze conservation of energy:

%m@ﬂ _v3) = mgl(l—cos &) +— T:e loss in kinetic energy = gain

in potential energy.
vt =t = 2gi(l—cos ) P =

= gl -2gl+2gices 8

_ 4 hake v* the subject of the
ie v =gl+2gicosd @

formula.
Eesolve along the string
2
T—mgcosd = v 4+ Tlze Newton's 2nd Law ¥ =ma
2
: ¥
_mgj-'-zmgjcosg WlthfI:? aﬂd .?"Z.E.
{
LT =mgl+3c0: ) _ 2 _
¢ Substitute v* from equation @,
h Fut T=10
Then 1+3cosfd =0=rcosd =—l 4+— When the string becomes slack,
3 T=0.
) 2 = T
Y gj+2gj[ 3J *+— ZSolve to find cozd and substitute
gl into equation @ to give v,
3
. v = E‘J
3

PhysicsAndMathsTutor.com
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4+—| The particle now moves as a projectile,
under gravity. Maxzimum height iz
achieved when the wertical component of
the velocity 15 zero.

Consider wertical motion

u=v},,v=0,s=k,a=—g

use v' =u’—2gh

Vi g 8 1 . — This 15 the height abovwe the point at
e ) : :
2g 3 xg e °g which the string becomes slack.
te h = ﬁ
27
T e e T O,
27 3 2

1e. maximum height above B 13 ﬂ . | Youneedtoadd /{1-cos&) to
27 obtain the height abowe 8.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 17

Question:

i

AN

A particle of mass w2 i3 attached to one end of a light inextensible string of length /£
The other end of the string iz attached to a fized point & The particle is hanging at the
point A, which iz vertically below O, It iz projected horizontally with speed 1. When
the particle iz at the point P, Z4A0FP =8 | az shown in the diagram. The string

oscillates through an angle @« on either side of OA where cosa= %

a Finduinterms of g and [,
When £ACF =8 | the tension in the string 13 T

b Show that T=m+?;g(9cosﬂ—4).
¢ Find the range of values of T [E]

Solution:
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a Using conservation of energy

]

Em = mgl(l—cosa)
gl
2
3 2 2gl
=" ol andy = |25
i Bg i =

b Eesolve along the string
2
T—mgcosd =WT @

Conservation of energy:
lmz —lmvg =mgi(l-cosd) @
2 e
2
ST =mgroos 8 +?m% —z2mg(l—cosd)

2
=3mgcos€+$—2m‘g

=m;f(9cosa—4)

¢ Mamimum value of T1is when =10
o= Smg

ma 3

Minimum walue of T1s when

cosd ==
Eﬂ:%
3
2mg £T£5mg
3 3

© Pearson Education Ltd 2C
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*+— Usze loss ofkinetic energy = gain

| Use Mewton's 2nd Law 7 =

+—— | State the range of values of T, as

i potential energy and substitute

COsoE=—.
3

]

) v
with @ =— and r=/{.
r

+— Tselesz of KE = gainin P.E

Page2 of 2

«—| Eliminate v* from equations @ and @ and

substitute the value for & from parta.

When #=10, cesd=1 which 1=
the mazimum value that cos8
can tale.

2. .
cosd= 3 15 the minimum value that cos&

can tale.

requested.
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Review Exercise 2
Exercise A, Question 18

Question:

) ST r”l m
¥

A smooth selid hemisphere, of radius 0.8 m and centre O, 15 fizxed with its plane face
on a horizontal table. A particle of mass 0.5 kg 15 projected horizontally with speed

um s~ from the highest point A of the hemisphere. The partticle leaves the
hemisphere at the point B, which iz a vertical distance of 0.2 m below the level of 4.
The speed of the particle at Bis vm s~ and the angle between Od and OB is &, as

shown in the diagram.
a Find the value of cosé&.

b Show that v* =588,
¢ Find the value of . [E]

Solution:

PhysicsAndMathsTutor.com
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Draw a diagram indicating the
lengths given in the question,

As AT 1z aradius, A0 =08m

AN =02m
But.:, ON=08-02
LR +— Tdentifyy the lengths of sides of

AOEN where BN is

OF 15 aradius, D8=08m Aiade et O

3

L cosd =% =" or 075
ng 4

b g — <+— Asthe particle leaves the

' hemisphere at B the normal

e reaction £=0.
o
Eesclve along the radius O0F8:

i an — | Use Mewton's 2nd Law 7 =
mgrosd = —=—— .
0.8 with ¢ =— .
LV =08gcosd=06g !

=5.88(3:f) pape s

This iz the answer printed on the
1 1 fuestion o give 32 f
C me 9.RBE— Emug =mgx 02

st =588-04g
o dio oy 4+—| Use gain in kinetic energy = loss
' =B in potential energy.
w=14

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 19

Question:

A smooth selid sphere, with centre O and radius a, 15 fixed to the upper surface of a
horizontal table. & particle P is placed on the surface of the sphere at a point A, where

4 makes an angle o with the upward vertical, and 0 <o = % . The particle is

released from rest When OF malkes an angle & with the upward wertical, and & is still
on the surface of the sphere, the speed of P 15w,

a Show that v = 2ga(cosa —cos &1,
iven that cosa= ; find

b the walue of 8 when F loses contact with the sphere.
¢ the speed of F az it hits the table, [E]

Solution:

PhysicsAndMathsTutor.com
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a Emvz = mzigcosa—acosd)

SV = 2galcosa—cos &)

b Eesolve along the radius

2
v

mgeoosf—RE=——and R=10

@
Sogoosd = 2gicosa—cosd)

3
=Zg| ——cosd
g[4 Cos ]

Soagcosd =3—g:> cos.:?:l
2 2

1.e.8 =600

¢ FromAte B

%mwﬂ =mgla+acosa)

3
St =2ea| 142
g 4
1
aesf TREP
2

© Pearson Education Ltd 2C
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Draw a diagram.

TTze gain in kinetic energy =loss in
potential energy.

When & losses contact with the
sphere the normal reaction £ =10

TTze Mewton's 2nd Law.

Substitute cosa=§ and find the

value of cosd.

Tou may use gain in kinetic
energy =loss in potential energy.

There are alternative methods
invelving projectiles, but this is the
shortest method.

Page2 of 2
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Review Exercise 2
Exercise A, Question 20

Question:

The diagramn shows a fized hollow sphere of internal radiueg @ and centre & A partticle
Fof mass e 1s projected horizontally from the lowest point 4 of a sphere with speed

ﬁ 7 ) . . :
Eag] It mowes in a wertical circle, centre &, on the smooth inner surface of the

sphere. The particle passes through the point B, which iz in the same horizontal plane

as (7 Tt leawes the surface of the sphere at the point ©, where OO makes an angle &

with the upward wertical

a Find, in terms of 2 and g, the normal reaction between F and the surface of the
sphere at 5.

b Show that 8=060".

After leawing the surface of the sphere, P meets it again at the point 4

c Find, interms of @ and g, the time P takes to travel from C'to A [E]

Solution:

PhysicsAndMathsTutor.com
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a Conservation of energy:

Tse lossin EE =gan nPE

When the particle 15 at 5, the
radius 15 horizontal use & =wma .

Lossin EE =gainin P E.

Page2 of 2

The normal reaction 15 zero at this point )

lmz = lmvz = gt |
2 2
i.eémx %—mgﬂ = %mvz o v* = 5 ga
Eesolve along radius +—
2
- -
&
. E
ie R=—m
5 =
1 Tega 1 5
b 5 T——mV =mga(l+cosd) D *+—]
Eesolving along radius
2 ]
mgcosd = i @

a
Eliminate I from equations (D and @

agrosd = ?%— 2gall+cosd)

S 3gacos 8= BE:B cosd =l
2 2
S8 =60

Consider motion in horizontal dechion.
Distance = @ sin 60°

Vo= Foosél’
A Tlmez = M
Frosblr

But I = agcos60° =%

SE=atan 607 + 22
2

_ [ba

E

© Pearson Education Ltd 2C
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-—

as the particle leaves the sphere.

Solve to find cos8.

.

The particle mowves as a projectile,

This comes from equation @ in
patt b,
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Review Exercise 2
Exercise A, Question 21

Question:

A trapeze artiste of mass 60 kg iz attached to the end A of a light inextensible rope 04
of length 5 m. The artiste must swing in an arc of a wvertical circle, centre O, froma
platform P to another platform O, where P00 12 horizontal The other end of the rope iz
attached to the fized point O which lies in the vertical plane containing P, with

P00 =120" and OF =30 =35m , as shown in the diagram.

Az part of her act, the artiste projects herself from F with speed J]_S mstina
direction perpendicular to the rope O4 and in the plane P00 She mowves in a circular
arc towards () At the lowest point of her path she catches a ball of tnass s kg which is
travelling towards her with speed 3m 5™ and parallel to 0P, After catching the ball,
she comes to rest at the point O

Ew modelling the artiste and the ball as particles and 1gnoring her air resistance, find

a the speed of the artiste immediately before she catches the ball,

b the value of #,

¢ the tension in the rope immediately after she catches the ball, [E]

Solution:

PhysicsAndMathsTutor.com
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= o
2 lwg - lm(.\jﬁjg 4— (Gain in kinetic energy =loss in
b : 2 potential energy.
Ti8 i e 3 . =mg x 31— cos 607
—- ¢yms"
1
v2=15+10gx5 +— Speedis Sms.
1e.v =28
b Let her velocity after catching the ball +— Consider motion after catching
the ball.
%Mmﬂ —0= Mg5(1-cos607)
vt =49 *—— Lossmm EE =Gan nP E

1e.ew="7

Then use C. LM when she catches the ball:

4— TIze conservation of linear

Before impact Bl Ei) momentum at the instant when

she catches the ball.
After impact

]
—=7ms "

CoB0xE -G = (60+m)x’
1e 480 —3m =420+7m

The 3m s~ is in the opposite

direction from the 8m s, 50 use
a tinus sign.

te &0 =10z
lLem =6
c
* *— Tlze Mewton's 2nd Law 5 = ma
where a =v—2.
ibg £

R(T)
72
T—fbhg = 66)(?

ie. T=132g or 1300 M (2 6.£)

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 22

Question:

E
1l m
) rd n

»
<30

¢

The diagramn represents the path of a skier of mass 70 kg moving on a ski-slope
ABCD The path lies in a vertical plane. From A to B, the path iz modelled as a straight

line inclined at 60° to the horizontal From Bto [ the path 13 modelled as an arc of a
vertical circle of radius 50 m. The lowest point of the arc B0 15

At B, the skier is moving downwards with speed 20 m 57 At D, the path is inclined at

307 to the horizontal and the skier is moving upwards. By modelling the slope as
smooth and the skier as a particle, find

a the speed of the skier at T,

b the normal reaction of the slope on the skier at O,

¢ the speed of the skier at [,

d the change in the normal reaction of the slope on the skier as she passes 5.

The model 15 refined to allow for the influence of friction on the motion of the skier,
e State briefly, with a reason, how the answer to part b would be affected by using
such a model (o further calculations are expected.) [E]

Solution:

PhysicsAndMathsTutor.com
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a Let the speed at Cbe vim s~

1
P
v =20% +50g = v* =830

v =30(2s£) Speedis 30m s

i 390

50
. R=1900(25f)

Mormal reaction 15 1900 MNewtons.

b TatC:R-mg=

¢ Consider motion O to [ Let speed of skierat Dbe com 7.

Then %mx%ﬂ—%mwz =g 20(1—cos30") ] Use loss of EE.=gain 1n

et = 890-100g(1—cos 307)
=759
Soop = 28(to 280
", Speedof Dis 28m s,

d EBefore: (N R

mg
R=mgcosbll’
After:

2
R—mgcoosbl = il

50
2
1. R =mgcoosbl’ e =0
2

| Changein X 222 _seni

ZSo change in normal reaction iz 560 I

—mvz—%mxmg=mgx50(1—c0560"} +— Gain in KE =lozs of

PE

]

1
TTse F =mx where @ = — .
r

1

PE

Eesolve perpendicular to the
slope at B just before the circular
motion and just as circular motion
begins.

e Lower speed at C = the normal reaction 1s reduced. 4 Starting ‘lower speed’ gives

© Pearson Education Ltd 2C
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the reason for the reduction in
normal reaction.
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Review Exercise 2
Exercise A, Question 23

Question:

A Viag

A particle P of mazs w18 attached to one end of a light inextensible string of length o
The other end of the string is attached to a point & The point A 18 vertically below O,

and (/A =a . The particle 15 projected horizontally from A with speed (f(3ag) . When

OF makes an angle & with the upward vertical through O and the string iz still taut,

the tenzion in the string is T and the speed of F 12 v, as shown in the diagram.

a Find, interms of @, g and &, an expression for v°,

b Show that T =(1-3coz Fmg .

The string becomes slack when F 15 at the point 5.

¢ Find, in terms of @, the vertical height of 5 abowe A

Lfter the string becomes slack, the highest point reached by P iz O

d Find, in terms of @, the vertical height of C abowve B [E]

Solution:

PhysicsAndMathsTutor.com
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a Conservation of energy:

%m}zg - Emvz =mga(l+cos &)

TTze loss of EE =gan inPE
v =agll-2cosd)

b Resolve v~ along radius:

2
pav
T+mgoosf=—
i

ST ={1-5cos8img

¢ Jse T=10_ then |:035=]

3
S height above A=a +lcz

| =

d Atpeint B, v° =]§ag

Consider wertical motion
(vsin &)° = 2gh

As |:055'=%,|:0529 =la.nd sin25'=§ —

§ lagx— =Zgh

(]
W | &0

= ia: or 0. 1484
27

© Pearson Education Ltd 2C
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Tze Mewton's 2nd Law & = ma
2
with & =2
F

String becomes slack when =10

Substitute into A =a(l+cos &),

This method considers motion
under gravity but the solution
could ke found using energy.
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Review Exercise 2
Exercise A, Question 24

Question:

A particle P of mazss m 15 attached to one end of a light inextensible string of length a.
The other end of the string 1z fixed at a point & The particle 15 held with the string taut
and OF horizontal It 15 then projected vertically downwards with speed w, where
3 T

ut = 5 g . When OF has turned through an angle & and the string is still taut, the
speed of F 15 v and the tension in the string 15 T, as shown in the diagram above.
a Find an expression for v* in terms of 2, g and &.
b Find an expression for Tinterms of m, gand &,
¢ FProve that the string becomes slack when &=210".
d State, with areason, whether P would complete a vertical circle if the string were

replaced by a light red
Lfter the string becomes slack, P moves freely under gravity and iz at the same level
as P when it 12 at the point 4.

ﬁ 3
e Explain briefly why the speed of P at A 13 3 gcx] :

The direction of motion of P at 4 makes an angle @ with the horizontal.
f Find 4. [E]

Solution:

PhysicsAndMathsTutor.com
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lmvz —%muz = mga sin &

2

vi=ut+2gasind

ga+lgasingd @

2|

Gain in K E =loss in P E from
conservation of energy.

Eadial equation:

]

_ Y
T—mgsind =—— '
@

TTse Mewton's 2nd Law in the
direction of the radius.

3
T =mgsin5‘+5mg+2mgsin5'

_ Smg

1+2an8
5 ( )

Put T =0, then sin5‘=—% so & =210" +—

When the string 15 slack T=10.

Setv=0in @ -—

. 3 .
Then sin& = _E .sonota complete circle.

To complete the circle v# 0
before reaching the top point.

1.e. Fwould not complete vertical circle.

Consider motion at start and at A:
nie change in potential energy =
fio change in kinetic energy

The particle began its motion at
the same level as & and thus at
the same level as A

3
sov=u=,l—ga
28

TWhen the string becomes slack

g 4 o 1 1
V= —ga al —— [F—ga
23 g 5 28

Itz horizontal component of velocity

Substitute sinf =— 5 from c into

the equation obtained in part a.

||1
L 60"
18 - et Cos

. . L ||3
When P reaches point 4, herizontal component of velocity is 5 g Cosg

- —

1'% cosg = %gacosﬁﬂ"

L]
=y
%
1]

There are a number of pozsible
tnethods but conservation of
horizontal component of welocity
1z direct and short

ied =73.2°(3ef)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 25

Question:

A particle 15 at the highest point A on the outer surface of a fixed smooth sphere of
radius @ and centre & The lowest point & of the sphere 15 fized to a horizontal plane.

The particle 1z projected horizontally from A with speed 2, where 2 < 1iIl'lic;tg) . The

particle leaves the sphere at the point O, where OC malkes an angle 8 with the upward
vertical, as shown in the diagram abowve.
a Find an expression for cosd in terms ofw, g and @

9
The particle strikes the plane with speed %J .
h Find, to the nearest degree, the value of & [E]
Solution:

PhysicsAndMathsTutor.com
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a lmvg —%mz =mgall—cozd)

Eeszolve in radical direction:
—R+mgrosd = ﬂz T

When particle leav{;s the sphere =10
Somgoosd = %%2+2mg(1— cosd)

2
S3cosd = u_+2
aE

2
: i
tecosd = —+—

dag

*— Jamnin EE =Loss nP.E

*— Mlake cosd the subject of the

4— TIze equation on motion & =

Put =0 and eliminate v*.

formula.

b Conservation of energy between C and the ground

1 (9 1
Em[%} —Emvg =mgail+cosd)

Putting &£ =0 into equation T gives
v =agcosé
9 1
5 Eag—gag cosd = ag+agcosd

: %ag =§agcos$‘

‘ cosd =—

S0 & =734 (nearest degree)

© Pearson Education Ltd 2C
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*+— Give & to the nearest degree.

+—| Energyis the most direct method,
though you could use projectiles,

T Findan expression for the velocity

when the patticle leaves the sphere.

g

Substitute v* into the energy
equation to find cosd .

Page2 of 2
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Review Exercise 2
Exercise A, Question 26

Question:

Part of a hollow spherical shell, centre & and radius a, s removed to form a bowl with
a plane circular ritn. The bowl 15 fized with the circular rim uppermost and horizontal
The point A 15 the lowest point of the bowl The point & 15 on the rim of the bowl and
LAOQE =120° | as shown in the diagram above. & smooth small marble of mass w2 12
placed inside the bowl at 4 and given an initial horizontal speed 1. The direction of
motion of the markle lies in the vertical plane AQE The marble stays in contact with
the bowl until it reaches B "When the marble reaches 5, its speed 13 v

a Find an expression for v°,

b For the case when u* =6ga , find the normal reaction of the bowl on the marble as
the marble reaches 5

¢ Find the least possible value of & for the marble to reach &

The point T 15 the other point on the rim of the bowl lying in the vertical plane 045

d Find the value of w which will enable the matble to leave the bowl at & and meet it
again at the point [E]

Solution:

PhysicsAndMathsTutor.com
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a lmug —%m'vg = mgall+cos 607) *+— Lossin EE =Gain inP.E

2

Vi=pi-3ga @

b Eesolve naradial dwection: |, R ___ B
180, -7 1\ 1 Use equation of motion: 7 =ma
a o mg | _ 2
R+mgc0560"=£ Z with @ =— .
a F
When u® =6ga. v =3ga 4\\
Use equation .
L R= 3mg—%
i . Substitute into equation @,
e R=—>=
2
4— The least value for u will enable
. g il particle to teach &, but to leave
c R=Uatp01ntB:>?=T the surface at B, s0 R=0.
=y = %
. * Tse equation (D,
2= =u*-3ga
2
=
2
d — : . i
/ N\ p +— Consider motion of a projectile
C 5 . I under gravity.
dd 2 a
Y 2

(=18 to Civeos 60" wi = a«ﬁ

g a3
Vv 4— First consider horizontal
component of motion

(MBto C:0 =vsin 60"1‘.—1562
2

_ 2vein 607 vﬁ *+— Then consider the vertical

componett.
g &
. Za«E = _v”‘E = =2ag +— Equate the two expressions for ¢
¥ £ and find v*.

', From @, 4* =lag , ie u=.0ag

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 27

Question:

A uniform solid 13 formed by rotating the region enclosed between the curve with
equation ¥ = JJ_E the x-axis and the line x=4, through one complete revalution about
the x-axiz. Find the distance of the centre of tnass of the solid from the origin O [E]

Solution:
?r‘[ygx dx +— You should learn this formula
T=—%
2
wjy dx . Substitute y = fx into the

formula.

= +— Integrate the numerator and the
-ﬂ"[ x dx denominator.
0

|:1 3:|4 , 4+— Evaluate and simplify.
— X

. The centre of masgs of the solid iz at a distance § from O

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 28

Question:

A o ¥

A toy is formed by joining a uniform solid right circular cone, of base radius 37 and
height 47, to a utuform solid cylinder, alse of radius 3r and height 47 The cone and the
cylinder are made from the same material, and the plane face of the cone coincides
with a plane face of the cylinder, as shown in the diagram. The centre of this plane
face 15 O

a Find the distance of the centre of mass of the toy from O

The point A lies on the edge of the plane face of the cylinder which forms the base of
the toy. The toy 15 suspended from A and hangs in equilibrium

h Find, in degrees to one decimal place, the angle between the axis of symmetry of
the toy and the vertical.

The tov 1z placed with the curved surface of the cone on horizontal ground

¢ Determine whether the toy will topple. [E]

Solution:

PhysicsAndMathsTutor.com
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Page2 of 3

a
Distance )
of +—— Let p ke the mass per unit
=hape Mass Ma_ss centre volume.
rat1o
of tnass
from @ | «——— Set out table — downward from O
Cylinder | 36mpr’ 3 ar 13 positive here.
Cone 12mor —r
Toy 4 8mor’ 4 x
. s -—|
CHION BT TG~ Centre of mass 1s S_r below point
. 4
T4 * on the figure.
h A 4} . :
_/,/"-"x.r/' — Tn AACY | AX s the radius 3r of
/e i"x the cylinder and . is the centre of
i 3 the base of the cylinder.
A -
A tical
Sy . QX =0X -0G.
tand = —
24
tan 8 = iia —
Py
3
dr— 3
4
12
11
4+— The question asked for the angle

tan o = 2 from AFOR

A
tan ¢ = ﬁ =ﬁfrc-m AEOY
g 3r
OF 3 Gp

S = aor=2
> 4 4

But OG:ST: so Q0= OF

This means that the toy will not topple.
© Pearson Education Ltd 2C
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to 1 decimal place.

The toy will not topple if 7 (the
centre of masz) iz vertically abowe
apoint between B and I

Let ¥be the point directly above B
oty the axis of symmetry of the toy.

Then if FiF=FF toy will not
topple.
e, Q&= O0F —notoppling.
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Review Exercise 2
Exercise A, Question 29

Question:

@ "

A uniform selid cylinder has radius 24 and height Ecx. A hemisphere of radius a 13

removed from the cylinder. The plane face of the hemisphere coincides with the upper
plane face of the cylinder, and the centre & of the hemisphere iz also the center of this
plane face, as shown in the diagram abowe The rematning solid 15 .5

a Find the distance of the centre of mass of 5 from &

The lower plane face of S rests in equilibrium on a desk lid which 1z inclined at an
angle & to the horizontal. Assuming that the lid 15 sufficiently rough to prevent S from
slipping, and that 5 1z on the point of toppling when &=,

b find the value of .

iven instead that the coefficient of friction between 5 and the lid 15 0.8, and that & 13
ot the point of sliding down the slide when 8=7,

¢ findthe value of A4 [E]

Solution:

PhysicsAndMathsTutor.com
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a
Dnstance of
Shape Mass Mgss centre of
ratios mass from
i
' af 3 S sl
Cylinder mo(2a)| —a & —a raw a table giving
2 4 tmass ratios and
Hemi- 2 3 2 3 distances.
sphere = i 7 ga
2 16 7
Eemainder | mo |:6.:z3 _— 43:| 5 P

Tale moments and find x| the
distance of the centre of mass

from &,

HEa2P i (3£}
64

1 Draw a diagram showing &, the

position of the centre of mass,

above o

On the point of toppling: & 15 abowe 5 —
the lowest point on the bottorm circular face,

Let X be the centre of the base of
the cylinder.

Dyraw a diagram showing the
forces acting on the solid

Eesolve perpendicular to and
parallel to the plane

TTze the condition for sliding that

e P
tan o =—G—m=m +—
64
c g . |
B R—mgroos =10
SR =mgoos A
Bl F—mgsinf =10
L F = mgsin 8
Tsing F = uF mgsin f = 0 Bmgcos A
Sotan =08 "
S0 =287

F=uk.

© Pearson Education Ltd 2C
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Exercise A, Question 30

Question:

£ I

; : ; : 1
The shaded region X iz bounded by part of the curve with equation y= 5 (x—2)%, the
x-axis and the y-axis, as shown abowe. The unit of length onboth axis 1z 1 cm A
uniform solid & is made by rotating X through 3607 about the x-axis. Taing
inte gration,
a calculate the volume of the solid 5, leaving vour answer in terms of o,

s ol .
b show that the centre of masz of 512 = ot from its plane face.

Hem

4om I £

r k.
| B

A tool iz modelled as having two components, a solid uniform cylinder O and the solid
& The diameter of O 12 4 cm and the length of O iz B cm. One end of & coincides with
the plane face of 5 The components are made of different materials. The weight of &
1z 10/ newtons and the weight of 515 28 newtons. The tool lies in equilibrium with
itz axis of symmetry horizontal on two smooth supports A and B, which are at the ends
of the cylinder, as shown above.

¢ Find the magnitude of the force of the support A on the tool [E]

Solution:
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-

Substitute y= 12 (x=2)° into

equation.

Use lirnits 0 and 2 as
y=0=x=2

Use the standard formula,

Tse a substitution

u=x—2,%=l and x=(u+2)

Change the limits of integration.

-

The centre of mass lies on the
axis of symmetry at a distance

%cm from the plane bagse.

Let the reaction at A be A, and at
Eke B

Take moments about B to
eliminate the force 5.

This 15 the force of the support A
on the tool
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Question:

[ T,

h

[

A child's toy consiats of a uniform solid hemisphere attached to a uniform solid
cylinder. The plane face of the hemisphere coincides with the plane face of the
cylinder, as shown inthe diagram abowe. The cylinder and the hemisphere each hawve
radiuz » and the height of the cylinder is & The material of the hemizphere iz six times
as denze az the material of the cylinder. The toy rests in equilibrium on a horizontal
plane with the cylinder above the hemisphere and the axis of the cylinder vertical.

a Show that the distance o of the centre of mass of the toy from its lowest point & 13
i+ 20 457

20k +4r)
When the toy 12 placed with any point of the curved surface of the hemisphere resting
on the plane it will remain in equilibrium.

b Find % in terms of r [E]

givenby J =

Solution:
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Distance of

M (O 4rx%r+}z[g+r] = (dr+i)%

2

E:r"2+—+:r"}z
e 2
dr+k
2 2
Soai'=;g +2hr+or

20k +4r)

h Az x=r

B D507 = Ok Ar) e |

le h?+2hr+50% = 2rh + 877

b =3t

1e & =\.'§r
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=hape Mazs Idass ratio | centre of mass
from O
Heinidnhirs Emj &5 47 5_’" + Diraw a table showing
3 d masses and position of
: 5 A centre of mass.
Cylinder mrihp o 5+r
Toy ardolde + k) dr+h x

Tse moments equation and make
% the subject of the formula.

The centre of mass must be at the centre
of the hemisphere, so X =r.

=Solve the resulting equation to
give k in terms of 7

Page2 of 2



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 32

Question:

h

A medel tree iz made by joining a uniform solid cylinder to a uniform zolid cone made
of the same material The centre O of the base of the cone iz alzo the centre of one end
of the cylinder, as shown in the diagram. The radius of the cylinder iz » and the radins
of the base of the cone 18 27 The height of the cone and the height of the cylinder are
each 4. The centre of mass of the model 15 at the point (7.

a Zhow that OCF=i}'e.
14

The model stands on a desk top with itz plane face in contact with the desk top. The
o o . . 7
desk top 15 tilted until it makes an angle o with the horizontal, where tan o= TS The

desk top 13 rough enough to prevent slipping and the model 15 about to topple.
b Find » interms of & [E]

Solution:
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a
Position — .
. +— The centre of mass lies
o M M . distance of b < of
ape ass ass ratio bR on the axis of symmetry.
from O
s
Cylinder prrih 3 +— «———| Draw atable showing masses
3 i and positions of centre of
Cone = pr(2rh 4 i tnass.

3 4

2 4 =

Tree Arrh 1+§ 7 x

A Fd i _
UM(U):BXE—éle:?x +—| Take moments and let 0F=%.
%—k =7%
2

.
7 x -
14

Draw a diagram showing &
directly abowe &) the lowest point
of the base of the cylinder.

Enlarge AGEY | where X is the
centre of the circular base.

; F 7
ah o = = —
k_i 26
14
T 13k
=i *— Tlze tan o to find 7 in terms of 4.
264 14
r=-h
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Question:

3
oy r X

The diagram shows the region & bounded by the curve with equation ¥* =rx, where »

1z a positive constant, the x-axis and the line x =7 A uniform solid of revalution 5 iz
formed by rotating & threugh one complete revolution about the x-amis,

a Show that the distance of the centre of mass of 5 from & 13 %r.

The solid is placed with its plane face on a plane which 1z inclined at an angle o to
the horizontal The plane is sufficiently rough to prevent 5 from sliding. Given that &
does not topple,

b find, to the nearest degree, the mazimum value of o, [E]

Solution:
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a The centre of mass lies on the axis of symmetry
A& Letthe distance of the centre of mass of &

from O'he X and let it be at point &

;r-[yg xdx 44— Tlze the standard formula.
Tse ¥ = ——=———
2
d Jy dax ¢ Substitute ¥* = rx into the
formula.
+—| Integrate numerator and
denominator,
4— Cubstitute the limits ¢ and #~
b G — Diraw a sketch showing (&
o ::r 3%‘] vertically abowe the lowest point
______ . of the plane face.
N -— - X

- Show an enlargement of AGEN
tat ot = —— GY =0X - 0F
i
=r- 2r
=r+lr 3
3
=3

S =12 (nearest degree)

© Pearson Education Ltd 2C
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Question:
= -l — F -
# "
- )
b, [ RO I
/- Ty

An orI;;mﬁnt 15 formed by removwing a solid right circular cone, of radius » and
height %}3, from a solid uniform cylinder, of radius » and height », as shown in the
diagram.

a Show that the distance of the centre of mass &5 from its plane face 1z Ek.

The ornament 15 suspended from apoint on the circular rim of itz open end. It hangs in
equilibrium with itz axis of symmetry inclined at an angle « to the horizontal. Given
that A =4r,

b find, in degrees to one decimal place, the value of o [E]

Solution:
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a
Mass Distance of
=hape Ilass : centre of mass
ratios
frombase
Fi
Cylinder norh ! 2 < Draw atable showing masses and
i 4 [ P J ; i position of centre of mass on axis
Shor | = of symmetry,
c = ]2 yrametry
ofle 3 2 c 4[ 2]
3 4 5 o
Crmament —marth —
& 5 i
Take moments about <, centre of plane base:
k21 7k oS- =
k=¥ —=—x 4— Take moments and solve to find ¥,
2 6 B 6
5=k Th
R
& 2 48
17k
48
e AR S A3B 6 1R
W x = _+_=_x_=_

48 6 48 5 40

h o _ _
~ L 175 +—| Draw a diagram showing the
$ . : _ k_ﬁ centre of mags & below the peint
A halree = - of suspension.
h=17h
( 10 ) ofi  Alsok =4r
G 23 1 Use tana and inverse tan to find
—=x4r the angle o .
. tana =20 B
»
=273
o =660 (1dp)
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Exercise A, Question 35

Question:

YA B

A child's tov consists of a uniform solid hemisphere, of mass M and base radius »,
joined to a uniform solid right circular cone of mass me, where 2m < M . The cone has
vertex O, base radius » and height 37 Its plane face, with diameter AF, coincides with
the plane face of the hemisphere, as shown in the diagram abowve,

300 — Zma) :
(M +m)
The toy iz placed with O4 on a horizontal surface. The toy is released from rest and
does not remain in equilibrium.

b Show that M = 26w [F]

a Show that the distance of the centre of mass of the toy from A5 15

Solution:
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a
Distance of centre
Shepe haas of mass from A8
2
Hemisphere A + gr
T 4+—— Draw atable showing mass and
Cone o ™ distance of centre of mass from
AE.
Toy pr 4 M %
LA AR
(s + M) T = +§Mr —%mr +— Take moments about A5
= %— {(2ez 4+ M)
T = M, +— Make X the subject of the
BM +m) formula.
where the centre of mass 15 on the azis of

symmetry at a distance ¥ from A8 in the
direction away fom O

*+— Draw a diagram with point 2 on the
axziz of symmetry above point B

*+— This 15 the condition for toppling.

Ezxpress O in terms of 7.

B ) ! 3r +— Substitute and express M in terns
Le 9(M — 2w = BM +m) of wz.
DM E2Em

© Pearson Education Ltd 2C
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Exercise A, Question 36

Question:

Tze integration to show that the centre of mass of a uniform semi-circular lamina, of

; . ; e : . : . w x
radius @, 15 a distance o from the mid-point of its straight edge, & A semi-circular
T

lamina, of radius & with £ as the mid-point of its straight edge, 1z removed from the
first lamina. Show that the centre of mass of the resulting lamina is at a distance x
4 (a* +ab+b*)

I (a+h)

Hence find the position of the centre of mass of a uniform semi-circular arc of

radius a. [E]

from & where T =

Solution:

PhysicsAndMathsTutor.com
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The centre of mass lies an the x-axiz from symmetry.

An elemental strip of area 15 2vdx
ijxp:Ex

T ijyEx

1
Substitute y="(a" —x*)? into the formula for T .

The boundary of the semi-circle has equation z° +3° =4 0<zx<a

1
pjﬂ2x(az — 97 dx 4+— The denominator 15 the area of semi-
;=L 3 . : ) ol
pxﬂ circle times o 1e. pr.
2
] (3
= iﬁ _E(aﬂ —xhH2
T 3 +— Integrate using the reverse of the
chain rule,
= E ¢ = I:a3:|=j—a, as recuured.
e Fig
. Distance of
=hape Mass et centre of mass
mass
from &
=emi-circle 1 4 5 4_a:
radiug a Egﬂa i 2 ¥ Draw a table and complete
S with mass ratios and distances
Semi-circle l 2 B2 ﬁ £ £ f 0
radius b 23"?3' i of centres of mass from &
Remainder | —mola® —&%) a’-b? x
UM(O):agxﬂ—ngﬁ=(ag—b2}f 4— Take moments to find x
A 2
4 [@=F] 4 (a-8)a* vab+id)
3 (ﬂz _592:' 3 (@ —E)a+b) 4—| Factorise numerator and
4 (a* +ab+b%) denominator to simplify the
= gw fraction.
As b— a, the area becomes a circular arc and
& g ixiﬂg _a *+— Let 2=« inthe formula and
Zr 2a 0w obtain the limiting value,

© Pearson Education Ltd 2C
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Question:

A uniform triangular lamina ASC has ZABC =90" and AR =« Using integration

o ) 1
show that the centre of mass of the lamina 15 at a distance gc from &5C.

5 K

r Q

The diagram shows a uniform lamina in which PO = Fy=2a 5E=a.
The centre of mass of the lamina 15 &7

a Show that the distance of & from B8 15 %a.
b Find the distance of & from PO [E]

Solution:
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B! C

Let the equation of the line AT be y=c — .
)7 e
Then x= —5%——

e

Choose B as the origin.
The direction B4 18 the
y-azxis and the direction BC
1z the x-amis,

Le. ¥ = -
mc—mxdx - 3 _
; ¥=c—mx sowhen yv=0x=—_ which
. i
11 -1 3 gives the upper limit for the integral
—| =—le—mmi
2] G 5
-1 2 [m +— Integrate numerator and
—le—mm) :
ez . denominator,
1 L1 c
s O 4+— Substitute limats.
= lc as required.
z:
Posttion of .
Shape Wlaszs e +— Cotnplete a table with mass and
positions of centres of mass.
e
Rectangle | 2a 0 (E,Q:J
—— 3 [4:1 Za]
a ===
riangle 2 73
Lamina 3a2,-:} (%7
A
% iy 7
U2ato| 2 |+aip = 3&12,{?(_}
e ¥
o R
3
4 4+— TIze a wector equation an as in M2
a+—a (BEJ
2 +Ea 2
3
x= ! a,y= & a
g

a Distance of & from Pa is %cx

b Distance of & from PO s %a

PhysicsAndMathsTutor.com

7

Give the answers clearly.

Page2 of 3



Heinemann Solutionbank: Mechanics 3 Page3 of 3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 38

Question:

A uniform triangular lamina A ¥Z has XY = XZ and the perpendicular distance of &
from FZ 15 & Provwe, by integration, that the centre of mass of the lamina s ata

distance % from A

B 8

A uniform triangular lamina A8C has A8 = AT = 5a, BT =Ba and ) 15 the centre of

mass of the lamina The triangle 800 iz removed from the lamina, leaving the plate

ABDC shown in the diagram.
a Show that the distance of the centre of mass of the plate from A is 5;.

The plate, which 15 of mass M, has a particle of mass M attached at 8 The loaded plate
1z suspended from O and hangs in equilibrium.

b Prove that in this position CF makes an angle of arn:tan% with the vertical [E]

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3

', The centre of mass of the lamina 1s

2k

at a distance h— g =— from X

PhysicsAndMathsTutor.com

Let & be the mid-point of 2
Let OF be the x-aeic and OX the
y-ais

The triangle i 1sosceles and the
y-azis 15 the line of symmetry,

The equation describes X2 which
gives x in terms of y.

Integrate numerator and

denominator.

substitute limaits.

You obtained distance from &

Subtract to give distance from X

Page2 of 3
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Diraw atable completing masses
and positions of centres of mass.

Take moments and make x the
subject of the formula.

a
Distance of
shape Maszs | centre of mass
from A
ABC | 12pa’ Za
ABDT | 4pa® 2a+%“
Remainder | 8Boa® T
OM (A 1204° x2@—4pa2[8?a] =8natx ]
3200’
24,0@2 = ,;a: = Spa:" T
_ 40a  _ Sa
LRI E— = T=—
2 E

Draw a diagram showing 8, O
and & and X the mid-point of BC

MO Mg xBazand = Mg |:4?a cosd —4asin 9:|

L 12Megand = %Mgﬂ cos &
sind =i+12
cosd 3
1e tand =l
8

2o CF malkes an angle arctan[é] with the vertical

© Pearson Education Ltd 2C
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- —

The distance X =3a— S?a

~

-

OB makes angle & with vertical
Also X makes an angle & with
the horizontal

sin &

CoE

Divide by cosd as =tan & .

This is the required answer,
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Exercise A, Question 39

Question:

Vi

' Figure 1
R

i} r [y

A uniform lamina occupies the region & bounded by the x-axis and the curve
y=snx 0= x= 7 asshownin Figure 1.

a Show, by integration, that the y-coordinate of the centre of mass of the lamina is
Fid

3

Figure 2

e

(]

A uniform prism & has cross section & The prism 1z placed with itz rectangular face on
atable which 15 inclined at an angle & to the horizontal. The cross section 8 liesina

vertical plane as shown in Figure 2. The table 15 sufficiently rough to prevent 5 sliding.
iven that 5 does not topple,

b find the largest possible value of &. [E]

Solution:

PhysicsAndMathsTutor.com
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a
substitute ¥ =sin % into the
standard formula

+— Tlze double angle formula to
integrate sin® x.
+— Integrate and substitute limits,
b

<+— When & 13 on the point of
toppling, G 13 abowe O

Let A be the point mid-way along
the bage of &

4+ TIze triangle (FOA.

+— Giive your answerto 3o f or to
S8 =760 (Zaf)or 76 (nearest degree) the nearest degree.

© Pearson Education Ltd 2C
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Question:

A clozed container O consists of a thin uniform hollow hemispherical bowl of radius a,
together with a lid The lid 15 a thin uniform circular disc, also of radius @, The centre
) ofthe disc coincides with the centre of the hemispherical bowl. The bowl and its lid
are made of the same material.

a Show that the centre of mass of O 15 at a distance %a from O

_ _ 1 . _
The container C has mass A A particle of mass EM 15 attached to the container ata

point £ on the circumference of the lid. The container 15 then placed with a point of its
curved surface in contact with a horizontal plane. The container rests in equilibrium
with &, & and the point of contact in the same vertical plane.

h Find, to the nearest degree, the angle made by the line PO with the horizontal [E]

Solution:
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Distance of centre
pliape Hlass of mass from &
Circular dise | ma’o 0 +— Draw atable with masses or mass
7 3 ratios and distances of centres of
Hemizpherical 2 1
2rat o —a mass from O
bowl ]
Closed 2 —
container S =
UM (O U+2?Tf12l,ﬂ)(i = B?Tcxgpf e I— ?ake moments and solve to find
2 %, the distance of the centre of
i gt masz of C from O,
' 3
R

l\_'.f_l,r
E +— Diraw a diagram showing & above
the point of contact with the
weight of F acting to one side and
the weight of O balancing on the
other side.
UM(A]:ngEsinE' =1ngacosﬂ Use e =tan &
3 o Cios
Sotand = E
+—— (Give your answet to the neatest
& =06 degree, az requested.
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Question:

Et.' _-;;
A body consists of a uniform solid circular cylinder &) together with a uniform solid
hemisphere & which is attached to O The plane face of A coincides with the upper
plane face of O, as shown in the diagram. The cylinder O has base radius », height &
atd mass 3 The masz of & 15 20 The point & 12 the centre of the base of O
14+ 3

20

The body 15 placed with its plane face on a rough plane which 15 inclined at an angle

a =Show that the distance of the centre of mass of the body from & 13

. 4 : e
o to the horizontal, where tan« =— . The plane is sufficiently rough to prevent

slipping. Given that the body 15 on the point of toppling,

b find % in terms of 7.

Solution:

PhysicsAndMathsTutor.com
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Distance of centre
Shape s of mass from &
H 20 h +E r
3

]
& 3N —
2
Total body S %

MO 2M[Eﬂ+§r]+3M>{g =:5M% A

Draw atable showing masses and
positions of centres of mass.

subiect of the formula

Take moments and malke x the

Page2 of 2

Diraw a diagram showing the centre of
mass & above the lowest point of the plane

circular base.

S =2k +Er +%
4
Tk 3
=§___SHrE
2 4
14k 43Es
i —
20
_‘_-——
F 207
taji ==
T 1dh43r
4
Ag tan o = —
3 |
20 4
B
SBDr = 5644+ 12r
S 48r = 56k
48 &
a6 7

© Pearson Education Ltd 2C
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TTze trigonometry on the triangle
shown in the figure to find ot

Ifake & the subject of the
formula.
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Question:

A bowl consists of a uniform solid metal hemisphere, of radius @ and centre &, from

which iz removed the solid hemisphere of radius %a with the same centre O

a Show that the distance of the centre of mass of the bowl from & 13 %a.

The bowl is fized with its plane face uppermost and horizontal It is now filled with
liquid The mass of the bowl 12 M and the mass of the liquid iz £, where k iz a
constant. Given that the distance of the centre of mass of the bowl and ligquid together

from & 15 Ea:,
43

b findthe value of k. [E]

Solution:
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Page2 of 2
a
Distance of
=hape Ifass Ifass ratios | centre of mass
from O
L?IEE EWQE 7 Ea == Complet.e a table sh.o‘.wing the
hemusphere 3 B tnass ratios and positions of
o] 9 i ; ia the centres of mass.
hemisphere 3 9 16
Eemainder 2 p?i 7 T
3 8
3 3 -
MO Bx Za-1x—a =7%
8 16 +— Take moments and make X the
i Ea e subject of the formula.
16
o Aba
L E=
112
b
Ilass Distance of centre of
Rhpe ratios mass from O
a5 4+— Complete a second table,
Eowl M —
112
_ 3
Ligquid ot —
16
Bowl
| kM L
liquid 48
45a 3 17a
MO MKE+M{X—G =k +]}MXE +— Take motments and malke & the

subiject of the formula

[ﬂi]
112

1123
16

© Pearson Education Ltd 2C
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Question:

& uniform solid right circular cone has base radius @ and semi-vertical angle o, where

1 . . . .
tan o = 3 The cone 15 freely suspended by a string attached at a point A on the rim of

its base, and hangs in equilibrium with its axis of symmetry making an angle of &
with the upward vertical, as shown in the diagram. Find, to one decimal place, the
value of 8. [E]

Solution:

*+— Let " be the vertex of the cone
and ' be the centre of 1ts base.
Let & be the position of its centre

of mass.
Draw a diagram showing &
vertically below A.
v’
From AFAO tan a = ﬁ =2
0 i
where % 1z the height of the cone.
s B — )
ER) Tsing tan o = 3
L h=3a
i
0G = Ex a «———— | Use the known result for the
centre of mass of a solid cone.
_3
4
Then from AGAD
a4
4
L B=531(1dp) Cive your answer to 1 decimal

place as requested.
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Question:

. + -
e 1 2 X

The shaded region & is bounded by the curve with equation y= 2—12 the x-ass and
x

the lines x=1 and x=2, as shown abowe. The unit of length on each axisis 1m. A
uniform solid 5 has the shape made by rotating & through 260° about the x-amis.

a Show that the centre of massz of 5z %m from ite larger plane face.

I

A sporting trophy Tis a uniform solid hemisphere & joined to the solid 5 The
hemisphere has radius %m and its plane face coincides with the larger plane face of S

as shown abowe. Both /7 and 5 are made of the same material.
h Find the distance of the centre of mass of T from 1tz plane face. [E]

Solution:
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a TJze the formula

Jﬂxyz dx =

=
‘[)T_}’z dx
2 +—| Integrate and use the limits x=1
?TJ xxlx"‘dx and x=2.
— W1 %

: 1 .
substitute ¥ = 5T into the standard formula,
x

-1 _2:|
—x
b8 1
===l
__1x_3:|
| 3 1
=] 1}
_+_
= —_81—? The centre of mass lies onthe axiz of
o §:| sytnmetry at a distance % from O

3

8 5 B

9 Subtract 1 to give the required
) / distance.

', The centre of mass 15 [%—]]:

%m from the larger plane face.

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3

Page3 of 3
b
Distance of centre
S Ll e Draw atable of masses and
common face 1
5 5 positions of centre of mass.
Solid & e =
i 9 " 7
Hetmisphere | 2 1y __3)(1 3 - -
e EHPX[E] 35 T;m mass of solid 3, 1.8,
7 1 %ﬂ;ﬂ 1z obtained from the
Trophy T —+— x
i % [ 96 ]2] 8 denorminator in part a.
M (common face):
s 2 1 3 e
— K= — — O K— = O K—ZX
56 0% T2t 0 32
1e 1 - L = A% 2 x
e TRy
L B =
192 2
piipe e L i i = L"——" This 15 the distance of the centre
192 32 320 of mass from the common face.
. Distance of centre of maszs from the plane
: Tt
face 15 1_ﬁ=ﬁ m or 0967 m, +— Asthe height of 515 1 m subtract

% from 1 m to give the required
ANEWEL.
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Review Exercise 2
Exercise A, Question 45

Question:

A uniform solid hemisphere, of radius fa and centre &, has a solid hemisphere of
radius 2, and centre &, removed to form a bowl B as shown.

a Show that the centre of mass of 5 13 %cx Bom

) 2a
LAl [ e

2a

The bowl B is fized to a plane face of a uniform solid cylinder made from the same
material az 5. The cylinder has radivg 2o and height 62 and the combined solid 5 has
an axis of symmetry which pazses through O, as shown above,

b Show that the centre of mass of 513 %cx from &

The plane surface of the cylindrical base of 5 is placed on a rough plane inclined at
12 to the horizontal. The plane 12 sufficiently rough to prevent slipping.
¢ Determine whether or not & will topple. [E]

Solution:
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a
Distance of
=hape Mazz Wazs ratio | centre of mass
from O
*+— Complete a table of
Li - 3 8
hemifgere Enp(ﬁaf 27 g)( ba tnass and positions of
Sl > 3 centres of mass.
TT1E 3
hemisphere §Kp(2“) 1 éx 2a
2
Eemainder Ej'rp(t? -2 26 7

M (O): 26% = 2?><§><6a—1><§>< 24

- —

Talke moments and make x the
subiject of the formula

Cotmplete a second table

of maze and positions of
centres of mass,

ey =E0%.0
4
= fla
_ 30z
13
b
Distance of
Shape Idazs Wlazs ratio | centre of mass
fram O
416 30
Bowl B | ——mpa® 52 1—;
Cylinder 24 moa’ 9 6+ 3a
Combined | 488 3 =
wlia; || TgRe o o
30

VM (0): 52 -+ 9% a

=61y

1200 +8la =61y

201

N X

531

OX =12a ———a=—aua
61

&1

CNX = GX tan 120 =185 (3s.£)
Az MY < Z2a, Swill not topple.

© Pearson Education Ltd 2C
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Draw a clear diagram showing
position of centre of mass 3.

Let AMbe the point on the plane
vertically below &, and let X be
the centre of the cylindrical base
of &

S will topple when point M is
outside the base circle.
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Review Exercise 2
Exercise A, Question 46

Question:

L
()

The diagram shows a cross section of a solid formed by the removal of a right circular
cone, of base radiuz @ and height @, from a uniform solid hemisphere of base radiuz a.
The plane bases of the cone and the hemisphere are coincident, both having centre O,

S ; a
Show that F, the centre of mass of the solid, 15 at a distance 3 from O

The second diagram shows a cross section of the solid resting in equilibrium with a
point of its curved surface in contact with a rough inclined plane of inclination o .
Given that O and &F are in the same vertical plane through a line of greatest slope of

the inclined plane, and that O 1z horizontal, show that &« = %. Given that o = %,

find the smallest possible value of the coefficient of friction between the selid and the
plane. [E]

Solution:
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*+— Draw atable.

4+——| Take moments.

4+—| Draw a figure with the centre of mass
F abowe the point of contact A7

Distance from
shape Mlaszs Maszs ratio | O of centre of
mass
3
Hemizphere Eﬂpcx; 2 —ct
k] 8
@
Cone ~moa’ 1 o
3 = 4
Eemainder 5 Fifa, & 1 X
3 @ _
SN 2xla-1x—=1%
n 4
ol
x et
2
From ADGN sina === l
2 =

s =

=S I VI PR

TTze trigonometry to find

For limiting equilibrium, when the solid is
aboutto slip F=gRk

E{MF =mgana
En)E=mgrosax

4+— Draw another figure showing the
normal reaction force & and the
friction force &

Faul = mgsina = ymgcosa

= u=

sl o

CoOscE

= 4 =tan

Eid
=== U

&

© Pearson Education Ltd 2C
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]

s

1z the smallest value of 4
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st ex
=tan e
CoS e
a 1
Tse tan — = —.
& \E
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Review Exercise 2
Exercise A, Question 47

Question:

i

An experimental plastic traffic bollard & 13 made by joining a uniform solid cylinder to
a utuform solid right circular cone of the same density. They are joined to form a
symimetrical solid, in such a way that the centre ofthe plane face of the cone coincides
with the centre of one of the plane faces of the cylinder, as shown in the diagram.

The cylinder has radiug 4r and height ». The cone has vertex &, base radius 3r and
height /.

3277 + 6drh + 90
A(167 +3k)

The bollard is placed on a rough plane which iz inclined at an angle < to the
herizontal The circular base of B 12 ih contact with the inclined plane. Given that
B =4r and that B iz on the point of toppling,

b find &, to the nearest degree. [E]

a Show that the distance from & of the centre of mass of B 1s

Solution:
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3 b

Complete the table showing mass
and positions of centre of mass,

a
Distance from &
=hape lazs Eatio of mass of centre of
trass
1 2
(2 — w3t h 2k —h
one 3 p(3r) "

Cylinder m(ﬂrr]zr 16r ] +%
Bollard | mo(16r+3k)r? 167 + 3k X

3k

MO 3k x?+16r [}2 +%J = (16r+3k)x  + | Take moments about £

30 2 e
e +1brk +87° = (16r +30)%

2202 + Bdrh + 90
A(16r +3k)

LE=

b Y 4«—— Drawa diagram showing the

centre of mase & above M a point
on the plane which is the lowest
point on the base of the bollard.

N —gr— X

Let X be the centre point of the base

OX=0X-%
Alse A=4r, O =5r and
2 2 2
T = 32r” +256," +144r substitute b =4r into the expression
4(28r) for ¥ and evaluate b+r—x .
432y 2r
112 7
_'_GX:Sr—z?_rzg_r — .
¥ ki TTze trigonometry to find angle o

From AGMY  tan o :;1_?" =E

= 8

T

=35

S =714 (nearest degree)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 48

Question:

a Show, by integration, that the centre of mazs of a uniform solid hemisphere, of

_ . _ 3 _
radius &, 15 at a distance éR from its plane face.

The diagram shows a uniform solid top made from a right circular cone of base radius
¢ and height e and a hemisphere of radius @ The circular plane faces of the cone and
hemisphere are coincident.

b Show that the distance of the centre of mass of the top from the vertex I of the
(3 +8k+3a

i+ 2y
The manufacturer requires the top to have its centre of mass situated at the centre of

the coincident plane faces,
¢ Find the value of & for this requirement. [E]

COne 18

Solution:

PhysicsAndMathsTutor.com
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R
) 4 _ pjﬂxyz dx
a . Use x= E- T A hemisphere 15 generated when
(7] R gnﬂ 2 a semicircle 13 notated through
180" about the x-axis.
B
J. wx(R —x*) dx . Substitute ¥* = &% — 2 into the
ie T =0 standard equation,
ZnR
3
= |:j']_jﬁ‘2 x_z_j]:_);":| +EIL'R3
2 4 ] 3 «— Integrate and substitute the limits.
_ER, B
4 omR
=
8
b
Shape lazs Idass ratio Ll e
of mass
5 lmazm g2 E;m “ Draw a table with
] 4 component masses and
: 2T i k! positions of centres of
Hemisphere Enrpa z a+§a tnass, measured from
1
Top gxpa3(k+2} k+2 x
3 =
M) k(zkﬂ]*‘z[kﬂ +E] = e +2)% 4— Take moments about ¥
. (E+2)%
4 4
2
. (3" +8k4+3a
4k +2)
c 18 X=ka
3K +8k+3
Ak +2)
Le 3 +8k+3 =4 +8k
e +— Put ¥ =kz and solve resulting
Ai=3s0k =43

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 49

Question:

a A uniform solid hemisphere & has base radius a and the centre of its plane circular

face 15
The plane face of a second hemisphere £, of radius %, and made of the same

material az &, is stuck to the plane face of A, 2o that the centres of the two plane
faces coincide at &) to form a uniform composite body 5 Given that the mass of &
15 M, show that the mass of 515 20, and find, in terms of @, the distance of the
centre of mass of the body 5 from O

b A particle P, of mass M, 1z attached to a point on the edge of the circular face of
of the body 5. The body 5 with P attached is placed with a point of the curved
surface of the part & in contact with a horizontal plane and restz in equilibrium,
Find the tangent of the acute angle made by the line PC with the horizontal  [E]

Solution:
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The hemisphere & has mass M
H iz a similar figure with double
the radiuz zo 1t has 3 times the
volume and mass 234

Shas mazs M +EM =540

a
Shape | Mass Drstance of & of
.‘_——
mass from O
H B B
&
& M —3a
16
S M+EM | X
3a 2a
MO BMx —— M x — =907
() 8M > o= Mx 8 LW
Voda-—a=9%
16
16
Sa
16
b

Draw a table listing masses and
positions of centres of mass.

Take moments and malke X the
subiect of the formula

+— Draw a diagram showing the

UM Mgxacosa = 9Mgxsina

&
|otan =

16

45

© Pearson Education Ltd 2C
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T

o sin o

4—— Take moments about X

with the plane, X

composite body with particle P
attached resting in equilibrium
with & above the point of contact

Tse tan o =

Cos &

Page2 of 2
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Review Exercise 2
Exercise A, Question 50

Question:

a Prove, by integration, that the position of the centre of mass of a uniform selid right
circular cone 15 one quarter of the way up the axis from the base.

b From a uniform selid right circular cone of height A 15 removed a cone with the
same base and height %, the two azes coinciding Show that the centre of mass of

the remaining solid 5 iz a distance i(BH — &) fromthe vertex of the original cone,

¢ The solid 513 suspended by two vertical strings, one attached to the vertex and the
other attached to a point on the bounding circular base. Given that & 15 in
equilibrium, with itz axis of symmetry horizontal, find, in terms of & and %, the

ratio of the magnitude of the tension in the string attached to the wertex to that in
the other string. [E]

Solution:
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| : +— Draw a diagram and find the equation
,[. \ of the generator of the cone.
] s

The line shown 1z rotated around the x-axis.
The triangular region generates a solid cone.

The equation of the line iz y=»r —% x

J.Trxygdx
Tee ¥ =

i 2
Tpid / Substitute y= (r‘ - %] into the

: 2 rixt
j‘.L'J. x|t - —xt— |dx standard equation.
L ki k
—mrih
2 2 2 Expand.
= 335 xrz—Eix2+r—2x3dx k’f—f
ark J, P Fi
3 [ 2 2r2x3+r2 ¢ -
= - +— Integrat
mrih |l 2 3k 4k, AR
o[k 2B BN
. i o - 3% = 252 +—— Substitute limits.
3 R
ey e
ik 12
_k
4
h
Niass Distance from
Shape Ifass ; basze of centre
ratio
of mass
H
Large cone %j‘rprjﬂz M a
1 2 +— Zomplete the table.
=mall cone —morth & s
3 4
1
Femainder gj‘lgor:" (H -k H—k T
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il pdegma g =T |
By
. gomedis

Take moments.

Page3 of 3

Factorize, using difference of two
squares and simplify.

*— Calculate F—*.

Let the tension in the string
attached to the vertex be 7] and

tenzion in the other string be 75

DM T,x=T(H-%) *— Take moments about &7, the
T . position of the centre of mass.
T, H-%

1
Z(H +i - This 1z distance of & from wertesx
l(BH =k
4 4+— This 1z distance of & from base.

_ H+hk
AH -k
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