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Further kinematics
Exercise A, Question 1

Question:

A particle P15 mowving in a straight line. Initially F 13 mowing through a point & with

speed 4 m s~ At time £ seconds after passing through O the acceleration of P is

2e** s in the direction OF. Find the velocity of the particle at time £ seconds.

Solution:

o= Iadﬁ=!3&4'xrd£

=-12"" + 4
When t=0,v=4
d=-12+A4=A=16
16-12¢703%
The velocity of the particle at titne £ seconds 15 (16 —-12e

i

—UES!:Im s—l .
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Further kinematics
Exercise A, Question 2

Question:

L particle P iz moving along the x-axiz in the direction of x increasing. At time
¢ seconds, the velocity of Pis (fsinfim s~ When £ =0, P is at the origin. Show that

when z=g,Pis 1 metre from O

Solution:

x=Jvd£=Jﬁsin.ﬁd£

Tzing integration by parts
x= —rcosr+jcosz dz

= —jcosi+ani+ A
t=0,x=0
When 0=0+0+4A= A=0

x=—fcosti+san{

‘Nhen.ﬁ=£
2

Fid ;.o
r=——cos—+sn—=1
2 2 2

Hence F i1z one metre from O, as required.
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Further kinematics
Exercise A, Question 3

Question:

Attime ¢ seconds the velocity, vm s™, of a particle moving in a straight line is given

by v= (20,

3+ 2
When ¢ =0, the particle 13 at a point 4. When £ =73, the particle 15 at the point 5.
Find the distance between 4 and &

Solution:

4
g= jv df = jﬁ dt =21n(3+ 26 )+ C where 5 is the displacement from point A,
+

TWhen f=05=10
0=2In3+0=C=-2In3

&= 20n(3+ 20— 21In 3= 21:{3223]

When £=3
g 211{3;6 ]=21n3

AE =Z2In3Em
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Further kinematics
Exercise A, Question 4

Question:

A particle P15 mowing along the x-axis in the postive direction At time £ seconds the
1

acceleration of Pis 4e2 m s in the positive direction. When £ =0, Pis at rest. Find

the distance P moves inthe interval 0= = 2. Give your answer to 3 significant
figures.

Solution:

1 1
v=!a ¢=J4e§’ dE=%7 + 4

When £ =0w=0
D=8+4d= A=-8
1
v=8&§t—8

The distance moved in the interval 0=f<2 15 given by
o1
s=Ivd.ﬁ=I 8&:_22—8
0
B L
:[16.32 —83} =(16e' - 16)- 16
o

=lbe—32=115
The distance moved 15 113 m (3 s.£)
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Further kinematics
Exercise A, Question 5

Question:

A particle P iz moving along the x-axiz. At titne f zeconds the displacement of F from
1z xm and the velocity of P iz (doos3im 57! ). both measured in the direction Ox.
When £=10 the particle F iz at the origin & Find

. . Fig
a the magnitude of the acceleration when § = —,

12
b xinterms off,
¢ the smallest positive value of ¢ for which & 15 at O

Solution:
a a=d—v=—125in3.t
ds
TWhen £ = i
12

G Do el
4 42

The magnitude of the acceleration when 1=" e 6l 2m s

b x=Jv&=I4cosBﬁdﬁ=%sin3i+A

f=0,x=0
4
TWhen 0 =§x0+j1:‘.s A=0
x=isin3£
3

¢ WhenPisatd, x=0
x=%sin3i =0=rsn3=10
The smallest positive value of £ 15 given by

A=m=t=2
3
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Further kinematics
Exercise A, Question 6

Question:

L particle P iz moving along a straight line. Initially P iz at rest. At time ¢ seconds P

-2

: i :
has welocity v 87 and acceleration @ m s where

i}
i 2-0—52 |

Find v in terms of £,

Solution:

v=jad£=IL“¢
(246
i

Let u=2+£ then — =2¢
di

v=! &gngf:j 322x2£d£
(24+£7) (2+:%)

i
-1
-1 i
o4 3
Dipit
TWhen f=0w=10
U:ﬂ_i A:E
2 2
3 3
P=_- 3
2 2+4i
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Further kinematics
Exercise A, Question 7

Question:

A particle P is moving along the x-axis. At time ¢ seconds the velocity of Pis vm s

in the direction of x increasing, where
4, D3

V= 3

¥

S- a=tsh

When =0, Fis at the origin &
a Sketch a velocity—titne graph to illustrate the motion of P in the interval 0=¢=< 6.
b Find the distance of F from O when =4

Solution:

2 y(ms™hy

4.5
4

0 3 6 1(s)

b The distance moved in the first three seconds i3 represented by the area

lakelled @

Let thiz areabe 4. 4 =3x4 =12

The distance trawelled in the next three seconds 18 represented by the area labelled

@,
Let this areabe A,

a-((-3)

[5-3Ine], = (30-31n6)— (15-31n3)

—15 3n 2
The distance of P from O when £ =6 18 (12+15-3n2)m ={27-2ln JHm .
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Further kinematics
Exercise A, Question 8

Question:

. . L . . . . 1 ¥ .
A particle P is moving in a straight line with acceleration [smazjm 5™ attime

¢ seconds, # 20, The particle iz initially atrest at a point & Find
a the speed of P when =27,

b the distance of F from & when r=£.

2
Solution:
1
J Is1n—ﬁdﬁ=—2c05§£+ﬂ
When f=0v=10
0=-2+A4A=A=2
1
v=2—2cos—f
2
When £ =2

v=2-Z2cosm=2—{2x-11=4
The speed of Pwhen ¢ =27 is dm s

1 1
b x=!v&=![2—2cos§£]&=2£—4sin§£+3

When f=0,x=0
D=0-0+5=5=0

1
x=2f—dsin—¢
‘-Hhenﬁ=£
2
x=2x£—4sin£=ﬂ—4xi=ﬂ—2ﬂq{2
2 4 A2

The distance of P from O when ¢ =% is (m—242)m.
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Further kinematics
Exercise A, Question 9

Question:

A particle P is moving along the x-axis. At time £ seconds P has velocity vm s inthe

0.2t

. . . . . . iy . .
direction x increasing and an acceleration of magnitude 4e™ m g™ in the direction x

decreasing When £ =0, P is moving through the origin with velocity 20ms™ in the
direction x increasing. Find

a vinterms off,

b the maximum value of x attained by P during its motion,

Solution:

a

Jl: dt = I— 46" dr =—20e" + A

TWhen f=0,v=20
20 =-20+ A= A=40
v=40-20¢"

b x= Iv de = J(40 —20e™y df = 40t — 100" + B

When £=0,x=10
0=0-100+8= =100
x = 40: — 100" +100

The mazimum wvalue of x occurs when

E=v=4o—20e°-2’=0
de

El:l.ﬁ! P 2
D2t=In2
t=3ln2

The maximum value of x 15 given by

x=40x51n 2—-100x 2 +100= 20010 2100
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Further kinematics
Exercise A, Question 10

Question:

A ocar iz travelling along a straight road. As it passes a sign S, the driver applies the
brakes. The car is modelled as a particle. Attime ¢ seconds the car is x m from 5 and

its velocity, vm 57, is modelled by the equation v = where ¢ and & are

c+di
constants.

Giiven that when £ =0, the speed of the car 1z 40m s and its deceleration is
0.5m s, find

a the value of ¢ and the value of 4,
b xinterms of £

Solution:
3200
a =
o+ ot
SWhen = 0,v=40
40 = el = =250
[
p= 2290 2000080+ de )
B0+
P =d—=—3200d(80+dﬁ .
& (20-+de ¥
TWhen £ =0a=-0.5
2
32004 _ o5 g 05xB0
B0 3200
c=804d=1

2200
b x—Jvdﬁ J—dﬁ 320010 (80+z )+ A

TWhen t=0,x=10
0=3200ln80+ A= A4=-32001n 50

x = 32001n(80+¢)-32001nB0 = 320011{_8[;0“ ]
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Further kinematics
Exercise A, Question 11

Question:

A particle P 1s moving along a straight line When ¢ =0, F iz passing through a point
A Attime ¢ seconds after passing through A the velocity, v s™, of P is given by

v=e" 11" +15¢

Find

a the values of ¢ for which the acceleration is zero,
b the distance of F from A when f=1n3.

Solution:

a a=d—v=262’—lle’+l5=0
di

(2¢' -5 (2¢' =9 =0

gt orgeg
i =ln25n3
at ¥]
b x=jv&=j(eg’—lle’+155)dz=%—1]e’+%+ﬁ
TWhen £=0,x=10
liil=l—]1+[3l+ﬁ:*:_f-1=E
5 2
i 2
g E el 10 ol
5 2
When f=1n 3
M 15(n 3?21
x=e——116h3+£+—
o 2
2 2
=%_33+M+%=M—]8x—8.95

2
: . " . . _ , 15(In3]
Az distance ig a positive quantity, the required distance is [18—T]m .
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Further kinematics
Exercise A, Question 12

Question:

A particle P moves along a straight line, At time £ seconds (where 2 =07 the velocity
of Pis [ 2% +ln{t+2)]m s~ Find

a the wvalue of £ for which the acceleration has magnitude 2.2m s
b the distance mowved by P inthe interval 12:<4

-2

Solution:
a a=ﬁ= +—1 =22
d# i+2
L:0.2:>z+2=5:>r=3
i+ 2

4
b x=jvd£=j (2t+In(e+20 de
1
TTeing integration by parts
Iln (f+21de = Il.ln -+ 2 de

= ¢In ':sz'_ji de =¢1n (z+2)—j[1—£]dz

= tln e+ D=+ 200 (E+2) = (+ 2ln (e +2) ¢
Hence x=[¢*+(+2)ln (t+2)—¢ |
= (16+6ln6-4)— (1+31n3-1)
=12+6ln6-31n3=12+31n62—3In3

= 12+31n[3‘3—6]:12+31n12

The distance moved by P in the interval 1224 13 (12431012 m .
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Further kinematics
Exercise B, Question 1

Question:

A particle P mowes along the x-asiz. At time § =0, F passes through the origin & with

velocity Sm s inthe direction of x increasing. At time ¢ seconds, the velocity of P is
& : . 1 ¢ :

vm s and OP=zxm . The acceleration of 2 is [2 +§x m 57, measured in the

positive x direction. Find v* in terms of x.

Solution:

At x=0v=5

lx25=0+0+_»21:: _r-21=E
2 2
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Further kinematics
Exercise B, Question 2

Question:

A particle F mowes along a straight line, When its displacement from a fized point O
onthe line is x m and its velocity is vm s, the deceleration of P iz 4xm 7, At
x=2,v=38. Find v interms of x.

Solution:

a=—4x

151:2 = I(—4x} dx

=2+ A
At x=2v=2_8

12x64=—8+ﬁ:*: A=40

lvg =—2x° +40

v =80-4x°
v =+ (B0-4x%)
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Further kinematics
Exercise B, Question 3

Question:

A particle P iz moving along the x-axiz in the direction of x increasing. At
OF = x mix = 0, the velocity of P iz vm 7' and its acceleration is of magnitude

—m 5 in the direction of x increasing. Given that at x=2,v=4§ find the value of x
x

for which P iz instantaneously at rest.

Solution:
4
@= —
X
d(1,) 4
i _v g ALY
drl 2 %
1
—v' = I(4x'2)dx
2
-1
M g g 4
-1 x
At x=2v=46

1§x36=ﬂ—2:> A=20

lv:* :20—i
2 x
When v=10
% n 5
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Further kinematics
Exercise B, Question 4

Question:

A particle P mowes along a straight line, When its displacement from a fized point O
onthe line is x m and its velocity is v s, the acceleration of P is of magnitude
25xm s and is directed towards O At x=0,v=40_ In its motion 2 is
instantaneously at rest at two points A and & Find the distance between A and 2

Solution:

g =—25%

dil
—[—v2J=—25x
dxl 2

%vﬂ = I(—Eﬁx}dx

= —Ex2+ﬂ
2

At x=0v=40

lzx 1600=-0+4 = A=1500

lv2=—Ef +500
2 2

When v=10
P 2
U=—?x +300= x* =6d = x =48

A5 =16m
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Further kinematics
Exercise B, Question 5

Question:

A particle P i moving along the x-azis. At OF = xm , the velocity of Pis vm 5™ and
itz acceleration is of magnitude kx” m 5™, where k is a positive constant, in the

direction of x decreasing. At x =10, v=16_ The particle 15 instantaneously at rest at

x=20. Find

a

the walue of &,

b the velocity of & when x=10.
Solution:
a a=-kx
dil
| 2 =it
dxl 2
— =I(—h2)dx
3
:—Eq-ﬁ
2
At x=0v=16&
l:‘<256=—U+f£1:> A=128
2
;
L& 00
2 3
“When v=0,x=20
0= ——8000k+128
3
_ 3128 6
000 125
2
e (BN, N
2
phmapsp
125
x=10

When ¢ = Eﬁﬁ—ixwoﬂ =224
125

v =4 224 =4414

The velocity of P when x=10 iz #4414 m s as the particle will pass through this

position 1n both directions.
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Further kinematics
Exercise B, Question 6

Question:

A particle F 15 mowving along the x-axiz in the direction of x increasing At OF=xm,

the velocity of P is vm 57 and its acceleration is of magnitude 8x° m s™ in the
direction PO At x =2, v=732. Find the value of x for which +=58.

Solution:

Af x=2v=32
%x1024=ﬂ—32:> A=1544

1o sqa_oxt
2
v* =1088—4x*
"When v=8
64 = 1088— 4x' = x* =256

1
x=256%=4
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Further kinematics
Exercise B, Question 7

Question:

A particle F 15 moving along the x-axiz. When the displacement of P from the origin &
) ) ) _ ) o . X i
15 x tn, the velocity of Pis vim s ! and its acceleration is ésin—ms . At x=0,

v=4. Find
a v interms ofx,
b the greatest possible speed of 2

Solution:

=—18cos£+ﬁ
3
At x=0v=4
%xllﬁ =-18+4A= A=26

lv2 =—18cos£+26
2 3
vi= 52—36::-:;5E

x
b The greatest value of v* occurs when cos—=—1.

The greatest value of v*is given by
v = 52+36=388
v =488 =424 22
The greatest possible speed of Pis 2V 22m s (» 9.38m s7)
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Further kinematics
Exercise B, Question 8

Question:

A particle P is moving along the x-axis. At x =0, the velocity of Pis 2m s~ in the
direction of x increasing. At OF=xm , the velocity of Pis vm 5™ and its

acceleration is (24 3™ m s™. Find the velocity of P at x=3 . Give your answer to 3
significant figures.

Solution:

a=2+3"

d1
—[—vz J= 2+3e
dxl 2

%v:" = I(z +3dx

=2x—3%"+4
At x=0v=2
%x4=0—3+£:}::§1=5

%vﬂ =2x-3% " +5

vV =dx—6eT +10
A x=3
¥ =126~ +10=21701._.
Vel (20 SR8

The velocity of Pat x=3 is 4.66m s~ (3 5.£), in the direction of x increasing,
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Further kinematics
Exercise B, Question 9

Question:

A particle P moves away from the origin & along the positive x-axiz. The acceleration

of P 1z of magnitude ms™, where OP= xm , directed towards . Given that

2x+1
the speed of Pat O'is 4 m 57!, find

a the speed of P at x=10,
b the walue of x at which F iz instantaneously atrest.
Giwe your answers to 3 significant figures.

Solution:

arl, 4
o _v . —
dx 2 2x+1

o i
2 2x+1

=2Ini2x+11+4
At x=0v=4

%x]6=—0+_ﬂ:}: A=8

%vﬁ =—2In(Zx+11+8

v =16—4In(2x+1)

At x=10
v =16-41n21=3.821910__.
v=1954_.

The speed of Pat x=10is 1.95m s~ (3 L),

b When v=10
D=16—-4In2x+1)=n(2x+11=4
4

=26.799...=26.8 (3s.£).

4
2x+l=g = x=
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Further kinematics
Exercise B, Question 10

Question:

A particle P iz moving along the positive x-amiz. At OF = xm , the velocity of P iz

i . o 4 i _ o
vm s~ and its acceleration is [x— —]m s The particle starts from the pesition

%

where x=1 with velocity 3m s~ inthe direction of x increasing. Find

a vinterms of x,
b the least speed of P during its motion

Solution:
4
a fI:I——E
X
d[ng 4
dxl 2 P
%v2=J}x—4x3yh
-2 a
—£—4x A=x—+%+ﬂ
2 =z
At x=1,v=3
lzx9=—+2+ﬁ:>ﬁl=2
]
lww:‘=x—+%+2
2 2 x
4 B
v2=x2+4+—2=[x+—]
X X
v=x+—
X

b The minimum value of v occurs when j;_v=a =10

4 0 :
——=0= xt =d= x=+2 (as F moves on the positive x-aziz, x> 0)

X
At x=+2
vz#2+fi:242
2

The least speed of P during its motion is 2+ 2m s
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Further kinematics
Exercise B, Question 11

Question:

A particle P15 moving along the x-axiz. Initially 15 at the origin & mowving with
velocity 15m 57 inthe direction of x increasing. When the displacement of P from O

: : s : 1 g :
1z x m, its acceleration is of magnitude (10+3x]ms * directed towards . Find the
distance P mowves before first coming to instantanecus rest.

Solution:

a=—[]0+lx]

4

dil
—[—v2]=—10—lx
dzl 2 4

lvz =I[—10—lx]dx
2 4

2
—_10x-2 44
3
At x=0v=15
%x 225 =—0-0+A4= ﬁ=%

2
Ll quran® 5203
2 ]

S m s nop X __ X +80x-900 _  (x+90)(x—10)
4 4 4

v=0=x=10-5%0
Az Pz oitially moving in the dection of x increasing, it reaches x=10 before

x=-90_ The distance P mowves before first coming to instantaneous rest 15 10 m.
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Further kinematics
Exercise B, Question 12

Question:

A particle P iz moving along the x-axiz. At titne # seconds, P iz x m from O, has
1

velocity vim 57 and acceleration of magnitude 6x% ms™ in the direction of x

increasing. When £ =0, x=8 and v=12. Find
a vinterms of x,
b xinterms of £

Solution:
1
a a=#6x*
1
dxl 2
1 : 4
e 3 w,
lﬁzjmﬁa:2}+ﬁzgﬂ+ﬂ
2 3 2

4
v =9z + B where § =24

At x=8,v=12
144 =9x 16+ 8= 8=10

v =953
2
¥ =33
3
b v=E=3x3
di

separating the variables and integrating

2
FiM:F&

I =3+0
When f=0,x=8
Ix2=0+C=0_"=¢

1

] -

IxF =3 +6
1

=42
r=0+2y
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Further kinematics
Exercise C, Question 1

Question:

& particle P mowes along a straight line, When the displacement of P from a fized

point on the line is x m, its velocity is vm s and its acceleration is of magnitude
& st i : :

— ms % in the direction of x increasing. At x=3,v=4.

x

Find v in terms of x.

Solution:

lvf* =1_[]_E
2 x
vf*:zo—l_
X
V= QU—E]
X
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Further kinematics
Exercise C, Question 2

Question:

A particle P iz moving along the x-aziz. At timne 7 zeconds, the displacement of F from
the origin O is x m and the velocity of P is 4e" m s in the direction Ox. When

i=0, i1z at > Find
a xinterms off,
b the acceleration of P when é=1n%.

Solution:

D=8E+4= A=-4
r= 860.5!_ 828(80.52_])

b ﬂ=£=2&uﬂ
i
When t=In%

a=72e" M =0l =0y 3=§

The acceleration of P when t =109 is 6 ms™.
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Further kinematics
Exercise C, Question 3

Question:

A particle 1s moving along the x-axiz. Attime £ =10, Pis passing through the origin

with velocity Sm s in the direction of x increasing. When P is x m from O, its
o 1 T B ;

acceleration iz [3+Zx]m s in the direction of x decreasing.

Find the positive walue of x for which P is instantaneously atrest.

Solution:

{0 IR

dxl 2 4
e {0 O W
2 4 g

At x=0v=8
32==0-0+Ad= A=732
lvz =32—3x—lx2
TWhen v =10
3 e L2
2

B 424x-256=0
(x+3D(x-8) =0
bs x=0

=2
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Further kinematics
Exercise C, Question 4

Question:

A particle P15 mowving on the x-axs When P 15 a distance x metres from the origin &,

_ o _ 15 o L . _
its acceleration 15 of magmtude i m 5™ in the direction OF. Initially P is at the
x

point where x =5 and is moving toward O with speed 6ms™.

Find the walue of x where P first comes to rest.

Solution:
=1_52=E:);_2
dx 4
(1215
dxl 2 4
1 15
v = —x_jdx=—Ex_l+A
2 4
1 a2 _]5
2 dx
At x=5v=-6
18=H—E:}u{l ISE=E
Y] 4
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Further kinematics
Exercise C, Question 5

Question:

A particle F mowes along the x-axis in the direction x increasing. At time ¢ seconds,
the velocity of P is vm 57 and its acceleration is 20fe™ ms™. When £=0 the speed

of Pis 8m s Find

a vinterms of'f,
b the limiting velocity of F.

Solution:

a a=ﬁ=203 E"2
de

s Izoz arbega pasite

When t=0v=238
G _spsrussel g
T

2

b As i —=we” =0 and v— 18

The limiting velocity of P is 18m s
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Further kinematics
Exercise C, Question 6

Question:

A particle F mowves along a straight line. Tnitially P 15 at rest at a point & on the line.

A time £ seconds, where £ 2 0, the acceleration of & 15 m s directed away

18
(2¢+3)
from &

Find the value of ¢ for which the speed of P iz 0.48ms™

Solution:
=E=L3=18(23+3)‘3
df (2
-3 18 -2
v=|18(2:+37 di = 2+~ +4
—2x 2
.
202t +3)°
TWhen £ =0wv=0
2x 3 2
1 G
v:_——
2 22 +3)°
“When v =043
U.48=1— ? == : ==0.02
2 22+ 2026+
9
2+ = =225
G+ = o0
(=0
As Z+3=+225=15
2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Further kinematics
Exercise C, Question 7

Question:

A particle P is moving along the x-axis. At time  seconds, the velocity of P iz vm 57

and the acceleration of Fis (3— xim 5™ in the direction x increasing. Initially P is at
the origin O and is moving with speed 4 m s~ in the direction x increasing. Find

a v interms of x,
b the maximum value of v.

Solution:

2
lv2=J(3—x)dx=3x—i+A
2 2
V= B+6x—xg, where & =24
At x=0v=4
l6=8+0-0=8=1¢

v =16+6x—

b v =16+6x—x" =25-9+6x—x°
=25-(x-3)
As (x=3%20,v <25
The greatest walue of viz 5.
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Further kinematics
Exercise C, Question 8

Question:

A particle F iz moving along the x-axiz. At timme =0, F passes through the origin &
After £ seconds the speed of Pis vm s, OF = x metres and the acceleration of P is
2
5
x(5—x) —
2
Find
a an expression for v* interms of x,
b the speed of P when =0

in the direction x increasing. At x =10, P1s instantanecusly at rest

Solution:

e 2
a a:i[lvz]:M:ﬁi—g

dxl 2 2 2
1 a 4
1a_f(32_ 2}, 5% %,
2 2 2 & 2
3 4
V2=5i—x—+B,WhEI’EB=2A
3 4
At x=10,+=0
025000_10000_'_3:}3:2500
3 4
vg_ﬁ;ﬁ_x‘ 2500
3 4 3

b When t=0,x=10

. 2500

W ——3 ::=v=|:i]|E 50+/3

43:&) 3

43
ms.

The speed of Pwhen =10 1z e

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Further kinematics
Exercise C, Question 9

Question:

L particle P mowves away from the origin along the positive x-axis. Attime ¢ seconds,

the acceleration of P 1z m s, where OP=xm, directed away from O Given

Sx+2
that the speed of Pis 3m s~ at x =0, find, giving your answers to 3 significant

figures,
a the speed of Pat x=12,
b the value of x when the speed of Pis Sm s,

Solution:
df1 , 20
a qg=—=v |=
dxl 2 S5x+2
L[ 2 dr=41ln(5x+21+ 4
2 Sx+2
v =8In(5x+2)+ 5, where B =24
At x=0v=73

B=8ln2+B=F=0-8ln2

v = 8ln(5x+2) - 8ln 2+9=81n[5x;2 ]+9

At x=12
v =8In31+9=36471...
v="36471... =6.039...
The speed of Pat x=12 is 6.04m s (3 af)

h When v=25
95 = 81n[5x52]+9

1n[5x+2]: 25-9 _,
2 3

5x+2 a
e
2

_ 2t -7
5]

x =256 (35.£)
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Further kinematics
Exercise C, Question 10

Question:

A car moves along a horizontal straight road At time £ seconds the acceleration of the

100 :

ar 13 Wm s inthe direction of motion of the car. When £ =0, the car 15 at
£+

rest. Find
a an expression for v interms of £,
b the distance mowed by the car in the first 10 seconds of its motion

Solution:
: _E_Lofmo(zcﬁﬁ
df {2+ 3]
i 100 -
v= |100{2f+5 df = (Z+2 +4
2w -1
= a0
2i+5
When f=0w=0
U=A—%:>A=1U
v=10- ol
X+ 5
b v=ﬁ=10— 20
i 2E+5

a0
r= I[l[ﬁl——ﬁ]dz=1L‘Jz—251n(2r+5)+3
né
0

=25ln5+ 8= B=25In5

x=106-2531n{Z+ 2+ 25In5
“When £ =10

x=100-251n 25+251n5=]00—251n§=1OD—251n5

The distance moved by the car in the firet 10 seconds of its motion is

(100- 2510 5) m (= 59.8m)
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Further kinematics
Exercise C, Question 11

Question:

A particle P is moving in a straight line with acceleration cos®m 5™ at time ¢

seconds. The particle 15 initially at rest at a point &
a Find the speed of P when i =m

b Show that the distance of P from O when ¢ =; iz é(ﬂ'g +Eim

Solution:

a a =E=coszz=l+lcos 2f
di

v = l—t—lcos?i dﬁ=l£+lsin2ﬁ+_ﬂ1
2 2 2 4

TWhen f=0v=10

D=0+0+A=4A=0

1 T
v =—i+—zn 2
2 4

TWhen f=a

=£+lsin or="4p="
2 4 2 2

The speed of Fwhen = 13 % ms’.

b The distance of F from & when & =% 15 given by

x=Jw[lz+lsin25}!L=|:l£2—lc052£}4
g2 4 4 2 .
2
— ﬂ-__l t— |- U_l
6 2 2
= 1 1

=iy Superdopgy
&4 B &4

The distance of P from O when ¢ =% iz él:ﬂ'z +8in , as required.
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Further kinematics
Exercise C, Question 12

Question:

A particle P is moving along the x-axis. At time £ seconds, the velocity of Pis vm 57

in the direction of x increasing, where

1

Ezg, 0£¢<4
v:

et pnd

When £ =0, Fiz at the origin & Find
a the acceleration of F when £ =25,

b the acceleration of  when £ =23,
¢ the distance of P from & when i =6

Solution:

a ‘When i=2.5, v=%.ﬁz

G ey
When ¢=25,a=25

The acceleration of Pwhen £=2.5 iz 2.5m ™ in the direction of x increasing,

b When £=5, v==38""
e

== et

di
When i =5,a=—8:"" =—8"!

The acceleration of P when =5 is 8¢ m ™ in the direction of x decreasing,

¢ The distance of P from O when ¢ =6 15 given by

*1 §
x=I —zgdz+j St ds
g2 4

4
£ 64
= [g} +[-8*T =87 +8

The distance of F ffom O when =6 iz [5—;—83_2 ]m =176m (3:1f)
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Further kinematics
Exercise C, Question 13

Question:

L particle P iz moving along the x-axiz. When : =0, Fiz passing through & with
velocity 3m s inthe direction of x increasing. When 0< x< 4 the acceleration is of

; 1 2 =5 : : :
magnitude [4+§x]ms * inthe direction of x increasing. At x =4, the acceleration of

. . . 1 .
Frhanges For x> 4, the magnitude of the acceleration remains [4 +§xjm s butit

1z now in the direction of x decreasing.

a Find the speed of Fat x=4.

b Find the positive value of x for which F i1z instantanecusly at rest. Give yvour answer
to 2 sigmificant figures.

Solution:

PhysicsAndMathsTutor.com
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= 8x+§+3, where 5=2.4
At x=0v=3

=0+0+F= 8=9
]
v = Bxt+ 49

At x=4

v =32+8+9=49= v=7
The speed of Pat x=4 is Tms™.

w =D—8x—%,whereD=ZC
At x=4v=7

489 = D-32-5= D=23§%

2
ey &
>

TWhen v=10

P H16x=178= 2 +16x+64 =242
(x+8)7° =242 x=11¥2-Bas x>0
x=76(2sf)
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Further kinematics
Exercise C, Question 14

Question:

L particle P is moving along the x-axis. At time ¢ seconds, P has velocity vm 7 in

. . . . 3 . -
the direction x increasing and an acceleration of magnitude tn s i the

£+1
direction x increasing. When =0, Fis at rest at the origin & Find
a vinterms of'f,
b the distance of F from O when £=2

Solution:

v=2f+In(i+1+ A4
When f=0w=0
0=0+4A= A=10
v=2f+InE+1)
b The distance of P from & when i =2 1z given by
2
x=j (2 + 1ol +1Tnde
0
TTzing integration by parts

Iln(f.+1}d.ﬁ = jlln(ﬁl)di =r.1n(£+1}—JA;? dt

£+1
=+ DInlt+T—2 (+C7
Hence x=[# ~t+(+Dln@+D] =2+30n3
The distance of F from O when ¢ =2 18 (2+53ln=)m

= z1n(z+1)—j[1—i]dz =tln@t+D—¢+lalt+1)
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Further kinematics
Exercise C, Question 15

Question:

A particle F iz moving along the x-asiz. At timme £ seconds iz x m from O, has
velocity vm 57 and acceleration of magnitude (4x+ 8 m s~ in the direction of x

increasing. When =0, P iz passing through ¢ with velocity 3tm s~ in the direction
of x increasing. Find

a vinterms of x,

b xinterms of £

Solution:

%vg =2 +6x+ A

v =45 +12x+ B, where =24
A x=01+=3

8 =0+0+5=5=0

v =42 +12x+9=(2x+3)?
Azvigincreasing as x increases
v=2x+3

b v=£=2x+3
di

Separating the variables and integrating

L dx = |1ds
2x+3

%1n(2x+3} =t+C

lni2x+3 =2 +2C
2x+3 =" = De* where D =&*°
When f=0,x=10
3=De"= D=3
2x+3 =3¢"

3. o
= (¥ -1
x 2(8 )
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Exercise A, Question 1

Question:

Cme end of a light elastic string 15 attached to a fixed point & force of 4 M 1z applied
to the other end of the string so as to stretch 1t The natural length of the string 15 3 m
and the modulus of elasticity 15 A M. Find the total length of the string when

a A =30,
b 1=12
c A=16.
Solution:
(MT =4 —
_Ax
- 3
So,ﬂi=4
. 3
1 =X 12
" A
. : 12
oo Total length of string, L= 3+I
a A=30: L=3+E
30
=34m
b A=12: L=3+E
12
=4dm
c A=16: L=3+E
16
=375m
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Elastic stringsand springs
Exercise A, Question 2

Question:

The length of an elastic spring iz reduced to 0.8 m when a force of 20 I compresses it
iven that the modulus of elasticity of the spring 15 25 M, find its natural length.

Solution:

by Hoolee's Law,

0p = 25(1-08)
i

47 =5 -4

4=]

MNatural length iz 4 m.
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Elastic stringsand springs
Exercise A, Question 3

Question:

An elastic spring of modulus of elasticity 20 M has one end fized. When a particle of
tasz 1 kg is attached to the other end and hangs at rest, the total length of the spring is
1.4 m. The patticle of mass 1 kg iz removed and replaced by a particle of mass 0.8 kg
Find the new length of the spring.

Solution:
Let natural length be /
i 000
T T 20014 -0
i
4 9.8=20 “'T‘D
5.87 =28-20f
288 =28= =%=%
08g = ﬁ

140
14%

o Bﬁxxl49

J6g o
149
x= 03683
8w 140
Total length of string iz 0.3683+m
=131m (3sf)
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Elastic stringsand springs
Exercise A, Question 4

Question:

4 light elastic spring, of natural length & and modulus of elasticity A, has one end
fized. A scale pan of mass M i1s attached to its other end and hangs in equilibrium.
A mase e iz gently placed in the scale pan. Find the distance of the new equilibrium
position below the old one.

Solution:
Mg:ﬁ:} I_Mga
A
(M +m)g =200 o 5 = Wt rIEE
A
: ol FHEE
S == (M +m- = il
S | fL( sl ) T
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Elastic stringsand springs
Exercise A, Question 5

Question:

Anelastic string has length a1 when supporting a mass s and length @, when

supporting a mass # . Find the natural length and modulus of elasticity of the string.

Solution:

_— }L(a}—f) ©
_May D)
!

@

B E
Diwiding,
my o=l
my a1
(e — 1) =y lay =)
iy, — g = I —my)

e PR

= By

Ig (o — gy ) = Ay —ety)
i,
() —ay)

_ g(ml—mg) (P, — Py
(o —ay) (g —omy)
_ (e —may)
=F
(o —ay)
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Elastic stringsand springs
Exercise A, Question 6

Question:

A light elastic spring has natural length 2a and modulus of elasticity 2mg. A partticle
of mass m 15 attached to the mid-point of the spring One end of the spring, A4, 15
attached to the floor of a room of height 9a and the other end 1z attached to the ceiling
of the room at a point B vertically above 4 Find the distance of the particle below the
ceiling when it 15 1n equilibrium.

Solution:

Za+xt+x, =i
xn+x, =3a a
MT =meg+7,
dmgm _ gl 2EgE,
a a
2 =a+tix
1
xl—x2=5a @
D +@: 2x1=?—a=:~x1=7—a
é 4
a 1la

o Distance below ceiling iz & +% =—

4
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Elastic stringsand springs
Exercise A, Question 7

Question:

A uniform rod P, of mazs 5 kg and length 3 m, has one end, P, smoothly hinged to a
fized point. The other end, (7 1z attached to one end of a light elastic string of modulus
of elasticity 30 M. The other end ofthe string 15 attached to a fized point & which 1z on
the same horizontal level as P with BF=5m. The system 1z in equilibrium and
ZPQR=90" Find

a the tension in the string,

h the natural length of the string.

Solution:

POR = 90" = QR =4m

B
COS = =) sing =—
3 5

a m(F, 5g)<§cos&: =37

S SN DT
275

I = 3?3' =147
Tension 15 147 I

g el

1470 =120-30
4477 =120

{ =268
Matural length 15 27 m (2 s )
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Elastic stringsand springs
Exercise A, Question 8

Question:

A light elastic string A8 has natural length F and modulus of elasticity 2mg. Another
light elastic string C0 has natural length 7 and modulus of elasticity g, The strings
are joined at their ends B and C and the end A is attached to a fized point. A particle of
tnass 2 1 hung from the end D and is at rest in equilibrium, Find the length 40

Solution:
oy oy
(T)T= mg (throughout the length)
1 8 PREN 121
1 {
. : X dingx,
BICYyT 1 and mg = ; = x, ==/
L SJAD =24+
: -
T4 |4, 4
D i}
e
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Elastic strings and springs
Exercise A, Question 9

Question:

Anelastic string P4 has natural length 0.5 m and modulus of elasticity 9.8 17 The
string P52 15 mextensible. The end A of the elastic string and the end B ofthe
inextensible string are attached to two fized points which are on the same horizontal
level The end F of each string 1z attached to a 2 kg particle. The particle hangs in
equilibrium below A5, with FA making an angle of 20° with 48 and F4 perpendicular
to P8 Find

a the length of FA,

b the length of FE,

¢ thetension of F5.

Solution:

a (~_ alongPA),
T =2gcostll=g=58N
9.8x
g0, =

9.8
n=035
SAP=05405
=1m
h §=tan30° =im
1 3
= 0577 m
=058m (2s1L)

c (7 along PE),
T, =2gcos30°
3

L
g2

=g 3N

= 172 s £)
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Elastic stringsand springs
Exercise A, Question 10

Question:

A particle of mass 2 kg iz attached to one end F of a light elastic string PO of modulus
of elasticity 20 I and natural length 0.8 m. The end {0 of the string iz attached to a
point on a reugh plane which is inclined at an angle o to the horizontal, where

taty o =§. The coetficient of firiction between the particle and the plane 15 % . The

particle rests in limiting equilibrium, on the point of sliding down the plane, with 20
along a line of greatest slope. Find

a the tension in the string,

b the length ofthe string.

Solution:

(/')T+4?g = ngin{x:ﬁ?‘g

- 28
5
=392
=39NW{2:M)
h 352 =%
0.8
xr=01368m

o Length of string 15 09568 =096 m (2 2.1

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Elastic stringsand springs
Exercise B, Question 1

Question:

L particle of mass 4 kg iz attached to one end F of a light elastic spring 20, of natural
length 0.5 m and moduluz of elasticity 40 M. The spring restz on a smooth horizontal
plane with the end & fized The patticle is held at rest and then released Find the
initial acceleration of the particle

a if PO=08m initially,

b if PO=04m initially.

Solution:
- - (LB m - -
T < a
MN%‘WW
o P
a («7T =4da
7= 40 0.3
0.5
=24
s2d =dg
6 =ua

initial acceleration iz 6 ms

h §—==a
VAVAVAVAVAVAVAVAV - S S 02 |
0
(=5 =4da
o= 40=0.1
]
=31
S8 =da
2=u

initial acceleration is 2 m s
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Elastic stringsand springs
Exercise B, Question 2

Question:

A particle of mass 0.4 kg is fized to one end 4 of a light elastic spring A8, of natural
length 0.8 m and modulus of elasticity 20 M. The other end 5 of the spring 1z attached
to a fized point. The particle hangs in equilibrium. Tt 15 then pulled vertically
dewnwards through a distance 0.2 m and released from rest. Find the initial
acceleration of the particle.

Solution:
S — B
o Tn equilibrium position
S T =0.4g
; 0.8 m = %
o 0.8
§ = 25x
P 25x =04dg

-
% .‘_‘%r
. R
=
Il
.
M|E,l3~"
_h

0.4 g
E_ 1 After further extension,
E—j [ (L% m d)T—U.4g = 0.4
2\ - 2002
l H
; & = 25245
r& 4 So, 25x+5-04g =04a
(0.2 5
'@ ‘T
ﬁ =125
-2

initial acceleration iz 12.5m s
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Elastic stringsand springs
Exercise B, Question 3

Question:

.6m

A particle P of mass 2 kg iz attached to the mid-point of a light elastic string, of
natural length 0.4 m and moduluz of elasticity 20 M. The ends of the elastic string are
attached to two fized points 4 and B which are on the same horizontal level, with
AEB =06m. The particle 15 held in the position shown, with AP=E8F=05m, and

released from rest. Find the initial acceleration of the particle and state itz direction.

Solution:

iKBU—Q.B =g
5

42=a

initial acceleration is 14.2m s™ upwards
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Elastic stringsand springs
Exercise B, Question 4

Question:

A particle of mass 2 kg 1s attached to one end F of a light elastic spring. The other end
{} of the spring 15 attached to a fixed point & The spring has natural length 1.5 m and
modulus of elasticity 40 M. The particle 15 held at a point which 12 1 m vertically
abowe & and released from rest. Find the initial acceleration of the particle, stating its
magnitude and direction.

Solution:

I m

(MT-2g =2a
_40%0.5
15
40
i)

sl B,

o, 3

a=-313

magnitude of initial acceleration is 2.13m 5™ and direction is downwards
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Elastic stringsand springs
Exercise C, Question 1

Question:

Anelastic spring has natural length 0 & m and modulus of elasticity 8 N Find the
wotle done when the spring is stretched from its natural length to a length of 1 m.

Solution:
a 2
21 2w0.6
=10&617T
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Elastic stringsand springs
Exercise C, Question 2

Question:

An elastic spring, of natural length 0.8 m and modulus of elasticity of 4 M, 15
compressed to a length of 0.6 m. Find the elastic potential energy stored in the spring,

Solution:
2
21 2% 0.8
=017
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Elastic stringsand springs
Exercise C, Question 3

Question:
Anelastic string has natural length 1.2 m and modulus of elasticity 10 M. Find the
wotle done when the string iz stretched from a length 1.5 m to a length 1.8 m.

Solution:

1006 R0z
e S

10
=_—(06-03
2.4( }

wotl done =

= E};{ 0.9=03
2.4

=1.1257
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Elastic stringsand springs
Exercise C, Question 4

Question:

An elastic spring has natural length 0.7 m and modulus of elasticity 20 M. Find the
wotrk done when the spring is stretched from a length

a 07mto09%m

b 08mto 1.0m

c 12mto 1dm

[ITote that your answer to a, b and ¢ are all different |

Solution:

a i(o.zﬂ sty = 057 Ti3st)
2% 0.7

20

2% 0.7

= %XO.AM 0.2=1.147 (3s.£)

(0,32 -0.1%

e 2% P05y
%07

= %m.zxo_z =3437(3s£)
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Elastic stringsand springs
Exercise C, Question 5

Question:

A light elastic spring has natural length 1.2 m and modulus of elasticty 10 N One end
of the spring 15 attached to a fized point & particle of mass 2 kg 15 attached to the
other end and hangs in equilibrium. Find the energy stored in the spring,

Solution:
MT=2¢
7 e
1.2
24
g=_==024
10 =

2

2g energy stored = M

%12
=23.07=23T(2:f)
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Elastic stringsand springs
Exercise C, Question 6

Question:

An elastic string has natural length @ Cne end 15 fixed. A particle of mass 2 15

attached to the free end and hangs in equilibrium, with the length of the string 32 Find
the elastic potential energy stored in the string.

Solution:

MT =2mg

fLKZazzm

[

=1 =m

2
= _E_Mzgm‘gﬂ
1 2 2ot

2 myg
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Elastic stringsand springs
Exercise D, Question 1

Question:

Anelastic string, of natural length § and maodulus of elasticity mg, has one end fized to
apoint A on a smooth horizontal table. The other end is attached to a particle P of

mass 2. The particle 15 held at a point on the table with AP =§ and 15 released. Find

the speed of the particle when the string reaches its natural length.

Solution:
v 9
! ‘0_ Conservation of energy
A =] EE gain =EE loss
i 17 2
2 1
mg| =1
l 2= 2
2 2
1
Vhi=pag)
7€
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Elastic stringsand springs
Exercise D, Question 2

Question:

A particle of mass #2 15 suspended from a fizxed point O by a light elastic string, of
natural length @ and modulus of elasticity dsg. The particle 15 pulled wertically
dewnwards a distance & from its equilibrium posttion and released from rest If the

particle just reaches &, find .

Solution:
i 2
&l At equilibrium, T =g
4 1
o m€g=mg=>e=—a
@ 4
J Conservation of energy
PE gain
&
{ :. Equilibrium 1
| mg|a+—a+d
. o 4
i 5a*
° @ — 4ad
4
S
4
9
16

]
ignore solution — o
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Elastic stringsand springs
Exercise D, Question 3

Question:

A light elastic spring of natural length 27 has itz ends attached to two points F and O
which are at the same horizontal level The length PO is 20 A particle of mass w2 15
fastened to the midpoint of the spring and 1= held at the mid-point of 2. The particle
1z released from rest and first comes to instantane ous rest when both parts of the string

take an angle of 60° with the line PO Find the modulus of elasticity of the spring.

Solution:

i LI Conzervation of energy
DPE loge =EE gan

; v
2 -
cos G0°

2

gl tan 60" =

mgfﬁ = A
modulus 13 mgﬁ
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Elastic stringsand springs
Exercise D, Question 4

Question:

A light elastic string, of natural length 1 m and modulus of elasticity 21.6 1 has one
end attached to a fized point O 4 particle of mass 2 kg is attached to the other end.
The particle 15 held at a point which 15 3 m vertically below & and released from rest
Find

a the speed of the particle when the string first becomes zlack,

b the distance from & when the particle first comes to rest.

Solution:
a0
a Conservation of energy
. Im EE gan+PE gain =EE loss
v 2
T lxzxﬂ"f‘+2gx2=—21'6x2
2 2%1
P =432-392
=4
2m I© = 2m gt
0 03#1—'
b ==
< Conservation of energy
g EE logs =T E gain
lszﬂ = mged
OI é 2 =gd
e
020m(2sfi=—=4d
d g
VI distance from @ is 080 m (2 2. £)
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Elastic stringsand springs
Exercise D, Question 5

Question:

L particle P iz attached to one end of a light elastic string of natural length . The
other end of the string is attached to a fized point & When P hangs at rest in

s : . S L w8 : :
equilibrium, the distance OF 13 3 The particle 13 now projected vertically
dewnwards from O with speed IF and first comes to instantanecus rest at a distance

% kelow & Find 7 in terms of @ and g

Solution:
1I—l
(NT =mg
a 1 2a
| —¥—=mg
T i s
3mg
b |2a BT
|3 :
r@'
y
meg
EElozz+PE logs =EE gain
o v il /1 (L ]
: Lot 4 g 100 2 e 3
il : 3 2 21:1
1 : g  10ag _3g 494
i 2 3 4q 9
104 U? _4%g 10ag
- 2 12 3
i 7 = Bag w2
l“ ! 12
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Elastic strings and springs
Exercise D, Question 6

Question:

A particle P of mass 1 kg is attached to the mid-point of a light elastic string, of
natural length 3 m and modulus A . The ends of the string are attached to two points
A and B onthe same horizontal level with AF = 3m. The particle 15 held at the

mid-point of A5 and released from rest. The particle falls vertically and comes to
instantaneous rest at a point which is 1 m below the mid-point of A5

Find a the value of A,

b the speed of P when it 13 0.5 m below the initial position

Solution:

J1.5° 417 = =

a4
_A3
2
a PE loss=EE gain
o V133
; 2 2
}( =
% 2215
1=—22%8  _gn176x2
(W13-3)?
=160 17 (2 s.£)
h 10
g o—ttm g AP=15+05
10.5m Jl_O
|P -1
Vv

EE gan+EE gain =P E loss

2
o[ V103

2 2
Ipay =05g

2 2%1.5
pro g W03,
3
F =28%=29ms'(2sf)
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Elastic stringsand springs
Exercise D, Question 7

Question:

A light elastic string of natural length 2 m and modulus of elasticity 117.6 M has one
end attached to a fized point O 4 particle P of mass 3 kg iz attached to the other end.
The particle 18 held at & and released from rest

a Find the distance fallen by F before it first comes to rest.

h Find the greatest speed of P during the fall

Solution:

_°_ 0, =
LV PE loss =EE gan

e (24x) = —Hj'ﬁxz

g D=x'-—x-2
O={x-2x+1)

x=2(x-1) +—

Ignore negative root.

falls 4 m

0;) 'é“

b Greatest speed at equilibrium position

—— (MT =3¢
117.6xe
, =3
2 5 =4
e =05m
+1 EE gain+EE. gain =PE. loss
e > 2
| v 7609 | 1yspe —3gxas
' 2% 2 2
7354+1 50 =735
=654
3g =66msi(2sf)
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Elastic stringsand springs
Exercise D, Question 8

Question:

A particle P of mass 2 kg iz attached to one end of a light elastic string of natural
length 1 m and modulus of elasticity 40 . The other end of the string 15 fized to a

; 3 e b 3
point & on arough plane which 15 inclined at an angle of, where tan o = o The

particle 1z held at & and released from rest. Given that P comes to rest after moving
2 m down the plane, find the coefficient of friction between the particle and the plane.

Solution:

[\

("R =Z2grosy = B?E

Wotl dene against friction =P E. loss—EE gain

a
,U,B?gxz =Eg)<25inoc—4§§1
108 _ 128,
5 35
_12g-100
~ 16g
= 0.11(25£)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Elastic stringsand springs
Exercise E, Question 1

Question:

A particle of mass w2 iz supported by two light elastic strings, each of natural length
sz, o) :
and modulus of elasticity % . The other ends of the strings are attached to two

fized points A and 5 where A and & are in the same horizontal line with A8 = 2a
TWhen the particle hangs at rest in equilibrium below A8, each string makes an angle
& with the vertical

a Werify that cosd = %

b How much work must be down to raize the particle to the mid-point of A57

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Page2 of 2

(M2Tcos@=mg @
by Hoolke's Law

7= 15mgx @
16a
sind = = 3
a+x
a If cosd =i,T= 5m;g from
] 8
Dz _ 1emgx from &
8 16a
4
3
1:115111E =_2 from @
5 pre
a+=
3
which 1s true.
b work done on particle = overall gainin energy
=PE gain—EE loss
PM ={a+x)cosd EE losz =initial EE —final EE.
2
=(a+2_a]i — 15mg 2x 2_(3 _02
305 16 2a 3
dex -
= = 2o 15mgda” = 2
dg 16% 2axs
SJPE gan = mg? _ Smga
12
2o, work done = Amga — i L
12
mga
= 16—
o (16-3)
_ 1lemga
12
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Elastic strings and springs
Exercise E, Question 2

Question:
A light elastic spring 15 such that a weight of magnitude W resting on the spring
produces a compression . The weight 1z allowed to fall onto the spring from a

: a L : ; i
height of > above it. Find the mazimum compression of the spring in the subsequent

motion.

Solution:

Let { be the natural length of the spring.
Let A be the modulus of the spring

T [7; (T)T =
by Hooke's Law,
> W _Aa
5—__.: {
! a |
@ v
da
L ) *
C; W
=4 :_9
S =
= =
Tsing conservation of energy,
PE lossof W =EE. gain of spring
2
W E +x | = ;Li
2 2!
3 W -—
50, W (_ +x] = B cubstitute for };— from above.
3a° +2ax =x°

0 =x" — Dax—3a°
0 ={x—3a)x+a)
Lx=3aor—a

J. MAaXUnum Compression is Ja
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Elastic strings and springs
Exercise E, Question 3

Question:

A light elastic string of natural length 0.5 m 15 stretched between two points F and O
on a smooth horizontal table. The distance P2 12 0.75 m and the tension in the string i3
15 1.

a Find the modulus of elasticity of the string.

& particle of mass 0.5 kg 15 attached to the mid-point of the string. The particle 15
pulled 0.1 tn towards O and released from rest.

b Find the speed of the particle as it passes through the mid-point of PO
Solution:

a -—07em

P Q
x=075-05=025

by Hooke's Law, 15= 1205'25
= 1=30N |

h 0.375 0375 —

o ! ifinal)

-

P v Q

0.475 ——==+—0.275 —

Q ! =0 (initial)

P V Q

Tsing conservation of energy
EE gain =EE loss

EE.loss =initial EE ~final EE.

50 (0.225% +0.025% —2x0.125%
28025
= 60(0.05125-0.03125)
=127
lxlxvzzl.z
2D
Se,v* =4.8

v =219m s (3s£)
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Elastic stringsand springs
Exercise E, Question 4

Question:

A particle P of mass e 12 attached to two strings AF and BF. The points 4 and 5 are

on the same horizontal level and AR =_1—a.

The string AF iz inextensible and AP=%.

The string BF iz elastic and BF=a.
The modulus of elasticity of 5F is A Show that the natural length of 5F is

Sla
Zmg 4+ 51

Solution:

AABP 53,4, 530 APB=90"

(/. along PB) T, = mg cos =3m?g
by Hooke's Law, 7, = @
S, A (—I+a) _ 3mg

{ 5

SA{-i4a) = 3mg!
SA+3mgl =5a
054, 4+ 3mg) =54
;= Sla
(5 + B
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Elastic stringsand springs
Exercise E, Question 5

Question:

A light elastic string, of natural length @ and modulus of elasticity Jwmyg, hasz one end
attached to the base of a wertical wall. The other end of the string 15 attached to a small

ball The ball 15 held at a distance %1 frotn the wall, on arough horizontal plane, and
released from rest. The coefficient of friction between the ball and the plane iz %
a Find, interms of @ and g, the speed FFof'the ball as it hits the wall

The ball rebounds from the wall with speed % :

b Find the distance from the wall at which the ball comes to rest.

Solution:

PhysicsAndMathsTutor.com
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a
0 R v
e P — (TR =mg
_Q S Friction =lmg
C 1p 5
<]
a i
- ? -
wotrk done against friction = overall lossin energy
=EE loss—EE gan
2
@
1 3 OPE|3 /%/ =
CEANE 26
Jog _ 338 g
g 4
yaoSag_ g _ ag(25-12)
4 ] 20
- 13ag
d 20
b

Friction will be same.

Azsume string is still slack when ball
cotnes to rest.

1 1. f2rd 1 ap?
—mgd =—m|— | =—m—
5 2] 5 27 25
5 gEs
1%
50

Ao 13 less than @, the assumption that the string 13 still slack 13 valid.
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Elastic stringsand springs
Exercise E, Question 6

Question:

a T[Tsing integration, show that the work done in stretching a light elastic string of
2
natural length [ and modulus of elasticity A, from length [ to length (f +x) iz ;inf

h The same string 1z stretched from a length f +a) to alength {({4+5) where b =a

whow that the worle done is the product of the mean tension and the distance mowved.

Solution:

a Workdone=des=jﬂids
b 5 ¢
_Aray
_E[S ]n
_Ax
&l
b work done = EE gain of stnng
A2 2
=—ih'—a
EI( J

il ;‘I‘ _
—E(b+a)(b @)

_ 1A Aal
‘5(?*?](’5 2
1
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Elastic stringsand springs
Exercise E, Question 7

Question:

A light elastic string has natural length [ and modulus 2mg. One end of the string is
attached to a particle & of mass #2 The other end 13 attached to a fized point C on a

: s : : 4i
rough horizontal plane. Initially P 15 at rest at a point 22 on the plane where O0 = o
a Oiven that P iz in limiting equilibrium, find the coefficient of friction between F
and the plane.
The particle P iz now moved away from C to a point & on the plane where CE =27
h Find the speed of P when the string returns to its natural length
¢ Find the total distance mowved by F hefore it comes to rest

Solution:

PhysicsAndMathsTutor.com
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a
R
l r
I
uR
C 4] D
g 3
mge
(MR=mg ()pR=T
pmg =T
by Hooke's Law,
2mz !l Zmg
I 3 3
_ emg
Mg = 3
s 2
3
- o 9,
¢ v 0
! {

wotle dotie against friction = owverall loss in energy

=EE loss—EE gain

2
2m 2mgl® 1 e

Eal I = £
2" 202
%V:’:gf—%gf——gf
2
szggf
= gl
3

¢ String is now slack

wotle done against friction = K. E loss

2 1
—mod =—m¥—gl
3 g 2 =
ol =lf
2
5 _ o B
« total distance trawvelled 15 E
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Elastic strings and springs
Exercise E, Question 8

Question:

A light elastic string of natural length 0.2 m has its ends attached to two fized points A
and 5 which are on the same horizontal level with A8=02m A particle of mass

5lkg 1z attached to the string at the point F where AP =10.15m. The system iz released

and F hangs in equilibrium below AL with APB =90".

a If BAP= A, show that the ratio of the extension of AF and BF 12
dcosd -3

daind -1

b Hence show that cosﬂ[4cosﬂ —3:|= 3sin8(4sin8—1:|.

Solution:

extension of AP =02cesd -0.15
extension of BF = 0.2and -0.05
0.2::039—0.15){%
0.2sin8-005 20
_dcosd -3
 4sing -1

C.oratio 1

h (A yaeng FE:T, =5gcosd
(o Valong PA: 7, =5g=nd
T, cosd
Fl_sinﬂ
ﬂ,xgxﬂ.lﬁ _ cosd
0.05 Az  sind

sG,

3x, cosd

x sin g
. oxm _ Zand
e —==

x, cosd

o deosd =3 - 3sind
 dsind -1 cosd
Jandidsnd -1) =cosB(dcosd -3
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Elastic stringsand springs
Exercise E, Question 9

Question:

A particle of mass 3 kg iz attached to one end of a light elastic string, of natural length

1 m and modulus of elasticity 147 M. The other end of the string 15 attached to a fixed

point. The particle 1z held in equilibrium by a horizontal force of magnitude 9 8 N with

the string inclined to the vertical at an angle &

a Find the value of 8

h Find the extension of the string.

¢ Ifthe horizontal force 15 removwed, find the magnitude of the least force that will
keep the string inclined at the same angle.

Solution:

PhysicsAndMathsTutor.com
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{ " perpendicular to string)

w10 I
98cosd =Hgand

1

_=tand 3
afl o
d=tan" | = [=184
]

b (—) Tsing =98

T =980
14.?'1}{?: = ggm
=@mz2.lm(25.f)

least force will be perpendicular to string
(MF =73gsnd
_ 8 i

1o
=BgmN

10
= 93N (2s£)
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Elastic stringsand springs
Exercise E, Question 10

Question:

Two points 4 and B are on the same horizontal level with A5 =3a & particle P of
mass i 15 joined to A by a light inextensible string of length 4o and 1z joined to Sbya

light elastic string, of natural length & and medulus of elasticity % . The particle F iz

held at the point O, on AE produced, such that 20 =g and both strings are taut. The
patticle P s released from rest.

a Show that when AF 1z vertical the speed of Pz 2 ga

b Find the tension in the elastic string in this position,

Solution:

a by conszervation of energy,
EE gain+EE gain =TPE loss

1 5, mgx

—m +—— = mgda
2 4 Za
BPF=15z (3,4,5 A)
S0, x=4a
) 16a*
i e Sl = myg da
2 4 Za
v2+4gcx = hga
v =dga
v =2, ga
mg  da

h zx=da  T=—"2x—
4 i

:mg
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Further dynamics
Exercise A, Question 1

Question:

A particle F of mass 0.2 kg 1s moving on the x-axis. At time £ seconds F i3 x metres
from the origin & The force acting on & has magnitude 2cost N and actz in the
direction OF, When =0, F iz at rest at & Calculate

a the speed of P when =2,

b the speed of F when £ =73,

¢ the time when P first comes to instantaneous rest,

d the distance OF when £ =2,

e the distance OF when P first comes to instantaneous rest.

Solution:

PhysicsAndMathsTutor.com
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— il
1 02ke |
o xm P 7 cost N
a F=ma
Zoogi =0 2a

3

dw e : : )
UQE = Z2cosé Force 13 a function of time 50 use a = E :

dv

Integrate to obtain an expression for v,

0.2
v =10sint+e
t=0 v=0 '\
: Don't forget the constant.

O=0+c¢. =0

v=10zin¢
t=2 v=10zn2=9092__
When =2 the speed of Pis 9.09m s~

b i=3 v=10zn3=1411._

(3 5.£)

When =3 the speed of Pis 1.41ms™ (3 5.£)

C v=0 0=10sné =
sing =0

i e

Froomestorest when v=10.

3

Ffirst comes to rest when i =7 .

d  v=10an¢

=10sin#

&l &

x=10]sinﬁdﬁ

Exact answers are best.

x=-10cosi+ X )
=0 x=0 0=-=10+K" KE=10

x=—10cosi+10
=2 x=-10cos:+10=1416__.

When t=2 OP=14.2m (3 s.f)

e i=g x=-10cesmr+10
=10+10=20
When F comes to rest QF=20m .
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Further dynamics
Exercise A, Question 2

Question:

A wan of mass 1200 kg moves along a horizontal straight road. At time ¢ seconds, the
. . &0 000 . L
resultant force acting on the car has magnitude ~ I and acts in the direction of
[ E4+D0

motion of the wvan. When £ =10, the van 15 at rest. The speed of the van approaches a

limiting value ¥ m s Find
a the value of ¥,
b the distance moved by the van in the first 4 seconds of its motion.

Solution:

PhysicsAndMathsTutor.com
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a 5 =ma
o 002 =1200g
(it +5
50
e ev—
£+3)
dv 50
dt i+ 5° T
50

dv

Force 13 a function of time 50 use a = —.

=-— +
(f+3)
i=0v=0 U=—E+c
5
c =10
v=—£+10
i+5
bs f—am —ﬂ 0
i+5
=10
20 +10
(t+5)
E=——5D +10
i i+5
x=-00In{+2)+10f + &
=0, x=0 0==-50ln5+K&
K =50In5

 x=—501In(t+5)+ 10t +501n 5
t=4 x=-50109+40+501n5

x=40+501n§
x=1061..

Integrate to obtain an expression
for v,

The wan mowves 106 m in the first 4 seconds (3 2.£)
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Further dynamics
Exercise A, Question 3

Question:

A particle P of mass 0.8 kg s moving along the x-axis. Attime £=10, P passes
through the origin &, moving in the positive x direction. At titne # seconds,
OF=x metres and the velocity of P iz vm 7', The resultant force acting on P has

magnitude %- 15 —x 1M, and acts in the positive x direction. The maximum speed of P
iz 12ms™.

a Ezplain why the maximum speed of P occurs when =15,
b Find the speed of P when ¢t =10

Solution:

PhysicsAndMathsTutor.com
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9 xm

Mlamimum speed = acceleration zero
= force iz zero

%(15—x}=0 . ox=15

F=ma

é(lﬁ—x) =0.8a

vE =4L(15—x]| «— | Force is a function of x 50 use a=v£.

dv

separate the variables.

=15 v=12

lx122 = b 15:{]5—1:{152 +c
2 4.8 2

lxlzz—ixlxlﬁﬂ
2 FRD

e =48.5625

c

lvﬁ = i[lﬁx— 1 % ]+48_5625
4.8 2

v = 2x 48,5625
v =9.855

When t=0 P'sspeedis 9.86m s (3s.£)

© Pearson Education Ltd 2C
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a tells you the initial conditions.

*— PuatQ0when i=10.
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Further dynamics
Exercise A, Question 4

Question:

A particle F of mass 075 kg iz moving in a straight line. At time £ seconds after it
passes through a fized point on the line, &, the distance C0F 13 x metres and the force

acting on & has magnitude | 287 +2 17 and acts in the direction 9P Given that &

passes through O with speed 5m s, calculate the speed of P when

a k=3
b =7
Solution:
0.75 ke
. o g
0 xm P (2ex+2)N
F=ma

(26 +2) = 0.75%

U.T"ﬁvﬁ — 04D / Force is a function of x so uze f=vii—d:.
dx

o.?5jv dv =I(2&'x+2}dx «

Separate the variables.

D.?ﬁxlv:" =2 +2x+0c
2
=0 v=5 U.?ﬁx%xﬁg = -D+4¢

e = D.?ﬁx%x 5 +2=11375
L0375 = —2e +2x+11.375

a x=3
v =;(—23'3+6+11.3?5)
0.375
v =6787...

When x=3 P'sspeedis 6.79ms™ (3af)

b x=7 vﬂzL(—ze-”'+14+11.3?5)
0.375
»=18.2325.

When x=7 Psspeedis 8.23m s (3 a.6)

© Pearson Education Ltd 2C
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Further dynamics
Exercise A, Question 5

Question:

A particle P of mass 0.5 kg moves away from the origin & along the positive x-asxis.

I and 1z directed

When OF=x metres the force acting on P has magnitude 7
T+

away from . When x=0 the speed of Pis 1.5m 7. Find the value of x when the
speed of Pis 2m s

Pagel of 1

Solution:
P 05kg
0 i 3 X
N
(x+2)
F=ma < o
7 Force 15 a function of x souse x=v—.
=0.5x
T+ 2
0.51;ﬁ = :
dx x+2
U.Sjv dv = 3! 1 dax
i+2
U.5x%v2 =Zln{x+21+c
x=0v =15
0. 5% %x 1.5 =3n2+c
1i58
€ = e —3lnz2 For the best final answer keep the exact

value as long as possible.

1 3 1.5%

So=v =3lnlx+2)+———-3ln 2
4 4

1 .4 158
v=2=2 sz =31n(x+2)+T—31n2

1.5°
3ln(x +2) =1—T+31n2

In(x+2) =0.8389...
x =¥ _0=03140__

When P's speed is 2m s, x=0.314 (3 s.D)

© Pearson Education Ltd 2C
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Further dynamics
Exercise A, Question 6

Question:

Calculate the magnitude of the impulse of a force of magnitude F I acting from time
£ seconds to time £, seconds where

a F:B:z—l: Eea. e
2

b Fei— b ETE =3,
3i-2

c F=Zcosd Il=0,f2=%,

d F=3+e™® g=0,=4

Solution:

PhysicsAndMathsTutor.com
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T

Impulze =I Fdt orsee end for an alternative

1

method.

The magnitude of the impulse 15 60 Ns

2
b Impulse =I [23.+L}1£
1 31‘,_2

1 2
= [.:3 +—In(3% - 2)}
3 1
1 1
=4+-In(6-2)—| 1+=In1
3 3
1
=3+=In4
3
= 3462

The magnitude of the impulse 1z 346 Ns (3 5.£)

T 2 T
¢ Impulse = I 2ocosds di :[Z sin 4z:|

0 o
e :
= —[sin 7w —sin 0]
2
=1
The magnitude of the impulse iz 1 s

4
d anulse=! (T4 ds
1]

~[-26]
=P Pe danfli=Ducl)
=14-2¢7
=392

The magnitude of the impulze 1z 127 Ma (3 2.£)

Alternative method for a

F=ma S
1 o

30—t =
2 di

2
= o
F——4c =mv
4
(=0 wmy=c
t=4 td-d+e =y
impulse = mvy, — g
=60+e—c=460
The magnitude of the impulse 1z 60 M.

© Pearson Education Ltd 2C
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TTse F =pwx to find »v at each of the
required times.

*— Lmpulse = change in momentum.
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Further dynamics
Exercise A, Question 7

Question:

Calculate the worlk done by a force of magnitude & I directed along the x-axis which

meoves a particle from x =z metresto x=x, metres where
1
3 2

a F=2xi+-—x" xn=1x=4,

b F=2sinx+3 x =0, x2=%,

e Fi=sxiae® wmp=liwm=3
3 2

d F=—+—— x=2,x=4.
x x-1

Solution:

PhysicsAndMathsTutor.com
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a worlk done=! 2ri4+—x

4 1
1
1

¥

work done = I F ds or see for

¥

an alternative method.

= ix 8+lx 6 — i+l
E & 36

=19§ for 19.83..)
The work done 15 19%:[ for 198 T(3 £
b work done=jz(251nx+3]dx
0

= [—2 Cos x+3x]§

=-2 cos£+3—ﬂ—(—2 cos 0 +0)
I P

The worl: done iz [3;+ 2] Tor671T(3s1£)

3

¢ Work done = J (32 +e"ydx

1

- |:x3_le—2x:|3
2 1

= 2?—1.3*5—[1—152]
2 2

=26.06...
The work done 15 26,1 T (3 s5.£)

PhysicsAndMathsTutor.com

give the exact answer unless
3 : ;
= 42 / accuracy is specified
2
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4
d Work done=JA [E-I—i}:lx
Sieims e

=[3tn x+2ln(x-1)];
= 3lnd+21n3- (3n 2+21n D)
=1n64+ln9—1n8—0

=1n[64;9]=1n?2

The work dene 1z In 72T or 4 287 (3 s51)

Alternative method for a

F=ma =
1
d
221 +—1° = v
dx
&
mjv dv = I[Exz il de
3
lmv2 =ix§+—x3+c
2 3
1 5, 41
x=1 Emvl =—+—toe=—+¢
=4 —mv;' = —x8+—xbd+c
Workdone=£+E—E:192
6 2 &

The wotk done 15 19%]

© Pearson Education Ltd 2C
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TTze 7 =i with a =v% and integrate

w4
to obtain —#n for each value of x.

work done = changein K E.
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Further dynamics
Exercise A, Question 8

Question:

& particle F of mass 1.5 kg 15 moving in a straight line. The particle i3 initially at rest

at a point & on the line. Attime £ seconds (where £ 2 0) the force acting on F has

magnitude (3¢+8) and acts in the direction OF. When =7, P has speed 75m s~

Calculate

a the magnitude of the impulse exerted by the force between the times £=1 and
i=4,

b the speed of P when £=13,

¢ the value of T

Solution:

PhysicsAndMathsTutor.com
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1.5ke (3t+8)N
O P

4
a Impulse =I (3 +E)de
1

q 4
=[3I—+8:}
2 1

=(24+32)—[§+8]

r

Impulse =I Fdi or find velocities at

1

i=1and £ =4 and use
impulse = change in momentum,

=465
The impulzse has magnitude 46 5 Ms

b F = mu
3t+8= 15
EE: i+8
2 de

3
§v= (3 +2)de
2
Ev= 3i+8.ﬁ+c
2 2
f=0v=0=c=10
£=33v= E 24
2
2 75
"P: _x_
3 2
v = 25

2
c Ev=3'ﬁ—+8.t
2 2
v="T5t=T
2
Ex?ﬁ =—+3&8F7
2
ITHLI6T 095 210
= —16 (16 +4x 3% 225)
&

= 6394, or—11.72...
T=0 » T =63903:f)

© Pearson Education Ltd 2C
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Further dynamics
Exercise A, Question 9

Question:

A particle of mass 0.6 kg moves in a straight line through a fized point & At time
f seconds after passing through O the distance of F from ' 13 x metres and the

) | _
acceleration of F 18 gu 2 +2xms?

a Write down, in terts of x, an expression for the force acting on F.
b Calculate the wotl done by the force in moving P from x=01to x=4.

Solution:
1
—— _(x*+2xim s>
0.6 kg
(8] xm P
a F=mua — TTze 7 =pum.

F=06x %(xﬂ +2x)

F=01202+25
4

b Workdone=JA Fdx o :
) worl done = j Fdx

4
= I 0.12(x% + 2x)dx 1

1]

3 4
=U.]2{x—+x2:|

3 0
- U.lE[%H:S—U}

=448

The wotl done 13 4.48 I
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Further dynamics
Exercise B, Question 1

Question:

Ahowe the Earth’s surface, the magnitude of the force on a particle due to the Earth’s
gravitational force 15 inversely proportional to the square of the distance of the particle
from the centre of the Earth. The acceleration due to gravity on the surface of the
Earth 13 g and the Earth can be modelled as a sphere of radius & A particle 7 of mass
meis a distance (x— &) (where x> R) above the surface of the Earth. Prove that the

. . . . mgR’
magnitude of the grawvitational force acting on P 15 mgz .
Solution:
i :
=d—2 whete & =distance from centre
distance (x—R) abowve surface
= distance x fom centre
i
.I F — _2
x
On surface F=mgr=K < The magnitude of the gravitational
K force on a particle on the surface of
e = R the garth 1z the magnitude of the
k = mgh’ weight of the particle.
2

v Magnitude of the gravitational force iz

2
X

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 2

Question:

The Earth can be modelled as a sphere of radius R At a distance x (where x> &) from
the centre ofthe Earth the magnitude of the acceleration due to the Earth's
gravitational force 15 A Onthe surface of the Earth, the magnitude of the acceleration

- _ R
due to the Earth's gravitational force 13 g Prove that 4= g_z
x

Solution:

For a particle of masz e, distance x from the centre of the earth:

Fo=ma
R predl :
Za * TTze the inverse square law.

CUn the surface of the earth, x=% A=g

; k&
k = mgR*
mg R
5 M —
%
g’
4 =5
2

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 3

Question:

A spacecraft & iz fired vertically upwards from the surface of the Earth When itis ata
height &, where & is the radius of the Earth, above the surface of the Earth its speed 13
yJgR . Modelthe spacecraft as a particle and the Earth as a sphere of radius & and

find, in terms of g and &, the speed with which 5 was fired. (Y ou may assume that air

resistance can be ignored and that the rocket’s engine 1z turned off immediately after
the rocket fired.)

Solution:
F =
2
g F - . .
gz = —mx * 18 moewing away from the earth, so the
- acceleration 15 in the direction of decreasing x

where x 15 the distance of 5 from the centre of the Earth.

dv _ R " dv
va - g? Tze E=va as the acceleration 1z a function
1
jv dv=-g 5 — dx of x.
x
]v:“' = : +7
2 = x
x=2R v=.fgR
2
2 28
o=
3
1a_g’"
2 x
3
2 Iy
v =2g R
v = . J2gR

~ was fired with speed fagh

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 4

Question:

& rocket of mass s 13 fired vertically upwards from the surface of the Earth with
initial speed IF The Earth is modelled as a sphere of radius & and the rocket as a
patticle. Find an expression for the speed of the rocket when it has travelled a distance
K metres. (T ou may assume that air resistance can be ighored and that the rocket’s
enginie iz turned off immediately after the rocket iz fired.)

Solution:

F=ma

mg R

A

5 L
X

where x 15 the distance of the rocket from the centre of the Earth

The acceleration 1z in the direction of
decreasing x.

- dv o
TTse x=v— asthe acceleration 1s a

function of x.

On the Earth's swface.

Pagel of 1

2 o
& __gR ‘
dx %
Ivdv=—gjo%dx
2
Tian BR
2 x
1.2 R
=g —+C
Tl
C—%Uz—gﬂ
x=(X+R) =

2
lvz_ gR 1U:4_

> (X+R) 2

228 R+UHX+R-2g RIX+R
(X +R)

. \/[UQX+UQR—25 RX}

(X +A)

WWhen it has travelled X metres, the speed of the rocket iz \{I:

© Pearson Education Ltd 2C
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After travelling a distance &, the rocket 13
a distance (X + &) from the centre of the

Earth.

PX+IPR-2g RY
(X +R)
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Further dynamics
Exercise B, Question 5

Question:

& particle is fired vertically upwards from the Earth's surface. The initial speed of the
particle is u where u° =3gR and R is the radius of the Earth. Find, in terms of g and

K, the speed of the particle when it is at a height 45 above the Earth’s surface. (Tou
may assutme that air resistance can be ignored.)

Solution:
__g®
e 7 - The acceleration 15 1in the direction of
dv R decreasing x.
y X =_E =
dx x ‘\
1
jv dv——gjode " i _—
x Tse x=v— asthe accelerationis a
I g woR? :
—v ==t function of x.
2 %
x=R v'=3gR
2
4 lx g K= £+C
2 £
1
R =R
5 g
2
1o 28R e
w
When r =358 “+ At a height 48 above the Earth's surface,

] x=5K.
v2=2gR +g &
T
‘PEZTER
5

Tg R
. The speed at a height 45 above the Earth's surface 1z ET .
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Further dynamics
Exercise B, Question 6

Question:

A particle i3 moving in a straight line towards the centre of the Earth, which iz
assumed to be a sphere of radius & The particle starts from rest when its distance from
the centre ofthe Earth 15 38 Find the speed of the particle as it hits the surface of the
Earth. (You may assume that air resistance can be ignored.)

Solution:
2
e _M%R *— The acceleration is in the direction of
x decreasing x.
dv _ -gR*
oA T dv
i 1 Tse #=v— asthe acceleration 15 a
Iv dv=—-g R IT dx . dx
x function of &
2
% = £+C’
x
x=3K, w=0
_—gR'_-gR
iR 3
1 gR® gR
2 x 3
2
=R l _ﬁ_ﬁ + x= & onthe surface of the
2 £ 3 Earth
1 2
=g R
2 3 g
4
V=_gQR
3 E
_ o [ER
3

il
The particle hitz the surface of the Earth with speed 2 g? :

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 1

Question:

A particle P 15 moving in a straight line with simple harmonic motion. The amplitude
of the oscillation 15 0.5 m and F passes through the centre of the oscillation O with
speed 2m s Calculate

a the pertod of the oscillation,
b the speed of F when OF =02m.

Solution:

a v =w'la® - 2%

a=0235 x=0 v=2

2= ' x 0.5

4
peﬁ0d=2_=2;”_£
w 4 2

The period 13 %s :

b x=02m + =4%05-02%
v=1833
When OP=0.2m the speed of Pis 1.83m s (3 s.£)
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Further dynamics
Exercise C, Question 2

Question:

A particle F 15 mowving in a straight line with simple harmonic motion. The period 15
Fid - : . . o e
§S and P’z mazimum speed is 6 m s, The centre of the oscillation is O, Calculate

a the amplitude of the motion,
b the speed of F 0.3z after passing through &

Solution:

Mazimum speed occurs when
La=1 x=0.
The amplitude 12 1 m.

b X = sin ced + The speed 0.3 s after passing O is

VYV = B oS el required.

t=03%3s v =1xfrozlbx U_;\

_ Differentiate the line abowe to
v=bcosl8 ;
obtain v.

v =-1363

When £=0.3, Phas speed 1.36m 57 (35.£) +— goecd is positive.
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Further dynamics
Exercise C, Question 3

Question:

A particle 15 mowing in a straight line with simple harmonic motion. Its maximum
speed is 10ms™ and its mazimum acceleration is 20m s™ . Calculate

a the amplitude of the motion,
b the period of the motion

Solution:

a v =t - x4

=0, v=10m s 10* =w'a’ 0 *—— Maximum speed occurs when

¥=—w'x x=0.

r=—a i=20ms>

20 = +afa @
100 _  ofa’
D+ @ R +— *— Mazimum acceleration occurs
i e when x=-a.
a =

The amplitude iz 5 m.

b Using @ 10 = aw
10 = Sep

w=72

. 2
period = — =g
o

The period 1z 5.
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Further dynamics
Exercise C, Question 4

Question:

A particle 15 moving in a straight line with simple harmonic motion The period of the

.. 3 . . .
motion i3 ?Hs and the amplitude iz 0.4 m. Calculate the maximum speed of the

patticle.
Solution:
perod = 2;:? = 3—??
o ]
10
3
Vv = w4 - )
1
1 10 2 .
vo= = 04" -0 4— Mazimum speed occurs when
10 4 =Y
v=—n04==
3 3

The maximum speed 13 3 ms.
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Further dynamics
Exercise C, Question 5

Question:

A particle 15 mowing in a straight line with simple harmonic motion. Tts maximum
acceleration is 15m 5™ and its maximum speed is 18m s7'. Calculate the speed of the
patticle when it 15 2.5 m from the centre of the oscillation

Solution:

= —w'x

i=15ms> z=a
15 = wiar

W = wlia? - 2%

v=18mst x=0 18 = w'd’

182 _ et

15 ola

@+

=—=216

Tsing @ aw =18
18

= ——=0.8333__
216

vﬂ s w2(ﬂ2 _xﬂj

vh =833, (2162225

i
The speed is 17.9m s (3 s.£)
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Further dynamics
Exercise C, Question 6

Question:

A particle F iz moving in a straight line with simple harmonic motion. The centre of
the oscillation iz O and the period is %s  When OF=12m, Fhas speed 1.5ms™.

a Find the amplitude of the motion,

Attime 2 zeconds the displacement of P frotn & iz x metres. When £ =0, P iz passing
through O

b Find an expression for x in terms of £

Solution:
; 2r o _
a penod= P = 5 +—— Tlze the period to find .
=4

]

v o= wtlat - xh)
1

Then use v =’ (a” — x*) with

x=lim v=15ms s D i [ S aemetin

1.5 = 4@*-1.2H

1:5°
a!z = 4—2'1'1.22
a=1.257._.

The amplitude 12 1.26 m (3 2.£).

b x=asinew 4+ Tze x=asined as x=0 when
x=126zin 4¢ £=0.
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Further dynamics
Exercise C, Question 7

Question:

A particle 15 mowing in a straight line with simple harmonic motion. The particle
performs & complete oscillations per second and passes through the centre of the

oscillation, O, with speed 5m s~ . When P passes through the point 4 the magnitude
of P % acceleration is 20 m s7'. Calculate

a the amplitude of the motion,
b the distance OA

Solution:
i 2m 1
& REDET w6 4—— The period is the time for one
. complete oscillation.

v = (@ — 2F)
2 =(12mi 2t -0

g

T

The amplitude 13 0.133 m (3 5.£)

b i=-w'x +— YTouare told the magnitude of
20 =|-12q° | x the acceleration at 4.
o 20
127°
x =001407..

04 =0.0141m (3s.£)
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Further dynamics
Exercise C, Question 8

Question:

A particle P 15 moving on a straight line with simple harmonic motion between two
points A and B The mid-point of AF 12 & When OF =06 m , the speed of P iz
3m s and when OP=0.2m the speed of Pis 6 m s~ Find

a the distance A5,
b the period of the motion.

Solution:

a v =i (a® - 2%

x=06m,v=3ms"
F=wi@-067 @D
x=02m v=~6ms"
6 =wila®—0.2¢ @
@ D 68 _of(@®-02%
Fowtat - 06
(e -06%) =a2-0.22
Za® =4x 0.6° —0.2?
a2=4x0.62—0.22
3
a =0.6831._.

The distance A5 15 1.37 m (3 5.1} +—— AB is twice the amplitude.

b Using @ 9 = (0.6821° —0.6%

(0.6821° —0.6%
o =9.187
s i 9 ssgiaag
w918

The period iz 0.6.845 (saf)
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Further dynamics
Exercise C, Question 9

Question:

A particle i3 moving in a straight line with simple harmonic motion When the particle
iz 1 m from the centre of the oscillation, O, its speed is 0.1ms™ . The period of the

totion is 2m seconds. Caloulate
a the maximum speed of the particle,
b the speed of the particle when it 15 0.4 m from O,

Solution:
: 2
a per10d=; =2r <+— Tirst find 0.
=1

[ 2]
]

v = (@ - x%) 3

3 | Nowuse v' =a (2° —2°) to
x=lm,v=01ms
find a.
0.7 =1"-1
a* =01 +1°
a=1004__
vmux = i
=1x 1.004 +— Meazimum speed occurs when
x=10,
The mazimum speed is 1.00m s (3 5.£).

b v =101.004% - 0.4%)
v=09219_
The speed is 0.922ms™ (3 a.£)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3
Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise C, Question 10

Question:

A piston of mass 1.2 kg 1s moving with simple harmonic motion inside a cylinder. The
distance between the end points of the motion 12 2 5 m and the piston 15 performing 30

complete oscillations per minute. Calculate the mazimum value of the kinetic energy
of the piston.

Solution:
a= E =125
e
. dr 6l — _
Pericd=— =—=2 +— 50 oscillations per minute =
b3 30 G
2z for 1 oscillation
W=
Vg = D

=12

1
- - 2
maximum EE. = —mng

=%x1.2x1.252)<?r2

=82352..
The maximum E.E 13 2257 (3 s 1)
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Further dynamics
Exercise C, Question 11

Question:

A marker buoy 15 mowing in a vertical line with simple harmonic motion. The buoy
rises and falls through a distance of 0.5 m and takes 2 = for each complete oscillation.
Calculate

a the maximum speed of the buoy,
b the time taken for the buoy to fall a distance 0.6 m fom its highest point.

Solution:
a a=02+2=04m
: 2 \ ) :
period =— =2 The amplitude iz half the
o distance between the highest
=

and lowest points.

v = e (@ 2%

=0 v=rim
v=smxid
v=1256_.
The maximum speed is 1.26m 7' (3 2.£).

b 0.6 m from highest point
=x=-02m <

The buoy is now below the

X = @COS O centre.
—0z2=04 cos,‘-‘rﬁ\

Touwant the time from the

cosmé =—0.5 highest point.
t= L cos ™ (—0.5)
T
1 [ ??]
f=—x|m—-Z=
T 3
2
f =
3

The buoy takes %s to fall 0.6 m.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3
Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise C, Question 12

Question:

Points &, A and & lie in that order in a straight line. A particle & is moving on the line
with simple harmonic motion. The motion has period 2 2 and amplitude 0.5 m The
point & 15 the centre of the oscillation, D4A=02m and OF =03m. Calculate the
time taken by P to move directly from A to 5

Solution:

0 02m A 0Ilm B

period=zj =2

43
e =
X =@sin et
x =05snwt < Tse x=asinek to find the
x=02m 02 =05sin e, time to go from & to A and
the time to go from & to B
.o 02 s wqfie
i =sn | — [=sn | =
(553

x=03 mi,= sin'l[g]
5

time A— & =£,-4

i tl)

= 007384
The time to move directly from A to & 13 0.0738 (3 =.£).
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Further dynamics
Exercise C, Question 13

Question:

A particle F iz moving along the x-axiz. At time £ seconds the displacement, x metres,
of P from the origin &' is given by x=4sin 28

a Prove that F 1z moving with simple harmonic motion

b Write down the amplitude and period of the motion

¢ Calculate the maximum speed of F.

d Calculate the least value of £i£ = 0) for which P's speed is 4m 5.
e Calculate the least value of 21 > 0) for which x=2.

Solution:
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a x=4sn 2

£=8Bros 2 =

x=-16sn 2t
x=—4{dzin 28

i=-4x

o EHL

Differentiate the given
equation twice.

b amplitude =4m #

peried = %ﬂ-=ﬂs /

Cotpare x=4sin 2¢ with
x=gasnef to obtain g and
.

c v = w?(a? - x%)
x=0 V¥ =44'-0)
=2
The mazimum speed is Sm s~
d x=4anlt
F=08cosdt +— Froma

f=dms?! 4=C8cos

cosf =025
£=lcos'10.5
2
1 =
zz_x_
2 3

The least value of £ is E.

[ x=4dsin 2
x=2 2=4s5in2f
sin 2 =05
= Lnos
2
1 &
P =—»—
2 6

The least value of £ i3 E.
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Further dynamics
Exercise C, Question 14

Question:

A particle F iz moving along the x-asis. At time £ seconds the displacement, x metres,
. o 1
of F from the origin & 15 givenby x= 35in[4£+§].

Prowe that P 1z mowing with simple harmonic motion

Write down the amplitude and pertiod of the motion

¢ Calculate the wvalue of x when ¢ =0,

d Calculate the value of £(¢ = 0) the first time F passes through &

(=1}

Solution:
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1
a x= 35in[4£+—]
2
] 1
= 12c05[4.ﬁ+—]
2

= —485in[4.ﬁ+lJ
2
r=-16x

oS HIL

b amplitude =3m

Compare with
x=asniwt+s) to obtain a
and ¢o .

c =10 x=35in[l]
2

=1438..
When =0, x=144 (3:1£)

1
d =0 U=35in[4.ﬁ+§]

1
sin[4z+—]= 0
2

4.ﬁ+l= 0, ...
2

i = —%(not applicable)

H =l[ﬁ—l]=0.6603...
4 2

The walue of £ 12 0.660 (3 5.7,
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Further dynamics
Exercise C, Question 15

Question:

O a certain day, low tide in a harbour 1z at 10 a m. and the depth of the water 1z 5 m.

High tide on the same day 15 at 4 .15 p.m. and the water 1z then 15 m deep. A& ship

which needs a depth of water of 7 m needs to enter the harbour. Assuming that the

water can be modelled as rising and falling with simple harmonic motion, calculate

a the earliest time, to the nearest minute, after 10 a.m. at which the ship can enter the
harbour,

b the titne by which the ship must leave.

Solution:
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a amplitude =

A5-5) _.
p

period = (10am — 4. 15 pm)x 2

The difference between high and low tides i=
twice the amplitude,

— 6.25% 2 hr i

The time from low to high
tide iz half the period.

per‘iod=2£= 12.5

Tou can work through this question using
hours as the unit for time.

o
2
e
12.5

X=acoso *+—| Start at low tide.

2
x=DScos| —¢
[12.5 ]

high tide iy
O Dir The diagram shows
) [ _i-‘i S 5'305[_5] that when the water is
Sm iy GRERA 5 Tmdeep, x=3.
T o COS[E.t]:U.ﬁ
Sm I -

= E|:-::us'1 0.6

2

f=1844  *— Time after 10 am.

The ship can enter the harbour at 11.51 am.
{nearest minute).

b The water iz once more 7 m deep at (12.5-1 844 hours

after 10 am
= 104656 hrs after 10 am

= 10hr 393 min.

+— Eemember to change the
decimal part of 1.844 into
minutes (0844 » &0)

+— TIze the symmetry of
S HI to find the time

required.

" ship must leave by 8.3% pm (nearest minute).
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Further dynamics
Exercise C, Question 16

Question:

Points A, O and & lie in that order in a straight line. A particle & is moving on the line
with simple harmonic motion with centre & The period of the motion 15 4 5 and the
amplitude 12 0.75 m. The distance &A 13 04 mand A8 15 0.9 m. Calculate the time
taken by P to move directly from B to A,

Solution:

T T T

A 04 m (8] 0.5 m B

period = 2i =4
)

+— Find the time taken from O to B
s spmmences il fusing x=05m) and from & to the
point where x=04m

x=05m 0.5=075sin %z
; o 045

n—=—
2 075

0
x=04m ¢= Esin_l[ﬂ]

Fid 075
Time & — A
2| .o 05 +sin! 0.4 +— Adding these times will give
T 2 H 075 the time te go directly from &
—0.89%. ?I.:Iﬂﬁ;e to the symmetry of
Ftakes 08235 to travel directly from Sto d (351 S
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Further dynamics
Exercise D, Question 1

Question:

A particle P of mass 0.5 kg is attached to one end of a light elastic spring of natural
length 0.6 m and modulus of elasticity 60 M. The other end of the spring 1z fixed to a
point A on the smooth horizontal surface on which P rests. The particle 15 held at rest
with AF=079%9m and then released.

a Show that P moves with simple harmonic motion.

b Find the period and amplitude of the motion.

¢ Calculate the mazximum speed of P,

Solution:
: 7 P 05k
gl e A=60H
0.6m Py =
a F=ma
-T=05%
Hooke's law: T = %
Tri= %=100x
0.6
—100x = 0.5% +—— The equation of motion must
100 reduce to the form ¥ =—ew'x.
r=——x
0.5
r=-200x

o= HM

b w® =200 w=+200=10+2
2 2 T

erigd = — = ——— = —
. w1042 10

. period iz %N‘ 2z (or 0.444s (2 2.£7)

amplitude =0.59-06=073 +— The amplitude iz the same as
voamplitude 1 0.3 m the initial extension,

¢ vV =oi(a?-xh

Vo = ca=10¥2x 0.3 «+— Tsze x=0 for the maximum

=342 speed
The maximum speedis 3V 2m s or 424 m ™ (32£)
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Further dynamics
Exercise D, Question 2

Question:

A particle P of mass 0.8 kg 15 attached to one end of a light elastic string of natural

length 1.6 m and modulus of elasticity 20 M. The other end of the string is fized to a

point O on the smooth horizental surface on which P rests. The patticle iz held at rest

with OF =26 m andthenreleased

a Show that, while the string 15 taut, © moves with simple harmonic motion.

b Calculate the time from the instant of release until F returns to its starting point for
the first titne.

Solution:
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T P 08kg
0 - &
l.6m X —
a F=ma
-T=08%
; Ax
Hoolee's Law: T = T
T=Ex
1.6
—Ex=0.83
1.6
__ 20x _ 10x
16x08 08
= HM
1, 10
08
: 2 08 16
Jopened = —=2Zgx—=_"_
B & Y10 V10
amplitude = 26-16=1m
vﬂ =w2|:a2_x2)
{10
Vo =i =1x——
0.8
. —

total distance at this speed = 4x 1.6

A=201H

The oscillation is split inte 2
patts which are twice the
natural length apart

=6.4dm
time = 6.4x 08
10 +— Forthe middle section the
S e E +E =3908 patticle moves at a constant
{10 410 speed (= the maximum speed
the total time 18 3218 (3 a£) of the 3 H M)
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Further dynamics
Exercise D, Question 3

Question:

A particle F of mass 0.4 kg 1z attached to one end of a light elastic string of modulus

of elasticity 24 M and natural length 1.2 m. The other end of the string 15 fized to a

point A on the smooth horizontal table on which P rests. Initially F 1z at rest with

AF=1m. The particle receives an impulse of magnitude 1.8 17 ¢ in the direction AP,

a Show that, while the string 1z taut,  moves with simple harmonic motion

b Calculate the time that elapses between the moment P receives the impulse and the
next time the string becomes slack.

The particle comes to instantaneous rest for the first time at the point 5.
¢ Calculate the distance A5

Solution:
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A 1.2 m *

a F=ma
-T=04x
Ax
Hoolke's Law: T = T
7 =A%
!
1.2
So—20x=04x
20
=——_x
04
r=-50x
S HML
b Forthe impact J = »oo— o
18 =104
o
0.
2 2

. time for half an oscillation =

time at constant speed

botal time = —F—-+-2 =0.4887 .

542
time 15 0.48% s (31

c v =’ - x4

W = S AT
Sod S =aew
_ 45

542
SRR
S 2

=1836
Distance AF 15 1.8 m (3£

ot

© Pearson Education Ltd 2C
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A=241

+— This iz the speed of F while the string is

kil
542

slack. It iz also the mazimum speed for
the SHL

The required time includes half a period.

| Ftravels 0.2 m before the string becomes

taut.

e and the maxitmum speed are known 5o
the amplitude can be found.

AR 1z the natural length of the string plus
the amplitude of the 5 HMWL
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Further dynamics
Exercise D, Question 4

Question:

A particle F of maszs 0.8 kg iz attached to one end of a light elastic spring of natural
length 1.2 m and moedulus of elasticity 80 1. The other end of the spring is fizedto a
point & on the smooth horizontal surface on which P rests. The particle 1z held at rest
with OF=06m andthenreleased

a Show that F moves with simple harmenic motion

b Find the period and amplitude of the motion.

¢ Calculate the ma=zimum speed of P

Solution:

0 L
1.2m P ox “ A=80MH

a F=ma

-T=1028%
Ax
Hooke's Law: Ti= T
_80x
1.2
0855=—@x
1.2
100
=-—x
1.2
. SHW
100 10
I_] et p e g R L S
PNz Tz
peﬁodzzﬁ:z—”ﬂz
w10
= 06882 .

pertod 12 0685 5 (3 5.£)
amphitude =1.2-06=06m

c v =t - x%)
Vo = 0
10
=——x06
1.2
= 5477 =

The max speed is 5.48m s (3 s.£)
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Further dynamics
Exercise D, Question 5

Question:

& particle F of mass 0.6 kg is attached to one end of a light elastic spring of modulus
of elasticity 72 I and natural length 1.2 m. The other end ofthe spring is fized to a
point A on the smooth horizontal table on which P rests. Initially F iz at rest with
AF=12m The particle receives an impulse of magnitude 2 1 ¢ in the direction AF.
iven that £ seconds after the impulse the displacement of F from its initial position is
X metres

a find an equation for x in termes of ¢,

b calculate the maximum magnitude of the acceleration of 2.

Solution:
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T ¥

A — -

1.2 m : X

a F=ma

— ¥

0.6 kg

A=72H

.‘_
-T=06%
Hooke's Law: T = %
T= ?2_?{: B0 x
1:2
So=60x =0.6%
60
=——x
&
x=-100x

Lt =100, =10

For the impact: [ = v — o

+— Fiz atthe centre of the oscillation when

2=06v-10
0.&
. maximum speed is Sms”
Vo=t (- 1Y)
Vg = OO0
5 =10
a =i=0.5
10
X = sin e
ox =05sn10¢
b #=-100x
| x| =100 x|

| % by = 100% 0.5=50

The maximum magnitude of the acceleration 1s 50m s

© Pearson Education Ltd 2C
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Tse F =pma and Hooke's Law to obtain
the walue of .

+— Tl:e impulse = change of momentum to
obtain the maximum speed.

*+— Mow the amplitude can be obtained.

£=0.

4+— The amplitude gives the maximum value
of | x].
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Further dynamics
Exercise D, Question 6

Question:

A particle of mass 0.9 kg rests on a smooth horizontal surface attached to one end of a
light elastic string of natural length 1.5 m and modulus of elasticity 24 W, The other
end of the string 1z attached to a point on the surface. The particle 15 pulled so that the
string measures 2 m and released from rest.

a State the amplitude of the resulting cscillation

b Calculate the speed of the particle when the string becomes slack,

EBefore the string becotes taut again the particle hitz a vertical surface which is at
right angles to the particle's direction of motion. The coefficient of restitution between

. . .3
the particle and the vertical surface 13 e

¢ Calculate 1 the period and i the amplitude of the oscillation which takes place when
the string becomes taut once more,

Solution:
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E o P
0 i T 0.9 kg

1.5m X e ¥ A=24N

a amplitude=(2-15m=05m

b energy: K E gained = %mvn

=Ex 1R —

b can be solved by using conservation of

energy of by 5 H. M. metheds, finding the
EP E lost= %=22x—f maxigmyurn s:;eed for the oscillation, .
* 1.
Ly 0.9v7 = 24 0.5
2 2x1.5
Ll 2x 24x%0.5°
0.5x2x15
v=2108..

The speed is 2.11m 57" (3 5.£).

¢ Impact with the wall:

Newten's law of impact: su=v

L= Ex 2.108__.
5
=1.264...
. maximum speed for the new oscillation is 1.264m 7!
F = pu -
_ o +— S HDM methods eszential
—I'=09x for this part.
; Ax
Hooke's Law: T = i
= EJr =léx
1.5
—-16x =0.9%
_1&
=——x
0.9
w —1 i
' 0.9
period = 2—H= ERM=1.490...
e 4
The period 13 1.4%s (3 2.£)
Vo= (@ - 27) *+— Now o iz known you can
Vo = 06 find the amplitude using
4 v =t (@ — x*) with the
l.264 = .‘[0_9‘1 maximum speed,
PP
a = 02597

The amplitude 15 0,200 m (3 5.£)
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Further dynamics
Exercise D, Question 7

Question:

A smooth cylinder 15 fixed with 1ts ams horizontal. A piston of mass 2.5 kg 15 inside
the cylinder, attached to one end of the cylinder by a spring of modulus of elasticity
400 I and natural length 50 cm. The piston 15 held at rest in the cylinder with the
spring cotmpressed to a length of 42 cm. The piston is then released. The spring canbe

modelled as a light elastic spring and the piston can be modelled as a particle.
a Find the period of the resulting oscillations.

b Find the maxzimum value of the kinetic energy of the piston

Solution:
T P 25k
0.5m ¥ i ¢ A=400H
a F=pma
-T=25%
; Ax
Hooke's Law: T = T
7= 3907 _o00x
0.5
—B00x = 2.5%
200
=——=x
2.5
¥=-520x
cn = 4320
spetios O segpagy
P w4320

The period 13 0.351 2 (3 3£

b amplitude = (50— 42cm

=0.08m

v2 =Cﬂz(ﬂ2_x2)

Vg — ot

=+ 320% (.08

1
mazimum KE = 3% 2.5% (4 320% 0.08)°
=2.56

The maximum K E 1z 2.56 T
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Further dynamics
Exercise D, Question 8

Question:

A particle F of mass 0.5 kg 1s attached to one end of a light elastic string of natural
length 0.4 m and modulus of elasticity 30 M. The other end of the string 15 attached to
a point on the stnooth horizontal surface on which P rests. The particle is pulled until
the string measures 0.6 tm and then released from rest.

a Calculate the speed of P when the string becomes slack for the first time.

When P haz travelled a distance 0.3 m from the point of release the surface becomes
rough The coefficient of friction between & and the surface 12 025 The particle
comes to rest T seconds after it was released.

b Find the walue of T

Solution:
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o P 05kg
0 -ﬂ .
(0.4 m ;X 2
a F=ma +— acanbe done by
N 2 conservation of energy but
- the period of the
Hooke's Law: T = E oscillation i3 needed for b
s 05x =-Tax
75
=-—x
0.5
¥=-1530x
Loen = Af150

amplitude =06-04=021m

vﬂ = mﬂ(aﬂ_xﬂj

Vo = G0
=./150x 0.2
= 2445 ..

When the string becomes slack P's speed is 245 m s (3 2.£)

b period=2—ﬁ= 216

an oscillation.

w4150 The first part of the motion iz % of

O the smooth floor:
0.1

= —

*+— Forthe first 0.2 m the string iz taut

2449

Cn the rough floor:
a

PhysicsAndMathsTutor.com

Page2 of 3



Heinemann Solutionbank: Mechanics 3

—-F =05z
F=uR=02x05g
S0 5 =025x0.5g

Find the acceleration

Tze v=p+a¢ with & =2449 and
a=-023¢g to find the time taken

to cotne to rest

a=-025g
V=1 + el
0=2448-025g¢ 4« —
= 2.449
0.25% 98
’ 2 01 2449
total titne = —x + +
474150 2445 0.25% 98
=1.168__.
ST =117(3:1)
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Further dynamics
Exercise D, Question 9

Question:

A particle F of mass 0.4 kg 1z attached to two 1dentical light elastic springs each of
natural length 1.2 m and modulus of elasticity 12 . The free ends of the strings are
attached to points 4 and B which are 4 m apart on a smooth horizontal surface. The
point & lies between 4 and Bwith AC=14m and TF =26 m. The particle 15 held at
C and released from rest.

a Show that P moves with sitmple harmonic motion.

b Calculate the mazimum value of the kinetic energy of P

Solution:
Ty '”2 “;4 kg
A T p—t : r— B 4—— The centre of the oscillation
“fl loawlxy 3 <8 12m 1=121 | is at the mid-point of A5
a F=pma : g
e 4—— The tensions in the two
Tp-T,=04% parts of the string are

Hooke's Law: T= % different.

AP extenzion = (0.8 +x)
s 12{0.8+x)

Ty = =10{08+x

! o { )
B extension = (0.8 —x)

7 =w=m(g_g_x}

o 10(0.8— D —10(0.8 +x) =0 4%
—20x = 0.4%

5{'=—Ex=—50x
0.4

Y FPmoves with 3 HM

b e =50

amplitude = 0.6 m

v2 =Cﬂ2(ﬂ2_x2)

i -

= 50x 0.62

maximum K E. = %m v

= %x 0.4 50 0.6°

=36
The mazimum E.E 136 7.
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Further dynamics
Exercise D, Question 10

Question:

A particle F of mass #2 15 attached to two identical light strings of natural length { and
modulus of elasticity 3mg. The free ends of the strings are attached to fized points A
and £ which are 5f apart on a smooth horizontal surface. The particle 15 held at the

point O, where AC =/ and 4, B and T lie on a straight line, and iz then released from
rest.

a =how that F moves with simple harmonic motion.
b Find the period of the motion.

¢ Write dewn the amplitude of the motion.

d Find the speed of P when AF=731

Solution:

PhysicsAndMathsTutor.com
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H . Jr-[ "p l‘IHI
A - - B #+— The centre of the oscillation
F S e afie 1 is at the mid-point of 45
: : ' A=3mg
=
a F=mna
Ty—Ty = mx

Hooke's Law: T= %

extension = 1.5 +x

AP Zmg(1 30+ %)
S
i
Fh extension =15/ —x
T, = %g(léﬁf—x}
. Smg(l.ol-x) 3mg(l.5i+x) _ -
B ! !
_ bemgx o
i
__bz
{
S HM
& &
{ {
period = — = i
o bg

d V= (gt - 2
AP =3l =:x el
2
&

FA

2

2 68 B
!4
V=208

When AP=731, F's speed iz ,,p'ing for 2403200

© Pearson Education Ltd 2C
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Further dynamics
Exercise D, Question 11

Question:

A light elastic string has natural length 2.5 m and modulus of elasticity 158 A
particle 2 of mass 0 5 kg 1z attached to the string at the point & where & divides the
unstretched string in the ratio 2 : 3. The ends of the string are then attached to the
points A and B which are 5 m apart on a smooth horizontal surface. The particle 1z
then pulled aside and held at rest in contact with the surface at the point O where
AT =3m and ATE 15 a straight line. The particle 15 then released from rest

a Show that P moves with simple harmonic motion of period %«J'E

b Find the amplitude of the motion

Solution:
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a When F 15 in equilibrium: PR

AP=§x5=2m

BF=3m
Matural lengths: AFP=1m
BF=15m
LR
A oo B
Im : Im ; x igs-» 15m
g
Foo= ma
Ty=T, =0:5%
Ax

Hoole's Law: T= T

AF: extension =1+ x

T, = 1501+ %)
1
BF: extension =1.5—x
T =M=10(1_5_xj
1.5
S 1015 -0-1500+x) =0.5x
—-25x =05x
x¥=-50x
= HMW

w450 542 05

b Amplinde=(3-20m=1m.

© Pearson Education Ltd 2C
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TTse the ratio condition to
obtain the necessary lengths
for the two parts of the
string.
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Further dynamics
Exercise E, Question 1

Question:

A particle F of mass 075 kg 1z hanging in equilibrium attached to one end of a light
elastic spring of natural length 1.5 m and modulus of elasticity 80 1. The other end of
the spring is attached to a fized point A vertically abowe B

a Calculate the length of the spring.

The particle 1z pulled downwards and held at a point & which 15 vertically below A
The particle is then released from rest

b Shew that P mowves with sitnple harmonic motion,

¢ Calculate the period of the oscillations.

The particle passes through its equilibrium peosition with speed 2.5m s

d Calculate the amplitude of the ozcillations.

Solution:
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A a In equilibrium:
+
- 1=280N R(TjT =075g Resolvp and use Hpol;e's
Law with the equilibrium
extension (g).
+- ------- Hoolke's Law: T=E ©)
!
+ e AT
' opg p B
1 1.5
{]'._.I'ﬁj.,' N 0?55 e %
1.5
2= U.?ﬁXQ.SXE
80
=0.1378...
g+i =1637... 4 The total length of the spring iz
required.
The length of the spring i3 1.64 m (3 o.f)
X -
T y N F =
A=80 ..
075g-T=075x #+— xiz measured from the
1.5 m equilibrium lewvel, and x iz 1n

the direction of increasing x.

"""""" Hoolke's Law:
¢ t +— To avoid decimals use
"""""" T Bl(x+e (e+ x) for the extension
_rI L T 15 20
....... ]‘.“....... BUI:X+§':I WhErE _=D?5g
Pl n TSe =Rt g ass =
1.5 (from a)
0.75g N
X
froma 075g= %
155
0.?5‘:{_:_@"{ ¢ of the form #=—w'x
1.5
20
=—— 3
1.5 075
L SHM
4 20
c g —
1.5%0.75
Feriod = 2;;? =2 —1.5x O
3] 20

= 07450,

The period 12 07455 (3 5.£)

PhysicsAndMathsTutor.com
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2 =m2(ag—x2)
i, 90 g
1.5%0.75
i 2.5051,5%0.75
20
a = 0.2964...

The amplitude 1z 0.2%m (3 :1£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 2

Question:

A particle P of mass 0.5 kg 15 attached to the free end of a light elastic spring of
natural length 0.5 m and modulus of elasticity 50 M. The other end of the spring 1=
attached to a fized point A and F hangs in equilibrium vertically below A

a Calculate the extension of the spring.

The particle is now pulled vertically down a further 0.2 m and released from rest.
b Calculate the period of the resulting ozcillations.

¢ Calculate the maximum speed of the particle.

Solution:
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a A
) RMT=05g
c A=50N
0.5m A= Hooke's Law: T = E
{ i
................. 50
¢'+ AT T= _é‘
¥ p 0.5
"""""""" T =100¢
0.5¢ N s 1002 = 0.5g
s D008 g
The extenszion iz 0.049 m (or 4.9 cm)
h -
4 ) g
0.5m A=50N i ) Tee X =pmx and Hooke's Law
; D5g-T=05% to find e
Et ------ P Hoolee's Law: =
l_': p T !
"""" r“' 7 S0+
* 0.5¢ N 0.5
i T =100{e +x)

S 0Sg=1000e+2) =05%
froma 100z = 0.5g

SLo=100x=05%
I==-200x
w' = 200 | Compare previous line with #=—ew’x.

; T 2 ar il
perigd=—=——=— =

w  N200 10¥2 10

The period iz %Nf 2z (or 0.444s (3 =.£0)

¢ amplitude =02m

V= @iia? - 2%

Vog =2 < The maximum speed occurs at the

= 200x0.2 equilibrium level (1.6 when x=0)
=22

The mazimum speed is 24 2m s (or 2.83m s (3£

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 3

Question:

A particle F of mass 2 kg 15 hanging in equilibrium attached to the free end of a light
elastic spring of natural length 1.5 m and modulus of elasticity A, The other end of

the spring iz fixed to a point A vertically above F. The particle receives an impulse of
magnitude 3 Mz in the direction AP,

a Find the speed of P immediately after the impact.
b Shew that P mowves with sitnple harmonic motion,

The peried of the ozcillations is gs :

¢ Find the value of 1.
d Find the amplitude of the ozcillations.

Solution:

PhysicsAndMathsTutor.com
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a Forthe impact: [ = woo— s

A 1z unknown so will remain 1in this
EXprESS1ON.

3=2v
v=135
The speed immediately after the impactis 1.5m s™.
b 4
jigs In equilibrium
} RilE B=0
L T ooke's Law: "= —
Hooke's Law: T ij
e
} Pe o
2¢ N i
’ Ae
—=Zg —
1.5
g ea When oscillating:
+ F=ma
.................. gy
! cg—-T=2x
e ; Ax
{ P Hooke's Law: T=T
2gN P Alet®)
550
Ale+x) .
2g — =2x
g 1.5
From abowe: E=2‘g;
15
; ST 2x
1.5
.. A
I =——x
3
as A >0 thisis 5 HML
; g
¢ penod=—=—
: w2
=4
From x=——zx, 0 =£
3
3
A =43

d maximum speed=15m s~

v = ot (@ - 2%

vmux:
1.5 =4a
bl =E=U.3?5
4

1

*+— Mammum speed occurs when x=10.

The amplitude iz 0375 m.

PhysicsAndMathsTutor.com
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Further dynamics
Exercise E, Question 4

Question:

A light elastic spring has one end A fized and hangs vertically with a particle P of
maszs 0.6 kg attached to its free end. Initially P iz hanging freely in equilibrium. The
particle 1z then pulled wertically downwards and released from rest.

a Show that P moves with simple harmonic motion.

. .o : _ :
The peried of the motion is ES and the mazimum and minimum distances of F below

Aare 1.2 m and 0.8 m respectively. Calculate

b the amplitude of the oscillation,

¢ the maximum speed of P,

d the mazimum magnitude of the acceleration of F.

Solution:
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In equilibrium:

a A
EMT=0¢g
[ Hoolee's Law: T = E
* i
.................. Ae
{,+ pAT = T
i i 5 5
I L—;=Uﬁg
0.6g N
For the oscillation:
t
." F = wu
i Dbg-T=06X
Ax

Hocke's Law:. T = T

AT rodiers
X
: Ale+x) _ s
0.6¢ N s Deg - 7 =06%
Ae
from abowe o =0bg
A
L 06i=-22
{ +— The equation of motion must reduce to
s Ax the form #=-w’x but «° can be
0.6{ expressed algebraically.
Lziand A are both positive this 12 5 H ML

b amplitude = 1(1_2 w8 +— The di.ff!arence between the maximum
2 and minimum distances below A 1=

=02 twice the amplitude £,

The amplitude 12 0.2 m.

c I::-er*i-::-d=zir=E
w3
en =10
Vo=t (a® - 2%
Vg = G
=10x02=2

The mazimum speed is 2m 7.

d i=-u'x 4'_'_F'_.___.___.___-—-—--'-' Take maximum value of x.
#=-100x

-2

. maximum maghitude of the acceleration =100x0.2m s
=20ms™

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 5

Question:

A piston of mass 2 kg moves inside a smooth cylinder which 15 fized with its axis
vertical The piston 1z attached to the base of the cylinder by a spring of natural length
12 cm oand modulus of elasticity 300 . The piston iz released from rest at a point
where the spring is compressed to a length of B cm. Assuming that the spring can be
modelled as a light elastic spring and the piston as a particle, calculate

a the period of the resulting oscillations,

b the maximum speed of the piston

Solution:

PhysicsAndMathsTutor.com
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A=500H

For the oscillations:

P =
2g-T=2x
, Ax
Hoolee's Law T=T
5000z + x)
n1z
; 2g_500(e+xj —oi
0.1z
From abowve: ':[;DUQ =2
" S00x _oy
012
250
=——_x
0.1z
5 230
w ety
01z
I::-neric:-d:z—}T =2 —0'12
w 250
=0.1376_..

The peried 12 0138 s (3 a1

G 2gx 012
500

0.12 m
0.08 m

In equilibrium:
R(MT=2g

Hoolke's Law: T = %

T 5002
i
_ 500e
T o1z ‘ Change cm to m.
e

Compare line above with
E=—m'x,

2

amplitude = 0.04 —g

V= wPat - 1)

Vi = @08

= ﬁgﬂlx[004—
0.12

=1611...

The mazimum speed is 1.61ms™ (3 s.£).

© Pearson Education Ltd 2C
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+— Maxzimum speed ocours

= 1||@x (0.04—g)
0.1z

when x=10.

2gx012]

500
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Further dynamics
Exercise E, Question 6

Question:

A light elastic string of natural length 40 cm has one end A attached to a fized point. A
patticle P of mass 0.4 kg is attached to the free end of the string and hangs freely in
equilibrium vertically below A The distance AP 1245 cm.

a Find the modulus of elasticity of the string.

The particle 15 now pulled vertically downwards until AP measures 52 cim and then
released from rest.

b Shew that, while the string 15 taut, P mowves with simple harmonic motion

¢ Find the period and amplitude of the motion.

d Find the greatest speed of P during the motion.

e Find the time taken by Pto rise 11 om from the point of release.

Solution:

PhysicsAndMathsTutor.com
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A

In equilibrinm:

0.40 m

0.05m

O4g N

0.4
T

EMT=04g

Hoolee's Law: T = E

7o A0.05

0.05
s o g
0.4 &

_o4
0.05°

A=32g=3136

The moduluz of elasticity 18 314 W (3 2.1

A For cscillations:
+ F=ma
Ddg-T=04x
0.40 m Hooke's Law: T = A
l 7= 31.360x+ 0059
.................. 04
.05 m U.4g— 3].36(x+0.05) s
‘_' # """" ' ; - 0.4
I i 31.36
= 7 x
& T 0.4
04e N LS HM
X
¢ From ——Bl'iﬁx
0.4
Af31.36
m pu
0.4

pnarir::-::i=2—ﬁ'r =Zm¥ i

= 04487 ...
3] +31.36

The period 12 0,449,
amplitude = 52— 45="T(cm)
The amplitude 15 0.07 m.

d v=w'a’ -2
Vo =0d

3136

x 0,07
=098

The mazimum speed is 0.98m 57"

PhysicsAndMathsTutor.com
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e 11 cm from the lowest point
= AF =41lcm.

Cx=—dcm=-004m

X =acosmi +— Fstarts from an end point

—0.04 =007 cos cef

s 1004 o
Bf = cos —— |=LC08 =
0.07

1 4[ 4] 04 4[ 4]
f=—roz | —= |= cos | —=
@ 77 43136 7

=0.1556 ..
Ftakes 01565 to rise 11 cm (3 2.£)

-1 =

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 7

Question:

A particle P of mass 0.4 kg 15 attached to one end of a light elastic string of natural

length 0.5 m and modulus of elasticity 10 1. The other end of the string is attached to

afized point 4 and P i1z initially hanging freely in equilibrium vertically below 4. The

particle 1z then pulled vertically downwards a further 0.2 m and releazed from rest.

a Calculate the titne from release until the string becomes slack for the first time.

b Calculate the time between the string first becoming slack and the next time it
becomes taut

Solution:

PhysicsAndMathsTutor.com
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a A
i In equilibrinm:
0.5m A=10N RMT=04¢
+ Hooke's Law: T = %
N AT
I : » gy
................... 05
Co2le=04g
O4g N
For the oscillations:
¢
0.5 m A=10N g
* Ddg-T=04%
i ---------------------- Hooke's Law:. T = %
e
s o o 106+
........ }-' o I ——— 05
0.4g N
From abowve 04z = %
0.5
_10_}: =04x
0.5
x= 2 -o0x
0.4
L SHM with w® =50
ammplitude = 0.2 m
X=@cosc
x=02cos Jﬁz
string becomes slack when x=—¢
S
20

Sssoie 28w & _ongng
50 10

A 508 = cos™ (—0.98)

l £
f=——rcos (—0.93
{50 ( )

£ =04159
The string becomes slack after 0416: (3 1)

PhysicsAndMathsTutor.com
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b v =wfla’ -2

Find the speed when the string
kecomes slack

The particle mowes freely under
gravity while the string 15 slack.

_ __r;:u.4g :
20
04 Y
2 2 C
=50 0.2°-| ==
v = 100792
V=i tal
J0.0792 = —.f0.0792 +9.8¢
¢ =2—‘0;;92=0_05?43___

The string 13 slan:llr_ for 00574 s (5 2.£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 8

Question:

A particle F of mass 1.5 kg 1s hanging freely attached to one end of a light elastic
string of natural length 1 m and modulus of elasticity 40 I, The other end ofthe string
15 attached to a fixed point A on a ceiling. The particle 15 pulled vertically downwards
until AF iz 1.8 m and released from rest. When F has risen a distance 0.4 m the string
1z cut.

a Calculate the greatest height P reaches abowe itz equilibrium position,

b Calculate the time taken frotm release to reach that greatest height

Solution:
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a A
In equilibrinm:
T 1=40N R(MT=15zg +— acanbe done by using
l m T . s conservation of energy
Hooke's Law: T==" | put b needs SHM. So
T A0 = HIM has been used
oy Searl i g = for both parts.
I‘t P 1
.......... L TP 15
, e=-"8—03675m
40
1.5g N
For the cecillation:
lg-T=15x
Hocke's Law: T = %
_ 40(x+e)
: & 1
X S log-40ix+ei=15%
From above 1.5g = 40e
L 1ox =-40x
. sl
¥=-—x
2
a0
m —_— T—
3
amplitude = 0. 8-03672=04325m
v =t (o — 2)
When the string 1z cut: x=04325-04
=[.0325
and v = @(0.43252 - 0.0325% 4——— Find the speed when the string is
3 cut.
=456

motion under gravity:
2

W =ut a5 -
0=49-2x%98

g = ik =0.2530...

2x 9.8
height abowe equilibrium position

=0.2530-0.0325=0.2205
Height 15 0.221 m.

TTze motion under gravity.

PhysicsAndMathsTutor.com
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b For2HM

X=qCosouf 49—

x =04325¢ces @z
\ 3
20
x=00325 00325=04325c0s ?.f
20 00325
cos  |—F =
3 04325

2 (00325
I = _|l—nrtos e s
50 0.4325

Particle starts from an end-point.

= 28584

Meotion under grawvity:
v o=+ al
O = fd.56 -9 5

4 96
f e

9.8
total time = 0.2895...+—”j§6 =0.5163...

The time taken to reach the highest point 1s 0.517s (3 a1

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 9

Question:

A particle P of mass 1.5 kg 15 attached to the mid-point of a light elastic string of
natural length 1.2 m and modulus of elasticity 15 M. The ends of the string are fized to
the points A and & where A 15 vertically above 5 and A8 =2 8m.
a Oiven that P ig in equilibrium calculate the length AF.
The particle 18 now pulled downwards a distance 015 m from its equilibrium position
and released from rest
b Prowe that F mowes with simple harmonic motion

T seconds after being released P15 0.1 m abowe itz equilibrium position.

¢ Find the value of T

Solution:
a
A In equilibrium
. ... RMT,=15%+T,
0.6 ml A=I5N : :
Hoolke's Law:
............... P
vt A Ty Ti= T
------ }0 15 Tou must consider Pto
l6—e |.5g N T = G =25 be attached to two
--------- 1 'l, : strings. The tenzions in
0.6 mI 1 L= M =40 =292 the two parts will be
0.6 different.
co2he =15 +40- 2%
e 502 =15g +40
1
g=—Ii(l5g+40) =104
50( g +40)
In equilibrivm, AP =162m (31
b A For the oscillations:
T = 15(e+2x)
0.6 m A=15N & 06
S — T3215(1_6—(e+x))
0é
e F=ma
___________ = 1.5g+15(1.6—(e+x)}_15(e+x} _155
p * i 0.6 0.6
------- Pe. ! 1.5 +40- 250z +x)-23e+x)=15%
L6 =g+ 1)
""""" ’1‘5::]\.’ 15g+40-50e-50x=15%
06m 7Ty froma 502 =15g+40
15 E=-50x
2 a0 100
— —_x: ——
1.5 3

S F mowves with 3 H. W

PhysicsAndMathsTutor.com
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¢ amplitude =0 15m

x=gcosewi=015cos E
{3

When x=-0.1 4+— The equilibrium position i3 the centre
of the oscillation.

—0.1=015 EOS[ET]
{3

10 0.1
iliaterr sl Pl
EOS[«JB ] olgH1
T_E.: 4f 01
10 0.15
=0.3984

L T=0398 (3:f)

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 10

Question:

A rock climber of mass 70 kg 1z attached to one end of a rope. He falls from a ledge
which 15 8 m vertically below the point to which the other end of the rope 1z fized. The
climb er falls vertically without hitting the rock face. Assuming that the climber can be

modelled as a particle and the rope as a light elastic string of natural length 16 m and
modulus of elasticity 40 000 M, calculate

a the climbet's speed at the instant when the rope becomes taut,
b the mazimum distance of the climber below the ledge,
¢ the time from falling from the ledge to reaching his lowest point.

Solution:

PhysicsAndMathsTutor.com
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a Until rope 15 taut: -

v =u?+2as

v =0+2x98x8
w=12352..

Climber falling freely under
arawity

When the rope becomes taut the climber's speed is 12.5m 7' (3 5.£)

b At the equilibrium level:
T Hooke's Law: T=E 4— b can ke solved by using
! conservation of energy.
T = 40 000e Howewver ¢ wnvolves time, so
"""""""" 16 = H I methods are needed.
N ROT =70g It is more efficient to use
" AT 40 0002 = HM for both parts,
PI 16
i l6xT0g g
e =t el iy
70g ¥ 40000 250
For the escillation:
F=ma
Mg-T="T0x
Hoolke's Law: T = W
16
Froma: T0g = ==
4000 250
16w 7
5 250
m s g L
7
=t (ag - xzjl < TTse the result from patt a, 12 the
2 (g
156.8=@ sy g speed when x—a[—ﬁ}
K 250
2 _1568x7 (7g :
250 250
at =44656.
o TR i e AT

Total distance =2.113+s+ 8

=1038...

2 The amplitude 15 the greatest
=2113+-5 +38 distance below the equilibrium
250 lewvel,

The total distance fallen is 104 m (3 2.1

PhysicsAndMathsTutor.com
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€ X=@cosok

x=2115cos 1,@:

When x =

T8 susggan 1890
250 e

7 _1[ 7%9.8 ]
= |—rcos RS T
250 250% 2.113

2 7
period=—ﬂ =2, |l—
2 250

Time while the rope 15 taut:

|| a7 [ Tx 9.8
250 Y250 250x 2.113
= 02846
While moving under gravity:
[ .
5 =l +—uk
2
= lx 9.8
2
e 10
)
: 4
total ime = ——+0 2846
9.8
=1562..

The total time iz 1.562 (3 2.£)

© Pearson Education Ltd 2C
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EBecause of the symmetry of
2 HM there are several methods
available for c.

This method assumes the
oscillation 15 complete and finds
the time from the highest point
{x=a) tothe equilibrium lewvel
{x=g). Thiz time will be
subtracted from half the period.
So it does not matter that this part
of the oscillation does not exist.

J +— Time from highest point to lowest

point of a complete czcillation 1s
half the period. Subtract the time
for the mizssing part (before the
rope 15 taut) to obtain the time
while the rope is taut,

The time before the rope becomes
taut 15 also needed.
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Further dynamics
Exercise F, Question 1

Question:

A particle F iz moving with simple harmonic motion between two points 4 and &
which are 0.4 m apatrt on a horizontal line. The mid-point of A5 15 O At time ¢=0_ F
passes through O, moving towards 4, with speed uwm s The next time P passes
through O is when =253,

a Find the value of .
b Find the speed of Pwhen £ =35,
¢ Find the distance of F from A when i =33

Solution:

PhysicsAndMathsTutor.com
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T 1
A 02m O 02m B

a amplitude=04+2=02m :7 Find & and o from the given

period = 2x 2.5="5z information.
o 2
A — = w:_
]
Yo g
voe (ag %) * Now use v* = e’ (& —x°) to find .
2
u? = [?”] (0.2% - 0

®o= 2—??)(0.2 =4j (or 025130
3 a0

4
i 5—"; (or 0.251(3 5 £))

’ Foasne +—1 Fiz atthe centre of oscillation
x =0.25in[2iz] when i =10,
5
x = zix 0.2 cos[ziz] +—| Differentiate x with respect to £ to
3 find x.
j=d j=tif cos%r=—0.2033

When £=3 P'sspeedis 0.203m™ (3s.£). +— Speed is positive.

C X = sin o

x= D.ESin[zi.ﬁJ
5

t=3 x= U.25in[6%]=—0_11?5__

\ Distance from.d iz 02+01175. . +—m— |

Fiz mowing towards A when
=0318m {31

£ =10 sox 15 negative hetween
and .

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 2

Question:

A particle P of mass 1.2 kg moves along the x-axis. Attime £ =0, F passes through
the origin &, moving in the positive x-direction. At time £ seconds, the velocity of F 1z

vm s} and OF = x metres. The resultant force acting on 2 has magnitude
6(2.5—x N and acts in the positive x-direction. The mazimum speed of Pis Sm s,
a Write down the value of x when the speed of Pis Sm s~

b Find an expression for v° in terms of x.

Solution:
Po1.2ke
! . = (2.5-x)N
5 r — W ¥) N
a x=25 #— The acceleration (and therefore
the resultant force) are zero when
b F = the speed is maximutn.
E25—x) =12a
B v _ i
6(2.5=x):= ]-zva *— "When the force 12 a function of x
e use a —vdv
v— =5(2.5-x) '
dx
jv dv = J.5(2.5—X)dx *+— Zeparate the variables.
1, %
Ev = alZdon= 53 +C +— Integrate Don't forget the
constant!
x=235v=8 +— a gives the initial conditions.

v
le:‘:S 2.5:«-.2.5—£ ¥ito,
2 2
2
C’=32—5x%=16.3?5

2
X

¥ :10{2_5;:—?}2)(16_375
v = 0252522 +32.75

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3
Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise F, Question 3

Question:

A particle F of mass 0.6 kg moves along the positive x-axis under the action of a

& N
[ x+2]

single force which iz directed towards the origin & and has magnitude

where OF=x metres and & is a constant. Initially P is moving away from O At x=2
the speed of Pis 8m s~ and at x=10 the speed of Pis 2m s~

a Find the value of k.

The particle first comes to instantaneous rest at the point &

b Find the distance OF.

Solution:

PhysicsAndMathsTutor.com
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a F=ma
'
———— =06z
(x+2)
U.6vE=— i =
dx (x+2)
'
U.6Ivdv=—j 2c:ix
(x+2)
e o
(x+2)

x=2v=2 0.3x32:5+c

x=10v=2 03x2* =£+C
12

Subtract: 0.3(8° —2%) = L.
4 12

0.3x 60 = £

6

E=03x60x6=105

b Fromabowe 0.3xd = £+c

108

P iy M L )
i
L 03t= 198 _
(x+2)
Sy Pt e
r+2
7.8(x+2) =108
w508 pmvsooy
78

The distance OB 1211 E8mE3at)

© Pearson Education Ltd 2C
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The force 12 a function of x so use
v

= A=

+—— Zeparate the variables and

integrate.

TTze the given information to
obtain a pair of simultanecus
equations in & and ¢

+— Solve to find &

]

Find ¢ to complete the expression
for v*.

]
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Further dynamics
Exercise F, Question 4

Question:

& particle F moves along the x-a1s 1n such a way that at timme £ seconds its distance
—_— R .| Al

x metres from the origin & 15 given by x= 35111(1].

a Prove that F movwes with simple harmonic motion.

b “Write down the amplitude and the pertod of the motion.
¢ Find the mammum speed of F.

The points A and B are on the same side of & with Q4=12m and J8=21m.
d Find the time taken by P to travel directly from A4 to 5.

Solution:

PhysicsAndMathsTutor.com
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a x= 35in[£ﬁ]
4

. A [?r ]
X = —uros| —1i
4 4

; Differentiate = 33in[%i ] twice.

ShED

={5):

L SHM

F=—wix

4+— Obtain an equation of the form

b amplitude = 3

peﬁod=2i=2ﬂxi=83
] Fid

T [HJ
¢ Froma x="rcos| —¢
4 4

— Cruse v, =daw.

: 3?'{ =
= 11 ST SpEEdz —1Im s

for 236ms™ (35.£))

d (I} 1.2m

= BSiH[Eﬁ]
4

A x=1212= zsm[%zﬂ]

A 08m B

T

At B, x=2 ¢ =isin_l[§]

T s sin_l[g]—sin_l[g] P
Fry 3 3

= 04051

Leave calculator worke as late as
possible.

The time to go directly from A to 515 04052 {3 5.4

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 5

Question:

A particle P of mass 0.5 kg 15 attached to one end of a light elastic string of natural
length 1.2 m and modulus of elasticity A, The other end of the string 15 attached to a
fized point A. The particle 1z hanging in equilibrium at the point &, which iz 1.4 m
vertically below A,

a Find the value of 4.

The particle iz now displaced to apoint B, 1.75 m vertically below A, and released
from rest.

b Prowve that while the string is taut 2 mowves with simple harmonic motion

¢ Find the period of the simple harmonic motion

d Calculate the speed of F at the first instant when the string becomes slack.

e Find the greatest height reached by P abowe O

Solution:

PhysicsAndMathsTutor.com
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In equilibrium:
. RMHT=05g
P Hooke's Law: T = %
Ax 0.2
05¢ 0.5g = 15
1.2
A=05gx——
£ 0z
LA =3g (or 294
b
For ozcillations:
1.2m o=
0og-T=05Xx
'j nnnnnnnnnnn -}-:‘.“ I : _ Ax
02m_ 8T Hooke's Law: T = &
X P
................. s 39(0.2+ %)
0.5 1.2
glsg_w Ligisis
1.2
=28y 5gx ] Ofform i=w’
05% 1.2 orm X =m°x.
VoS HIML
c w® = 5g
5 5 | From ¥=-5gx.
T T
period = — =——==08%75__

w g

The period 12 0,828 (5 6.f0).

d String becomes slack when x=-02m

amplitude =0.35m

W = et (2% - 2)

v =5g(0.35 -0.2%
v =2.010...

- - |

Use the exact value for @,

The speed is 2.01m s™ (3 s.£).

e v =y +2a5
0=2010°=-2x9.85

2
&= I e 0.2061..

Once the string is slack the
particle moves freely under

aravity.

2xn 38

Distance above O =02+02061. oo

= 0,406 m (35.£)

The particle is 0.2 m above O
when the string becomes slack.

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 6

Question:

& spacecraft 5 of mass #2 12 movwing in a straight line towards the centre of the Earth.
When the distance of 5 from the centre of the Earth iz x metres, the force exerted by

) k : o
the Earth on & has magnitude — , where £ 1z a constant, and 1s directed towards the
x

centre of the Earth.

a By modelling the Erth as a sphere of radius & and 5 as a particle, show that

k=mgR*.

The spacecraft starts from rest when x= 5K,

b Assuming that air resistance can be ignored find the speed of 5 as 1t crashes onto

the Earth’s surface.

Solution:

-
a #=—
X

k
'.F=mg k=mg R*
2
b Force=— g;?
x
F=pma
_ngz_ dv
2
2
—ji = |vdv
x
2
lv2 :gR +c
2 x
_ggﬂ
x=5Rv=0 =
S8
5 R* 2g R*
V=g —-—
x AR
2 2
When x=8 v =2 R;_EgR
2R
; _ BRg

The speed of the spacecraft is
2R
_g] SE 09 %]
3 2

© Pearson Education Ltd 2C
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WWhen x= &, 213 onthe surface
of the Earth and the force exerted
by the Earth on 5 15 meg.

The force 15 in the direction of
decreasing x.

The force 15 a function of x 50 use

aF=yv—.
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Further dynamics
Exercise F, Question 7

Question:

A particle P of mass #2 15 attached to the mid-point of a light elastic string of natural
length 4 and modulus of elasticity Smg. One end of the string 15 attached to a fixed
point A and the other end to a fized point &, where 4 and B lie on a smooth horizontal
surface and A& = &7 . The particle 15 held at the point © where 4, C and & are collinear

and AT =% , and released from rest.

a Prove that F moves with simple harmonic motion
Find, in terms of g and /,

b the period of the motion,

¢ the maximum speed of F.

Solution:

PhysicsAndMathsTutor.com
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P
T"‘E i iTg Smg
A “f F =i B
I g ————
a Hooke's Law: T=%
T, = Smgii— x)
iy
T, = Semgll+ )
i}
Fo=pua
T -Ty=mx
Smgil—x) Smg(l+zx) —
24 2
_ Dmgx -
{
yo O8%
/
LB HKL

b o’ =5_g period=2—ﬂ=2?r i
{ e g
5 gy i
The period 1z 27 —]
'l,I[ g

¢ amplitude = %

v =wlla® -2

The maximum speed 13 E«ﬁgf ;

© Pearson Education Ltd 2C
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+— Maximum speed when x =0

A=0mg

Consider the patticle to be
attached to two strings, AF and
FE both with natural length 27

atid moduluz 3 meg.

+— Find the amplitude from the given

information.
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Further dynamics
Exercise F, Question 8

Question:

A particle P of mass 0.5 kg 15 moving along the x-axis, in the positive x-direction. At
time ¢ seconds (where £ > (0 the resultant force acting on & has magnitude

5

J3E+4)

with speed 12ms™.

I and iz directed towards the origin & When =0, Fis moving through O

a Find an expression for the velocity of F at time £ seconds.
b Find the distance of F from & when F i3 instantaneously at rest.

Solution:

PhysicsAndMathsTutor.com
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=

2N
{3;_}_4} P “5 k'

L
o

0

F =ma
5
- =05%
4(3£+4]|

1
i=—-10(3+4) 2

10 &
F=—— G+ 4o
1
—x 3
2

£=0 =12 12=—2—;N'4+c

c=12+2-0
ER

1
: i=—§(33+4)5 L 28
3 3

20 i —

b x=- (% +4)2 +?z+ﬂ

BXEXB
2

3
27 21

20
3

2
[E] =3 +4
20

4T

£ =343

T6
Fat rest = = =

Integrate line abowe,

1
(% +4)2 +— sing result from a.

2
When £ =248 ‘;/_’H.— 3;+4=[%] , 50 use the exact

3

Jr=—ﬂ E +Ex3.48+@
274 20 3 27

x=1872

Fis 187 m from & (3 s.£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 9

Question:

A particle & of maszs 0.6 kg 15 attached to one end of a light elastic spring of natural
length 2.5 m and modulus of elasticity 25 . The other end of the spring iz attached to
afized point A on the smooth horizontal table on which F lies. The particle 15 held at
the point & where 48 =4 m and released from rest.

a Prove that P moves with simple harmonic motion.

b Find the period and amplitude of the motion.

¢ Find the time taken for P to move 2 m from 5.

Solution:

: ¥
A L P 06kg

25m 5 x i A=25N

a F=pua

-T=06%
, Ax
Hooke's Law: T = T
T = E}f: 10x
2.5
D6Ex=-10x
B 10
0.6
SHM
b 3:2
6

period = 2—” =2 f% =1:539...
o 10

period =1.54 s (31
amplitude = (4-25m=15m

€ X=acosol *+— Fiz an end-point.

flU
x=15ces| J—t
0.6
10 . .
x=-05m -—05=15cos| (—;t LD iz on the other side of the
0.6 centre from O so x 15 negative.
o= 20 st 22 104630 ..
10 15

Ftakes 0 468z to mowe 2 m from 8 (3s.£).

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 10

Question:

A particle F of mass 0.4 kg 15 attached to the mid-point of a light elastic string of
natural length 1.2 m and modulus of elasticity 2.5 1. The ends of the string are
attached to pointz A and & on a smooth horizontal table where A8 =2m . The particle

F iz released from rest at the point O on the table, where A, O and 5 lie in a straight
line and A =07m.

a  Show that © moves with simple harmonic motion
b Find the period of the motion.
The point 2 lies between A and B and AD=085m .

¢ Find the time taken by Pto reach D for the first time.

Solution:

PhysicsAndMathsTutor.com
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’l'l
T Odke 1, 5

A : ek W
- *

0.6 m 0.4 m x i

(0.6 m
—_— _'..-'
a F=ma
T,-T,=04%
Hooke's Law: T = %
T, = 2.5(04+x
0.6
_25(04-x)
0.6
o 2.5(04-x) o 2504+
h 0.6 0.6

Ty

0.4 %

2.5% =

—Z¥ 04 %

2% 2.5

o x
0.6 0.4

=
o HM

2_ 2x25 _ 5
0.6x04 024

2 0.24
period =" = ox 50 1376
o 5

The period 12 1 38s (2 2.

€ X=acoser
At D, x=1-085=0.15

0.15 =03ces iﬁ
0,24
iz =cos 0.5
0.24

0.24

i= ——cos 0.5

£ =022%9
Ftakes 0229z (3 5.£) to reach I

© Pearson Education Ltd 2C
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\

5N
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Consider P to be attached to twe
strings, each of natural length
0.6 m and modulus 2.5 I

ra

For time from B {an end-point)

D and O are on the same side of
the centre, so x 15 positive.
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Motion in acircle
Exercise A, Question 1

Question:

Express

5 . . -1
a an angular speed of 5 revolutions per minute in rads™,

b an angular speed of 120 revolutions per minute in rads™,
¢ anangular speed of 4 rad s in revolutions per minute,

d an angular speed of 3rad s in revolutions per hour.

Solution:

Sx 2w

a Srevmin '=5%27 rad min = rads = 0524 rad st

b 120rev min ' =120%27 rad min * = 1206'02” rads =12 6radst

¢ dradst=4%60rad min 1=42-60 rev min ' = 382 rev min
Mrevh L1720 rev kit

d Srads'=3x60x60radbh ! =

2m

© Pearson Education Ltd 2C
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Motion in acircle
Exercise A, Question 2

Question:

Find the speed in ms™ of a particle moving on a circular path of radius 20 m at
a drads?t

b 40 rev min.

Solution:

a v=rov=20x4=80ms "

b Distance per minute = 40 27 = 20=16007 m

Distance per second = % =83 8m,v=838ms"

© Pearson Education Ltd 2C
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Motion in acircle
Exercise A, Question 3

Question:

A particle moves on a circular path of radius 25 cm at a constant speed of 2m 5™

Find the angular speed of the particle

a in rads™,

. ce]
b in revmin

Solution:
a m=£=i=8rads : +— DIleed to convert cm to m.
oo 025
1 . axaél o
b Brads =Bxé0radmin = 5 =76.4 rev min

© Pearson Education Ltd 2C
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Motion in acircle
Exercise A, Question 4

Question:

Find the speed in ms™ of a particle moving on a circular path of radius 80 cm at
a 25rads?,

b 25rev min’t

Solution:

a v=rov=08x25=2ms "

b 25revmin ' =25%27 radmin ' = rads '=2617. radst

v=pm:v=08%x2617.  ~209ms"

© Pearson Education Ltd 2C
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Motion in acircle
Exercise A, Question 5

Question:

An athlete is running round a circular track of radius 50 mat 7m s

a How long does it take the athlete to complete one circuit of the track?

b Find the angular speed of the athlete in rads™.

Solution:
T distance B 2w an A
speed 7
b w=—=—=014rads’
r

© Pearson Education Ltd 2C
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Motion in acircle
Exercise A, Question 6

Question:

A disc of radius 12 cm rotates at a constant angular speed, completing one revolution
every 10 seconds Find

a the angular speed of the disc in rads™,

b the speed of a particle on the outer rim of the disc in ms™,
1

¢ the speed of a particle at a point 8 cm from the centre of the disc in ms™

Solution:

a lrevin10s=01revs ' =01x2mrrads ' =0628 rads .
b v=rw:v=012x0628. =0.0754d m s’
¢ v=ra:v=008x0628_ =00503ms"
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Motion in acircle
Exercise A, Question 7

Question:

A cyclist completes two circuits of a circular track 1n 459 seconds. Calculate
a his angular speed in rads™,

b the radius ofthe track given that his speed is 40km h ™.

Solution:

a 2 owrcuits = 2% 27 radiansin 45 seconds =4irads Lo 0279radst

b 40kmh 1=M=]1.]...ms -
_1_11.111_398
w 0.279
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Motion in acircle
Exercise A, Question 8

Question:

Anizh and Bethany are on a fairground roundabout. Anish 15 3 m from the centre and
EBethany 15 5 m from the centre. If the roundabout completes 10 reveolutions per
tninute, calculate the speeds with which Anish and Bethany are moving.

Solution:

. 1ox2n

10rev min ' =10% 27 rad min ' = 75 rads ' =105radst

v=rm: Anish's speed=3x1.047.. =3 14ms",
Bethany's speed =5x1.047 ... =524m s
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Motion in acircle
Exercise A, Question 9

Question:

A model train completes one circuit of a circular track of radius 1.5 m in 26 seconds.

Calculate
a the angular speed of the train in rads™,

b the linear speed of the train in ms™.

Solution:

a 1 circutin 26 seconds =2—T rads = 0242rad st

b v=rm:v=15x024166_ =0362m s
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Motion in acircle
Exercise A, Question 10

Question:

A train is moving at 150km h™ reund a circular bend of radius 750 m. Calculate the

angular speed of the train in rads™.

Solution:
150km b 1=Mms el 7ms?!
2600
gt e HOO060 . g
r 750
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Motion in acircle
Exercise A, Question 11

Question:

The hour hand on a clock has radiuz 10 cm, and the minute hand has radivs 15 cm.
Calculate

a the angular speed of the end of each hand,

b the linear speed of the end of each hand

Solution:

a Hourhand: 27 radiansin 12 hours = 2—T rads = 0000145rad 571
12= 3600

Minute hand: 27 radians in Thour = rads 1 =0.00175rads L

b v=r:End of hour hand moves at 0.1x0.000145 =1.45%10 % m s
End of minute hand moves at 0.15x0.00175 = 2.62x10* me!.
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Motion in acircle
Exercise A, Question 12

Question:

The drum of a washing machine has diameter 50 cm. The drutmn spins at

-1

1200 revw min™ . Find the linear speed of a point on the drum.

Solution:

1200 2
—1la

1200 rev min ! =1200% 27 rad min * = dsl=126radst

v=rm v =12566 x05=628ms "
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Motion in acircle
Exercise A, Question 13

Question:

A pramophone record rotates at 45 rev min ™.

a Find the angular speed of the record in rads™.

b Find the distance from the centre of a point moving at 12 cm s™.

Solution:

a 45revmin '=45%27 radmin = ael rads ' =4 Tlradst
W 12 R
p=—=———=255cm +— Worling is in cin, not m here.
e 4712
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Motion in acircle
Exercise A, Question 14

Question:

The Earth completes one orbit of the sun in a year. Taking the orbit to be a circle of

radiuz 1.5% 10" m |, and a year to be 365 days, calculate the speed at which the Earth is
moving.

Solution:

Distance travelled in one year=2mrx1.5 10 m,

2mx1.5x 101
Sospeed = 3652 24 < 3600 =30000m 5", 4—— We can not achieve more than 2 s.f.
et accuracy in the answer because one of

the original values only contained 2 s.f
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Motion in acircle
Exercise B, Question 1

Question:

Whenewver a numerical value of g is required take g =98 m 7.

A particle is moving on a horizontal circular path of radiug 16 cm with a constant
angular speed of Srad 5™, Calculate the acceleration of the particle.

Solution:

a=rm? a=016x25=dms?
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Motion in acircle
Exercise B, Question 2

Question:

Whenever a numerical value of g is required take g=98m ™.
A particle i2 moving on a horizontal circular path of radiue 0.2 m at a constant speed
of 2.5 m s Caloulate the acceleration of the particle.

Solution:
2 2
a=v—:a=£-—-20.8ms o
r 0.3
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Question:

Whenever a numerical value of g is required take g =9 8m s
A particle i3 moving on a horizontal circular path of radius 3 m. Given that the
acceleration of the particle 1z 79 m s towards the centre of the circle, find

a the angular speed of the particle,
b the linear speed of the particle,

Solution:

2 ot . 1
a a=r0 TO=3w" ' =25, mw=5rads .

2
b ﬂ:v_;’;‘ﬁ:%,vg=3/?5=225,v=15ms i
r

b
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Question:

Whenewver a numerical value of g is required take g =98 m 7.

& particle is mowing on a horizontal circular path of diameter 1.2 m. Given that the
acceleration of the particle 1z 100 m s towards the centre of the circle, find

a the angular speed of the particle,

b the linear speed of the particle.

Solution:

a a=r?: 100=060" o =166 7.c0=129rads™".
2 a

b oa=100=2— v =100x06=60v=775m s
r 0é
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Question:

Whenewver a numerical value of g is required take g =98 m 7.

& car 15 travelling round a bend which 15 an arc of a circle of radius 90 m. The speed
of the car is 50 km b~} Calculate its acceleration

Solution:
S0km h l=mn13.89ms ]
2 2
a:=v—:a:=13'89 =2 14ms?
r a0
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Question:

Whenever a numerical value of g is required take g=98m ™.

A car mowing along a horizontal road which follows an arc of a circle efrading 73 m
has an acceleration of 6 m 5™ directed towards the centre of the circle. Calculate the
angular speed of the car.

Solution:

a=ra’ 6=T750% * =008, m=0283rads!
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Question:

Whenever a numerical value of g is required take g=98m ™.

Oine end of a light inextensible string of length 0.15 m 15 attached to a particle & of
tass 300 g The other end of the string is attached to a fized point & on a smooth
horizontal table, P moves in a horizontal circle centre & at constant angular speed

4 rad 57 Find the tension in the string.

Solution:

Suppose that the tension in the string 15 7
TTaing & =
T=03x015x4 =072

PUO3kg
4 rad 57!
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Question:

Whenewver a numerical value of g is required take g =98 m 7.

One end of a light inextensible string of length 25 cmn is attached to a particle F of
mass 150 g The other end of the string 15 attached to a fized point & on a smooth

horizontal table. P moves in a horizontal circle centre O at constant speed 9ms™. Find
the tenzion in the string,

Solution:

Suppose that the tenzsion in the string i3 7
Taing 7 = ma

2
RN g

PO15kg
9ms

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Motion in acircle
Exercise B, Question 9

Question:

Whenever a numerical value of g is required take g=9.8m ™.

A smooth wire 15 formed into a circle of radius 012 m. A bead of mass 60 gis
threaded onto the wire, The wire is horizontal and the bead iz made to move along it

with a constant speed of 3m 57, Find

a the vertical component of the force on the bead due to the wire,
b the horizontal component of the force on the bead due to the wire,

Solution:

R

a Suppose the vertical component of the

PMims force 1z &

E(DR=006g=053HM
g h suppose the horizontal component of

the force 15 7

Tsing 7 = ma,

s 0.06x 3 .

01z
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Question:

Whenever a numerical value of g is required take g =98m s~

A particle F of mass 15 grests on arough horizontal disc at a distance 12 cm from the
centre. The disc rotates at a constant angular speed of 2 rad s7°, and the particle does

not slip. Calculate
a the linear speed of the particle,
b the force due to the friction acting on the particle.

Solution:

a v=rm:v=012x2=024ms*
b Tsing F = ma
F=0015x012=22=00072 1

POOIS ke
2rad s
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Question:

Whenever a numerical value of g is required take g =9.8m s

A particle Frests on a rough horizontal disc at a distance 20 cm from the centre. When
the disc rotates at constant angular speed of 1.2rad s, the particle is just about to
slip. Calculate the value of the coefficient of friction between the patrticle and the disc.

Solution:

R

. ﬁ 1.2 rad s
Mg

Let Rbe the normal reaction between the particle and the disc, & the frictional force, A
the masz of the particle, and u be the coefficient of friction between the particle and the
dizc,
Rl R=Mg
The particle 1z about to slip, so F=F_ =ufi=uMz
Using F =ma, uMg = M x0.2x1.2* = M x0.288,

e 0.288

b4

= 0029
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Question:

Whenever a numerical value of g is required take g =9.8m s

A particle P of mass 0.3 kg rests on a rought horizontal disc at a distance 0,25 m from
the centre of the disc. The coefficient of friction between the particle and the disc 15
0.25. Given that P 15 on the point of slipping, find the angular speed of the disc.

Solution:

R

J'il mrad s

ll_]_l_;

Let Ate the normal reaction between the particle and the disc, F the frictional force,
Given f =025 and F=F,  =0254
R R=03g:s0 F =10 25%03g.
Using F =ma, 0.25x0.3 g = 0.3x025xa’,
g =af
=31rads
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Question:

Whenewver a numerical value of g is required take g =98 m 7.

& car iz travelling round a bend in the road which iz an arc of a circle of radiue B0 m.
The greatest speed at which the car can travel round the bend without slipping iz

40km b7 Find the coefficient of friction between the tyres of the car and the road.

Solution:
R
40k h = 30000 g gyt
f'% 40 km h Let the mass of the car be M Let # be the force due
¢ J to friction between the car tyres and the road, u the
80 'm ’ coefficient of friction, and & the normal reaction
ketween the car and the road.

Mg
At maximum speed the car 15 aboutto slip, so F=F,,
B(DR=Mg, 50 F=F,_ =uR=uMg

Mx1111% 11177

B« Using F =ma, itMg=——— 1= =0.16
{+) Using e, UMe 20 [ 2098
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Question:

Whenever a numerical value of g is required take g=9.8m ™.
A ocar 15 travelling round a bend in the road which 15 an arc of a circle of radius &0 m.

The coefficient of friction between the tyres of the car and the road iz % . Find the

greatest angular speed at which the car can travel round the bend without slipping

Solution:
R
T
Let the mass of the car be Af
Let F ke the force due to friction between the car tyres
. ( ) I and the road, and & the normal reaction between the
car and the road.
< m A Max speed = F=F, .

s
Mg

R(DAR=ma,s0 F=F,_ =uR =l§Mg.

R () Using 7 = m,%Mg = M = 60% 0, c? =% = 0.054,0=023rads L
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Question:

Whenewver a numerical value of g is required take g =98 m 7.

Oine end of a light extensible string of natural length 0.2 m and modulus of elasticity
101 is attached to a particle P of mage 230 g The other end of the string iz attached to
afized point & on a smeoth horizontal table. P maoves in a horizontal circle centre O at
constant angular speed 3rad s, Find the radius of the circle,

Solution:

If'the extension in the string 12 x m, then the radius

of the circle 15 (0,24 2) tm, and the tension in the
string 15 given by
PO2Ske A% _10x

1
s a 0.3

Tsing F=m,m—x=0.25- (D.3+x]-32,10x=g- iI(ICII.3+J':)
0.3 4 10

A00x =814+ 27%,373x=8.1,2z=00217m
= the radius of the circle = 0.322 m
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Question:

Whenever a numerical value of g is required take g =9.8m s

A centrifuge consists of a vertical hollow cylinder of radiuz 20 cm rotating about a
vertical axis through its centre at 90 rev s Calculate the magnitude of the normal
reaction between the cylinder and a particle of maszs 5 g on the inner surface of the

cylinder.
Solution:
<||._‘ m
g0 ey ! I0rev st =90x 27 rads
ST = 1807 rads
005 k_ Let the normal reaction between the particle and the cylinder
be A

(<) Using F =ma, R=0.005x0.2x(1807)* = 320 ]
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Question:

Whenever a numerical value of g is required take g=98m ™.
A fairground ride consists of a vertical hollow cylinder of diameter 5 m which rotates
about a vertical axis through its centre. When the ride is rotating at W rads™ the floor

of the cylinder opens. The people on the ride remain, without slipping, in contact with
the inner surface of the cylinder. Given that the coefficient of friction between a

: ; .2 N
person and the inner surface of the cylinder 1z 3 find the minimum walue for ¥

Solution:
2.5m
F_ suppose that the person has mass M Let the normal reaction
TN w ead 5! between the person and the cylinder be A F is the fictional
. ¢ |1 force between the person and the wall of the cylinder.
4 Mkg
'I.f_'_'\'l'/

Minimum W = the personis aboutto slip = F=F__ =§R

Ao, R(T)= £, =Mg, s0 Mg=§ﬂ,ﬂ=%

z

> Tsing F =ma,

334, 3 3
R=TE=M/5/W2,W2=?€,W= f?g.—. 242rad s
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Question:

Whenever a numerical value of g is required take g=981m s

Tweo particles P and O, both of mass 20 g, are attached to the ends of a light
inextenzible string of length 30 cm. Particle P iz on a stnooth horizontal table, the
string passes through a small smooth hole in the centre of the table, and particle O
hangs freely below the table at the other end ofthe string. Fis moving on a citcular
path about the centre of the table at constant linear speed Find the linear speed at
which F must mewe if (¢ 15 in equilibrium 10 cm below the table.

Solution:

POLOS ke
02m_/ __, yme! Let the tension in the string be TH, and
'.r'f\“_lm the speed of Pbe vms L.
' £ 18 in equilibrium, so
\ Q008 ks R at @=T=008g
0.08 g

For F, TUsing & =,

_0.0%7

T=008g= W =02xg=1%v=14ms "
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Question:

Whenever a numerical value of g is required take g=98m ™.

A particle of mass 1.5 kg iz attached to one end of a light inextenzible string of length
60 cm. The other end of the string iz attached to a fized point 4. The particle moves
with constant angular speed in a horizontal circle of radiuz 36 cm. The centre of the
citcle iz vertically below A Calculate the tension in the string and the angular speed of
the particle.

Solution:

Let the tension in the string be 7T, and the angular speed
ke @ . The angle between the string and the vertical is
B . Since the triangle is right angled, the third side will
hawve length 0,48 m (3, 4, 5 triangle).

REil): TcosB=15g

148 m -

:,ET=3_5,T=]5_3.-_]3N
] 2 a

R(es): Tsin 6 = mro?

= ET = E w136 L'r.\‘:2 ,T= U.Qt’r}g
] 2

Equating the two expressions for T

152 _ 4,902
g
o = OB _ 2041, 0= 45rads ®
098
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Question:

Whenever a numerical value of g is required take g=98m ™.

A particle of mass 750 g1z attached to one end of a light inextensible string of length
0.7 m. The other end of the string 15 attached to a fized point A The particle moves
with constant angular speed in a horizontal circle whose centre 13 0.5 m vertically
below A. Calculate the tension in the string and the angular speed of the particle.

Solution:

:
05m
]

© Pearson Education Ltd 2C

Let the tension in the string be T, and the angular speed be
i . The angle between the string and the vertical 13 6, and
the radiuz ofthe circle 15 7.

Eil):TrosH =%Tg

7 4 20

R(es): Tsin 6 = mra’

= 7= E/r /t'r_}z,T=E/ 0. 7c0?
4 4

07
Equating the two expressions for T
28 30708
200 4

W = % =19.6,m=44 rad 3L
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Question:

Whenever a numerical value of g is required take g=9.8m ™.

A particle of mass 1.2 kg iz attached to one end of a light inextensible string of length
2t The other end of the string 13 attached to a fixed point 4. The particle moves in a
herizontal circle with constant angular speed. The centre ofthe circle iz vertically
below A. The particle takes 2 seconds to complete one revolution. Calculate the
tension in the string and the angle between the string and the vertical

Solution:

Let the tension in the string be T, and the angular speed
be . The angle between the string and the vertical 1s
&, and the radius of the circle 13 7

2 zeconds to complete 27 radians = angular speed 1z
mrads™t.

By Tessl =125

Ri<3): Tsinb = mre’

:-T/% =10xrxn? T=>24dn2

=237TH
and using thiz value in the first equation gives
[12g
6 =rcos * ?g = cos 0,496 = 607
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Question:

Whenever a numerical value of g is required take g =98m ™.

A conical pendulum consists of a light inextensible string A8 of length 1 m, fized at.4
and carryving a small ball of mass & kg at & The particle moves in a horizontal circle,
with centre vertically below A, at constant angular speed 3.5rad 5™ Find the tension
in the string and the radivg of the circle.

Solution:

Let the tension in the string be T The angle between
the string and the vertical iz &, and the radius of the
circle 15

B(l):Tcoosh =6g
R(e): Tsin@ =6xrx35°

T~%=73.5r,?=?3.5N

and using thiz value in the first equation gives
FiocesB=6g, cos =08 radius=snd=06m
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Question:

Whenever a numerical value of g is required take g=98m s *.

A conical pendulum consists of a light inextensible string A5 of length /. fized at A
and carrying a small ball of mass s at £ The particle moves in a horizontal circle,
with centre vertically below A, at constant angular speed . Find, 1n terms of #2, { and
i, the tension in the string.

Solution:

Let the tension in the string be T The angle between the
string and the vertical 1z @, and the radius of the circle iz
)

E(es): Tain# = mxrxw?

5
T— =mxrxm®

T = mic’
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Question:

Whenever a numerical value of g is required take g=98m s *.

A conical pendulum consists of a light inextensible string A8 fixed at A and carrying a
small ball of mass sz at 5 With the string taut the particle moves in a horizontal circle
at constant angular speed . The centre of the circle 15 at distance x vertically below

A Show that e'x=g.

Solution:

Let the tension in the string be T The angle between the
string and the vertical 1z @, and the radius of the circle 1z
r.

R(es): Tsin @ = mxr x o

R Teosh =mg

Diwiding the first equation by the second
2

Lia ]
= tan @ =
mg
r .?'L'r_\‘2 2
P —d . U"‘ xr= g
& g
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Question:

Whenever a numerical value of g is required take g =9.8m s °.

A hemispherical bowl of radiuz 7 15 resting in a fized position with its rim horizontal
A particle P of mazz 13 moving in a horizontal circle around the smooth inside
surface of the bowl,

The centre of the circle is % below the centre of the bowl.

Find the angular speed of the particle and the magnitude of the reaction between the
bowl and the particle.

N
Solution:

F iz the normal reaction at F.

TTzing geometry, we know that the radius at P 1s
perpendicular to the tangent at &, so & acts along this
radius.

f 15 the angle between the radius and the vertical.
TTzing Pythagoras' theoretmn we know that the radiug of

2
the circle 13 \/%r.

E(1): Reost =myg

§=mg,ﬂ=3mg

Ei{<): Rsinf = m\/grfr}z
\[Eu
RYZ - m\/grfr}z
» 9

substituting for & and simplifying:

]
dmmg = mrtr}g, 1= °8
r
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Question:

Whenever a numerical value of g is required take g =9 8m s

A hemispherical bowl of radius # cm 15 resting in a fxed position with its rim
horizontal. A small marble of mass s i moving in a horizontal circle around the

smaooth inside surface of the bowl The plane of the circle 12 3 cm below the plane of
the rim of the bowl. Find the angular speed of the marble.

Solution:

&1z the normal reaction at the marble,

Tsing geometry, we know that the radius at the marble
1z perpendicular to the tangent at that point, so £ acts
along this radins,

B iz the angle between the radiugs and the vertical.
TTzing Pythagoras” theorem we know that the radius of

mg  the circle 18 wz -9,
R(es): Rsinf = mnfr — 90
3

N

£ = mafr® — 9o’
r
R
“_}2 p oo i
mr
3
R(]): ReosB=mg=Rx2, :%
o
cubstituting this expression for & in the first equation:
2_wgr 2 B
W =—=— u=_|—
e 3 3
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Question:

Whenever a numerical value of g is required take g=98m 7.

A hemispherical bowl of radius 15 cm is resting in a fized position with its rim
horizontal. & particle P of mass m is moving at 14rads™ in a horizontal circle around
the smooth inside surface of the bowl Find the distance of the plane of the circle
kelow the plane of the rim of the bowl

Solution:

F iz the normal reaction at the marble Tsing geometry, we
know that the radius at P s perpendicular to the tangent at
that point, so & acts along this radius.

f 1z the angle between the radius of the bowl and the
vertical

The particle moves on a circle of radius » m, depth & m
kelow the rimn of the bowl,

R(T): Recos =mg L
Ri<s): Rsin® = pwres® @
Dividing @+ to eliminate &,

=

4
R L 2
=d = 7713 0.05m=5cm
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Question:

Whenever a numerical value of g is required take g=9.8m ™.

A car travels round a bend of radius 730 m on a road which 15 banked at angle & to
the horizontal The car 15 assumed to be mowing at constant speed in a horizontal
citcle. If there is no frictional force acting on the car when it is travelling at

126km h™', find the value of &.

Solution:

R :
Mo friction, so just the normal reaction, &, between the
750 m : .~ car and the road with a horizontal component.

1251ﬁnh1=M=35m51
. 3600

R(T): Reost =mg @

2 2
R T e 3

r Fa0
Diwviding @ + @ to eliminate & and s

352
alg

= tan # =

=01678=97%5
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Question:

Whenewer a numerical value of g is required take g =% 8m s~

A car travels round a bend of radius 300 m on a road which is banked at an angle of

107 to the horizontal. The car is assumed to be moving at constant speed in a
horizontal circle. At what speed does the car mowve if there 15 no frictional force?

Solution:

\ Mo friction, so just the normal reaction, &, between the

car and the road with a horizontal component.
Ril): Reoosl(h =myg

& 2
L R(z—sjzﬂsinm°=ﬂ=ﬂ
r 200
Dividing to eliminate &
2

LI M

= tan 10" = ¥
300 mg
v =300 gtan 107 =518.4
v = 23ms’?
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Question:

Whenever a numerical value of g is required take g=98m ™.
A boyrides his cycle round a circular track of diameter 50 m. The track 1s banked at

20 to the horizontal. There is no force due to friction. By modelling the boy and his
cycle as a particle of mass 75 kg, find the speed at which the cycle 15 moving.

Solution:

Mo friction, so just the normal reaction, &, between
the cycle and the road with a horizontal component.

:’ q j"“' E(l): Reoos20" = 75g
20 7550

R(es): Rein20" =

50
Dividing to eliminate &
2 2
sy B0 u ¥
20x<75g 50g
v' =50 gtan 20" =178.3...
v =13mst

It was not necessary to know the wvalue of the mass because it cancels out at the stage
when the two equations are combined to find tan 207
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Question:

Whenever a numerical value of g is required take g=98m ™.

A bend in the road 15 a horizontal circular arc of radius . The swface of the bend i3
batked at an angle & to the horizontal When a wehicle is driven round the bend there

15 no tendency to slip. Show that the speed of the vehicle 15 yfrgtan o .

Solution:

R

¥/ Mo friction, so just the normal reaction, &, between
i : the vehicle and the road with a herizontal
component.
Eil): Roosa = mg

2
R{es): Rsing = 22
Z

mg

Diwviding to eliminate &

e v
= tano = —=—

mg g

v =rgtanc,v=.,/rgtan o
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Question:

Whenever a numerical value of g is required take g=98m ™.

A girl rides her cycle round a circular track of diameter 60 m. The track 15 banked at

15" to the horizontal. The coefficient of friction between the track and the tyres of the
cycle 13 0,25 Modelling the girl and her cycle as a particle of mass 60 kg moving in a
horizontal circle, find the minimum speed at which she can travel without slipping.

Solution:

\@//I £ 1z the normal reaction between the cycle and the

track. & 1z the force due to friction. At minimum
i _ speed the force due to friction 15 acting up the slope
- e to stop the cycle from sliding down. (At maximum
speed the friction will act down the slope to prevent
sliding up the slope)
Az slipping is about to occur, F =p &
BT ReoslS + Feoos79 =60g

cos 7o | =Bz

R| cosld +

2
R(cs): Reos 75 — Foosls = 60/;’_0

cogls” )

‘=2v2

R|r cos 70" —

Diwviding to eliminate &

c-::us?'ﬁ"—ms15 o2

4 v

- 7> 60
T B =

5 cos¥T —023x%coeslT
= %3

cosls" +0.25xcos 75
v 494 0 v=22mst

Og
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Question:

Whenever a numerical value of g is required takke g =9.8m s

& wan 1z moving on a horizontal circular bend in the road of radiuz 75 m. The bend 15

banked at tan'lé to the horizontal. The maxzimum speed at which the van can be

driven round the bend without slipping is 90k h™'. Calculate the coefficient of
friction between the road surface and the tyres of the van.

Solution:

track. & is the force due to fiiction At maximum

speed the force due to friction iz acting down the
“mg slope to stop the van from sliding up.

1 15 the coefficient of friction between the tyres and

\ f 13 the normal reaction between the van and the
IE//‘

the road.
Agslipping 15 about to occur, F=u k.
90km b 1= 200000 o5 ot
3600
R Feinf+mg = FHcosd
o

REies): Foosf+Reinf = m,f%
Substituting F =p R
=mg = R{cos— Usind)

%Tm =E{pucost+zind)

Dividing to eliminate #
. 25  pfreoosB+sinf y+tand

E cosfl—psint 5 1-ptant
{on dividing top and bottom by cosH)

1
HA—y
=% 3 |
T

P tee
3

_3u+1
g i
=203 =3g(30+7D
Frarranging thiz equation gives
Hg+ 25 =75-73g
WLl A

9g4+25

: 17
using tan & =§ |
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Question:

Whenever a numerical value of g is required take g=98m ™.

A car moves on a horizontal circular path round a banked bend in a race track. The
radius of the path 15 100 m. The coefficient of friction between the car tyres and the
track iz 0.3 The mazimutn speed at which the car can be driven round the bend

without slipping is 144 km h™. Find the angle at which the track is banked.

Solution:

£ 15 the normal reaction between the car and the
— o track. 7 1z the force due to friction. At mazimum
. //’ speed the force due to friction 15 acting down the

i slope to stop the car from sliding up.
(] The track 1z banked at & to the horizontal
As slipping i3 about to occur, F=uR.

iyt Ay
2600
Bil):mg = RecosB—Fsin 0
2
FL{"—*J:RsinH+Fc:osH=m/ﬂ
100

substituting & = & and dividing to eliminate #
sinf+0.3cosf  40?
— —]
cosB—03zsnf 100g
Dividing top and bottom of the left hand side by
cost
tan 4+ 0.3 1600 16
= = =
1-03tanf  100g g
gltan @ +0.3) =16{1-03tan )
tanB{g+4.8) =16-03g

tan 6 =m:g.gg4_“
g+4.8
f =42
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Question:

Whenever a numerical value of g is required take g=98m 7.

A bend in a race track iz banked at 307 A& car will follow a horizontal circular path of
radiuz 70 m round the bend The coefficient of friction between the car tyres and the
track surface 15 0.4 Find the maximum and minimum speeds at which the car can be
driven round the bend without slipping.

Solution:

£ 15 the normal reaction between the car and the tracl,
F iz force due to friction. At maximum speed & acts
down the slope and 1z equal to uR =048

ffﬁf,ffffflf“: R Reos 305 Fan 20" =umg
Ell ing Ei{1Fcos30° + Rain 30° = %

substituting F =048 and dividing
. v\ 0.4cos30° +5in 30°

Mg cos20 —0.4ain 30°

=y =8717...

= =29 5m s

1

At minimum speed, F acts up the slope

E(DRcos30"+ Fain 30" = mg

2
fy

Ei{)Ran30" - Fros30" = —

70
v sin30° —0.4cos30°
Ug  cos30 +04dsin 30°

giving v =9883.. = v=99ms’

which leads to
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Question:

Whenever a numerical value of g is required take g=98m s™.

The diagram shows a small smooth ring & of mass 500 g threaded on a light
inextensible string. The ends of the string are attached to fized points A and B, where
Az vertically above B The string 15 taut and the system rotates about A8 The ring
moves with constant angular speed on a horizontal circle of radius 0.6 m.

LARR =60 and £ BAR =30, Modelling the ring as a particle, calculate the tension
in the string and the angular speed of the particle.

Solution:

EBecause the ring 1s smooth and the string 15 continuous, we
have only one value for tension, T

Eel): Tros30" —Toosbl” =05g
Tloos30 —cosb0™) =05 g

e 0og _ &
cos 30" —cosbl”  Af3—1
~134N
R(e3): Teos 607 +T cos 30° = 0.5x 0.6x e’
il
Tleos 60 +cos307) = 0. Gy

substituting for T and the trigonometric ratios:
g ‘ 1+.3 "‘_ 0.6¢0%
2 | 2

1|

Fearranging:

U_}2 = ﬂ — 609_
0.6(3-1)

w = T7.8radst
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Question:

Whenever a numerical value of g is required take g =9.8m s

A light elastic string A8 has natural length 2 m and modulus of elasticity 30 M. The
end A is attached to a fized point. A particle of mass 750 g iz attached to the end &

The particle iz mowving it a horizontal circle below 4 with the string inclined at 40° to
the vertical. Find the angular speed of the particle,

Solution:

T iz the tension in AR AF iz an elastic string, if the
extension in the string iz x then T = 2% %
Eil):Teosdl" =075¢
E(es): Toin 40" =0.75xrxa’
The radiug of the circle 12 (2 +x)sind0”, 20 substituting
for r and T gives
15xsin 407 = 0.75% (24 z) sin 40° <0

B ol 1ox _ 20x

07524 %) 2+«x
From the first equation:

15xcezd” =075 g
0.75g

x o P S vl
15cas40°
=@ =4846 w=22rads

=063
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Question:

Whenewver a numerical value of g is required take g =98 m 7.
An aircraft of mass 2 tonnes flies at 400km h™ on a path which follows a horizontal

circular arc in order to change course from a bearing of 060° to a bearing of 015° Tt

takes 25 seconds to change course, with the aircraft banked at & to the horizontal
Calculate the two posszible walues of o and the corresponding values of the magnitude
of the lift force perpendicular to the surface of the arcraft's wings.

Solution:

L iz the lift force, and » iz the radius of the circular arc.

200 e 1 < 3001000 1000
3600 9

In 25 seconds the awcraft travels A

m .

The ditection changes by 45" or 315" depending on the
direction of turning,

For 45",@ = % <2mr r=35367 .m
For 2157, iy =1

2 C2mr,r=50525m

B : Loosr = 2000 g
2000w

r

FEile) Dainer =

Dividing the second equation by the first
2

v
= fan o = —
rg
When r=35367__
o0*
9 %3537 9.8
o = 207, and £ = 21000 1

When r=35052._.

2
9°x505.3x 5.8

o =68, and L=53000 1

356

tan of =
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Question:

Attime £ seconds the position vector, relative to the centre of the circle, of a particle
moving in a herizental circle, centre O, at constant angular speed wrad 57 is given by
I =7 oS el + 7 510 )

a Differentiate r with respect to ¢ to obtain the welocity, v, of the particle.

b Hence calculate the linear speed of the particle and deduce that v=rwm.

Solution:

a I' = I COS (6L + 7 510 (0]
d . G
:~£1*= (roosodi—rainag )=v

£ lo &la

; d . 3
(roosof M+ —{rsinek )]
. ) e N

= —p(0 S0 0 + FOCOS (0f]

b speed=vev|= \/(—m" sin o) + (0w cos o)’

i a3 7 i .
= for~sin” o + cos” of = cor, as required.
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Question:

a By considering the gradients of the wectors v and v, or by taking the scalar product
of 1 and v, find the angle between these two vectors,
b What does thizs tell you about the velocity of the particle?

Solution:
a rv={rcosmd+rsin wf]) (—rosn @il +rocos o)

= (Fcos ) (—reo sin 0f ) + (7 sin (0F) % (Peocos o)
= —r*cosar. sinet +riwsinmt cos ot =0, sor is perpendicular to v.
b The ditection of v is perpendicular to the direction of v Since r iz always directed
from the origin to the particle, the direction of the velocity at any instant 15 along the

tangent to the circular path.
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Question:

a Differentiate v with respect to £ to obtain the acceleration, a, of the particle.
b Ezpresz ain terms of r. What does this tell you about the direction of the

acceleration?

¢ Calculate the magnitude of a.

Solution:

V = —rim s 08+ P cos (1

v = —(—rsin i +rocoes i) =a

B e

. .ood .
{—reo sin (o)1 +E (reocos o))

. B e
= —p00 Cos (0 — P07 51008

= —*(r cos ol + rsin o)

g e S 3
b a=—w {Fcosal+rsin o)) = —w'r

ais parallel to r but in the opposite direction, so the direction of the acceleration
1z towards the centre of the circle,

c |alH —r l.zo|al= W% |v], a= i
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Question:

Whenever a numerical value of g is required take g =9.8m s

A particle of mass 0.6 kg 1z attached to end A of a lightrod A8 of length 0.5 m. The
rod 1z free to rotate in a vertical plane about B The particle 15 held at rest with A5
horizontal. The particle 15 released. Calculate

a the speed of the particle as it passes through the lowest point of the path,

b the tension in the rod at this point

Solution:

a Let the speed of the particle at the lowest point be
vm s ', and the tension in the rod be T1T.

Atthe lowest point the particle has fallen a distance
0.5m, sothe P.E lost=046xgx05

and the KE.E. gained=% <06y

,‘,0.6/g/0.5=%/0.6/v2

Y=g, v =31ms!
b Atthe lowest point, the force towards the centre of the circle
0.6+

=T-0é6g=
> 0.5

5P =U_6g+%=l_8g-—-17_6]ﬂ
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Question:

Whenever a numerical value of g is required take g=9%8m s>

A particle of mass 0.4 kg is attached to one end A of a light rod AS of length 0.3 m.
The rod 15 free to rotate in a vertical plane about 5. The particle 15 held at rest with 4
vertically above B The rod 15 slightly displaced so that the particle mowves in a vertical
circle. Calculate

a the speed of the particle as it paszses through the lowest point of the path,

b the tension in the rod at this point.

Solution:

Let the speed of the patticle at the lowest point be
vm s ', and the tension in the rod be T1.

Atthe lowest point the particle has fallen a distance
D6m, sothe PE lost=04x gx0.6,

and the K.E.gained=% 0.4 %2,

;04-5-36:%-04-£

V=2xgx06=12gv=34ms"

Vims

b Atthe lowest point, the force towards the centre of the circle

0.*
=T_04g=
g7 03
S I SRR B L SR
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Question:

Whenever a numerical value of g is required take g =9%8m s~

A particle of mass 0.4 kg 1z attached to end 4 of a lightrod A8 of length 0.3 m. The
rod 15 free to rotate in a vertical plane about 2 The particle 15 held at rest with A5 at
&0 to the upward vertical. The particle 15 released. Calculate

a the speed of the particle as it passes through the lowest point of the path,
b the tension in the rod at this point.

Solution:

Let the speed of the patticle at the lowest point be
vm s !, and the tension in the rod be TIT

Atthe lowest point the particle has fallen a distance
03ces60°+0.3=045m, so the

PE lost=04xgx045 and the

K.E.gained=% <0453,

Fms L0dxgx04s = %/0.4 Xy

vi=2ugx045=09gv=30ms"

b Atthe lowest point, the force towards the centre of the circle

0.4
=T-04g=
8 03
T O L M
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Question:

Whenever a numerical value of g is required take g=98m ™

A particle of mass 0.4 kg is attached to end 4 of a lightrod A8 of length 0.3 m. The
rod 15 free to rotate in a vertical plane about 2 The particle 15 held at rest with A5 at
&0 to the upward wertical The particle 15 released. Calculate

a the speed of the particle as it passes through the lowest point of the path,
b the tension in the rod at this point.

Solution:

Let the speed of the particle where A5 1z horizontal
be vm s, and the tension in the rod be TTT

Atthe point where A8 is horizontal, the particle has
fallen a distance 0.5cos60° =0.25m |, 5o the

PE lost =06x gx0 25,

and the K.E.gained=% x0.6xv%.

D.6/g/[].25=%/[].6/v2

vi=2xgx025=05gv=22ms"

b When A8 15 horizontal, the force towards the centre of the circle

=T=aw2
0.5
ﬁﬁ’_06;i5g 06g=59N
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Question:

Whenever a numerical value of g is required take g =9%8m s~

A particle of mass 0.5 kg 15 attached to end 4 of a lightrod A8 of length 0.7 m. The
rod iz free to rotate in a vertical plane about B The particle is hanging with A

vertically below B when it is projected horizontally with speed 10ms™. Calculate

a the speed of the particle when it iz vertically above 5,
b the tension in the rod at this point.

Solution:

Let the speed of the particle at the highest point be
vm s, and the tension in the rod be TN,

Atthe highest point the patticle has risen a distance
1.4, so the

PE ganed=025xg=14, and the

K.E_lost=% X (). 5 102—% X 0.5%1"

05X g 1.4=%- 0.5 (100 —v*)

00— =2xgx14=28g,v=85ms

b Atthe highest point, the force towards the centre ofthe circle

0 52
=T+05¢g =
5 o
g 0.5/(120?—2-333'_g_5g=45.9N
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Question:

Whenever a numerical value of g is required take g =% 8m s

& particle of mass 0.5 kg is attached to end A of a light rod A8 of length 0.7 m. The
rod 15 free to rotate in a vertical plane about B The particle 15 hanging with 4

vertically below B when it is projected horizontally with speed u ms™. Find

a anexpression interms of w and & for the speed of the particle when A8 makes an
angle of 8 with the downward vertical through B,
b the restriction on i if the particle 18 to reach the highest point of the circle.

Solution:

When the angle between A8 and the vertical 1z &

particle has speed vm s '

PE ganed=mgh=05xgx071-cozf)

v m Lossin EE =
lmﬂ_lmvﬂ :E(Hﬂ_vﬂj
2 2 2

Energy is conserved

L 05gx07(1-cosf) = %(uz—v:"}

v =ui-1dg(l-cosd)

= v=,ju'—14g(l-cos &)

b Ifthe particle is to reach to top of the circle then we require v = 0 when & =180".
=’ -14g(1-cos1807 =0

But cosl80°=—1,50 * > 1dgx2 u= Jedg
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Question:

Whenever a numerical value of g is required take g =98m s

A particle 4 of mass 1.5 kg is attached to one end of a light inextensible string of

length 2 m. The other end of the string iz attached to a fized point 2 The particle is

hanging in equilibrivm when it is set in motion with a horizontal speed of z ms™.

Find

a an expression for the tension in the string when it is at an angle & to the downward
wvertical through 5,

b the minimum walue of & for which the particle will perform a complete circle.

Solution:

Take the lowest point of the circle as the zero level
for potential energy.
Atthe lowest lewel the particle has

K.E_=é- 15%2*=075% T and PE =0T

When the rod 1z at angle 0 to the vertical the particle
has
1

K.E.:E <15 =07%" T and

|.5¢ PE=15%g=2{1-cos T
Energy iz conszerved
07560 =075 43g(1—cos )

Eesolving towards the centre of the circle:

vt 15

TF-ligoosi=—=
r

. o substituting for v
gIvES

3
r= ].5gcosH+E(uj —dg+dgcos )

2
=4.5gcosH+3%—3g

b Ifthe particle is to reach to top of the circle then we require T = 0 when 8 =180,
2 2

=‘.~—4.Sg+3%—3g > U,B‘E‘T:?.ﬁg,:ﬁ =10g,u > fiog

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Motion in acircle
Exercise E, Question 8

Question:

Whenever a numerical value of g is required take g=98m ™

A zmall bead of mass 30 g iz threaded on a smooth circular wire of radins 73 cm
which is fized in a vertical plane. The bead 12 at rest at the lowest point of the wire
when it ig hit with an impulse of /s horizontally causing it to start to move round the
wire. Find the value of Jif

a the bead justreaches the top of the circle,

b the bead just reaches the point where the radius from the bead to the centre of the

: I : :
circle makes an angle of tan™ 7 with the upward vertical and then starts to slide

back to its original position.

Solution:
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Impulse = change in momentum, so if the initial
speed of the bead is wm s then
I =005, =20/

Take the lowest point of the circle as the zero lewvel
for potential energy.
Atthe lowest level the particle has

K.E.=% <0.05%e* =0.025x<4007* =10* T and

PE =0T

At the highest lewel the particle has K E =0 (since
we are told that the bead if just reaches the top) and

it has rizen 1.5 m so it has
PE=005%gx15=00%5g

Energy is conserved, - 107% =0.075g,
= *=0.0075g, /=027

Take the lowest point of the circle as the zero level for
potential energy.
Atthe lowest level the particle has

EE. =% <0.05%5? =0.025<4007% =107 T and

PE =0T
When the rod iz at angle tan 1; to the wertical the

particle has K E =071 (we are told that the particle

reaches this point and then starts to slide back, 20 we
can deduce that the speed iz zero here) and

PE =005xgx075 '{1+cos|r tan 1?\}

=00675¢g]
Energy 15 conserved
102 :=0:06751g

=026
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Question:

Whenever a numerical value of g is required take g =9%8m s~

A particle of mass 50 g1z attached to one end of a light inextensible string of length
75 cm. The other end of the string is attached to a fized point. The particle 15 hanging

at rest when it 15 hit with an impulse of J s horizontally causing it to start to mowve &
a vertical circle. Find the value of 7 if

a the particle just reaches the top of'the circle,
b the string goes slack at the instant when the patticle reaches the point where the

: 3 _
string makes an angle of tan™ Z with the upward vertical.

Solution:
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a A Impulse = change in mementum, so if the initial

speed of the bead is zm 57! then

£ =0.05,x=201

Take the lowest point of the circle as the zero level for
potential energy,

Atthe lowest lewvel the particle has
1

EE. =) 0.05%” =0.025%x4007* =107 T
and PE =0T
[ e If the bead just reaches the top of the circle then this is

the point at which the tension in the string becomes

058" zero. If the speed of the bead at this point s vms '
then
pvt 005
D0bg=—= e =0%5g

r 0.75
The bead has risen 1.5 m so 1t has

PE=005xgx15=0075g
Energy is conserved, so

107% = 0.075 g+%- 0.05x0.75 g = 0.09375 g, = 0.30

Talke the lowest point of the circle as the zero lewel
for potential energy.
Atthe lowest level the particle has

EE =% <0 05xu? =0025:4007% =102 T

and PE =0T
When the bead just reaches the point where A5 is at

3 _ . :
tar IE to the wertical the tension in the string

becomes zero, If the speed of the bead at this point is
v s ' then

3\ et 0050
4 | 075

1

005g cos[ tan
v e 4
v =U.?5/g/§ =06g

The bead has rizsen 075+ 06=135m,

sogainin PE =005 gx135=00675g.

Energy is conserved = 107* = 0.0675 g+%/0.05/0.6 g=00825g
I =028
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Question:

Whenever a numerical value of g is required take g=98m ™

A particle of mass 0.8 kg iz attached to end 4 of a light rod A8 of length 2 m. The end
£ iz attached to a fized point so that the rod ie free to rotate in a wertical circle with ite
centre at 5. The rod iz held in a horizontal position and then released. Calculate the
speed of the particle and the tension in the rod when

a the particle 15 at the lowest point of the circle,

1

b the rod makes an angle of tan” g with the downward vertical through 2.

Solution:
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Let the speed of the patticle at the lowest point be
vm s, and the tension in the rod be TN,

Take the starting lewvel as the zero lewel for potential

energy, the particle starts with

FPE=0and EE=0.
Atthe lowest level,

PE =—08xgx2=-16g

1 1
EE = E/va‘ =E/o.3v’* = 0.

\f Conservation of energy
= —1ég+0dv' =0, v'=4g
v= 63ms
2
Force towards the centre of the circle =T—-0.8g = Y= w =16
r
T=24g=24HN

Let the speed of the patticle at the point when

1

3 .
H# =tan IE be vm s, and the tension in the rod be

TH.

Take the starting level as the zero level for potential
energy, the particle starts with

PE=0and EE =0,

When A8 iz at 6 to the vertical the particle has
fallen 2cos@=16m .

PE =-08xgxlo=-128¢g

1 1
EE = E/va* =E/U.8v2 =0.h*

Conservation of energy
= —128g+047" =0, v =32g

v=56ms"
Fotrce towards the centre of the circle = T—-08gcosf = id = 0'8/23'25 =128g
r

© Pearson Education Ltd 2C
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Exercise E, Question 11

Question:

Whenever a numerical value of g is required talce g =9.8m 7.

& particle of mass 500 g describes complete vertical circles on the end of a light
inextensible string of length 1.5 m. Given that the speed of the particle is 8m s at
the highest point, find

a the speed of the particle when the string 15 horizontal,

b the magmitude of the tangential acceleration when the string 15 horizontal,

¢ the tension in the string when the particle i3 at the lowest point of the circle.

Solution:

sms' Let the speed of the particle when the string 1s
horizontal be vm s '

Take the lowest point as the zero level for potential
energy, the particle starts with

PE =05%g=3 and K.E.z%- 0.5x8%,

When the string 15 horizontal,

PE =05xgx1.5 and K.E.z%- 0.5%v2 .

Energy is conserved
2
—15g+16 = 0.?53+vI

v =4075g+16),v=9Tms "

b The only force with a vertical component 15 the weight
Lcceleration=gmsz *.

sms ! Let the speed of the particle at the lowest point be
vm s ', and the tension in the rod be TIT.
Take the lowest point as the zero level for potential
energy, the particle starts with
PE =05%g=3 and K.E_=%- 0.5%8%.

When the string 15 vertical,

PE =0 and K.E.=%- 0.5x v}

0.5e WV Energy is conserved
2

=1~1.5g+16=%, v=111ms"

0. Gt

g L
L

F=458HN
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Question:

Whenever a numerical value of g is required take g =9%8m s~

A lightrod AS of length 1 m has a particle of mass 4 kg attached at A End B 1z
pivoted to a fized point so that A5 15 free to rotate in a vertical plane. When the rod 13
vertical with A below B the speed of the particle rod is 6. 5ms™ Find the angle

between A5 and the vertical at the instant when the tension in the rod 15 zero, and
calculate the speed of the particle at that instant.

Solution:

Atthe lowest point let PE =0T,

The E E. at the lowest point 12
1

= 4x6.5 =8457.

When AF 1z at angle 6 to the wvertical, the tension in
" the red is T, and the particle has speed vm 7'

A "% Particle has risen {(1—coz@), z0

DPE =4xgx(l-cozB) ] and

g KE.= Lxdxy? = 2
d 2

Energy iz conserved = 84.5 = 237 +4g{1—coz @),
v =4225-2g(1—cos8)
Force towards the centre of the circle

v’ _ 4(42 25— 2g{1—coz )

=T —-dgcosB=
F 1
ST =dgeosB +169—Bg(l-cos) =162 +12gcos@ —Eg =0 when
cosB= B 100 s e BweAor
12g

1e =40 to the upward vertical and
v =4225-2g(l—cos@) =75 v=27ms?
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Question:

Whenever a numerical value of g is required take g=98m ™

A particle P of mass #e kg 15 attached to one end of a light rod of length # m which 1s
free to rotate in a vertical plane about its other end. The particle describes complete
vertical circles. Given that the tenszion at the lowest point of M's path iz three times the
tension at the highest point, find the speed of P at the lowest point on its path.

Solution:

Let the speed at the lowest pointbe wm s ', and the

speed at the highest pointbe vm s

The gain in P E. in mowving from the lowest point to
the highest iz Zeegr.

The loss in K. E. 1= lzmug —Emv2

Energy 15 conserved

S 2mgr =%mu2 —lzmvg, vi=u —dgr

2
e Atthe lowest point 37 —mg = il

L
me r
2

At the highest point T +mg = il Al
=

Substituting for Tand v* in the first of these two equations:

(il —4gr) pa _(w?—4gr) 2
H———————mg |—mg= 3 —dg=—
| r r F
23&:2 2
—=1lbg,u =8gr,u=,f'§gr
r
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Question:

Whenever a numerical value of g is required take g=98m ™

A particle P of mass # kg 15 attached to one end of a light inextensible string of length
# . The other end of the string iz attached to a fized point O, and P describes
complete vertical circles about O, Given that the speed of the particle at the lowest
point is ene-and-a-half times the speed of the patticle at the highest point, find

a the speed of the particle at the highest point,

b the tension in the string when the particle 1z at the highest point.

Solution:

: 3
Let the speed at the lowest point be ?vm s ', and

the speed at the highest pointbe vm s

The gain in P E in mowing from the lowest point to the
highest 15 2eegr.

1 (V1

The loss in K. E iz —wp| — | —=mov
2 {2 2
Energy is conserved
2mgr——m/ﬁ—l 2=Emv2
4 2 ]
N = 2 lbgr - ’]6 gr
5 5
lbgr
. . e 5 16mg 1 g
b Atthe highest point, T +mg = = = z T= -
r r
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Question:

Whenever a numerical value of g is required take g =9%8m s~

A light inelastic string of length » has one end attached to a fized point & & particle F

of mass #2 kg 15 attached to the other end. P 15 held with OF horizontal and the string

taut. & iz then projected vertically downwards with speed @ .

a Find, interms of &, m and g, the tension in the string when &F makes an angle &
with the horizontal

b Given that the string will break when the tension in the string is 2mg I, find the
angle between the string and the horizontal when the string breaks.

Solution:

With OF herizontal, the particle has

PE=0and KE = %mﬂ =12mgr_

When OF iz 67 below the horizontal, the tension in
the string 15 T and the speed of the particle 15 v

The particle has

DE =—mgrznt and EE = %mvz

Energy iz conszerved

mg

: 1
So—mgr = —mgrsin 04— e

2
v = gr(l+2sind)
Eesolving towards O
v’ i mgril+2sn &)

T—mgsinf =
r r

T =mg(l+ 350 N
b When T =2mg N, 2mg =gl + 3sin &), 5in 6 =13,H =19.5°
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Question:

Whenever a numerical value of g is required take g=98m ™
A particle P of mass w2 i attached to one end of a light inextensible string of length §.

The other end of the string iz attached to a fized point & The particle is hanging in
equilibrium at a point A, directly below O, when it iz set in motion with a horizontal

speed J?E

When OF has turned threugh an angle & and the string iz still taut, the tension in the

string iz 7.

a Find an expression for T

b Find the height of F abowe A at the instant when the string goes slack.

¢ Find the maximum height above A reached by P before it starts to fall to the ground
agait.

Solution:

Conservation of energy.

Lage ke w
—put——pv" =pmgli(l—coszt
z 5 i ( )
1 1
Emv2 =Emu —mgl{l—cosf)

v =3gl—2gl{1-cos) = gl{1+2cosh)

Eesolving towards the centre of the circle:
y
B
T—mgcosf = T

T=mgcosH+ng£(1+2c:osH)=mg+3mgcosH

b String slack =~T=U=cosH=—%:~height=f+%=£
: a 1 =i
¢ "When the string goes slack, v =g/ {14+ 2x Fe =?
; : 1 gl
=0 horizontal component of velocity = R
TTsing energy, if the maximum additional height 15 %, then
2
mg}z+lm>< l Ej =lm[£§]
2 V3 2 Lz
}gzi_Lz E =£, hElght above A:ﬂ +£ =ﬂ
6 6x% o4 27 227 27
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Question:

Whenever a numerical value of g is required take g =9%8m s~

A smooth solid hetmisphere with radius & m and centre O is resting in a fized position

oft & horizontal plane with its flat face 1n contact with the plane. & particle P of mass

3 kg iz slightly disturbed from rest at the highest point of the hemisphere.

When OF has turned through an angle & and the particle is still on the surface ofthe

hetnisphere the normal reaction of the sphere on the particle is &

a Find an expression for B

b Find the angle between OF and the upward wertical when the particle leaves the
surface of the hemisphere.

¢ Find the distance of the particle from the centre of the hemisphere when it hits the
ground.

Solution:

Conservation of energy from top
to B

mg-6=mg-6cosH+%mv2

v =12g(1-cos8)

Eesolving towards O
wn’ 12x3g

3groosH—H = (1-cost)

r
Ygcosi—6g=FR

b R=D:~cosH=%,H-—e48"

¢ V=12 = %=4g
speed —voosf, lLvsing + gz
: ; 1 2
Distance — voos i, lvs1nH£+§g£2=6/§=4

2VE£.;+EH —ag0 My 4ng
3 2 3
£=0.545. .

Total horizontal distance from O =6sn 8+ Jdgcosxi =67 m
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Question:

Whenever a numerical value of g is required take g=98m ™

A smooth selid hemisphere 1z fized with its plane face on a horizontal table and its
curved surface uppermost. The plane face ofthe hemisphere has centre O and radiug »
The point 4 1z the highest point on the hemisphere, & particle & iz placed on the

hemisphere at.4. It is then given an initial horizontal speed &, where u* = "2 When

OF malkes an angle & with A, and while P remaing on the hemisphere, the speed of
Flisw,

a Find an expression for v*.

b Find the value of cos& when P leaves the hemisphere.

¢ Find the value of v when & leaves the hemisphere.

After leaving the hemisphere P strikes the table at 5.

d Find the speed of Fat B

e Find the angle at which P strilees the table,

Solution:

PhysicsAndMathsTutor.com
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a & Conzervation of energy:
1
] ‘1 ‘1
P —mu2+mgr =§mv2+mgr cosf
(i)
b 4 ' E+;?"g=9£=lv2+;rg|:osh'
p ; 8 8 2
F 2 grg
v = —=—2rgcosf
Q 4
. v (9 \
b Eesolving towards & mgroosf—R = il g Z_ 2cosH
r J
9 3
E=0=3mgcos=mgx— cos==
4 4
;  9rg 3 g Ky
c VvV =E—-lrgxn—=—7 =il =
4 4 4

d Conservation of energy from A to the table:

1 4, 1
EW = — FH +mg.?"
9, 3
2: 2—|—2 :E+2 =— v=—
¥ i gF 4 =F 4 ¥V 2 re

After leaving the hemisphere the horizontal

Direction 15 angle & to the ground,

/33,5
%T cosu=—34 4=E
pbe

o =647

© Pearson Education Ltd 2C
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Question:

Whenever a numerical value of g is required take g =9%8m s~

A smooth sphere with centre O and radius 2 m 15 fized to a horizontal surface. &

patticle F of mass 2 kg is slightly disturbed from rest at the highe st point of the sphere
and starts to slide down the surface of the sphere.

a Find the angle between OF and the upward wertical at the instant when P leaves the
surface of the sphere.

b Find the magnitude and direction of the welocity of the particle as it hits the
horizontal surface.

Solution:

Conservation of energy:
1
mgr = Emvz +magrcost

v = Zmgril—cosB) = 4dmg(1-cos @)
Eesolving towards O

2
= e
SgcosH—Rz%:M

RE=0=9gcosl =6g, cosH=%
i =48
b Teing conservation of energy from the highest point to the ground:
lzmvg =mgh=mgx4d, v= \l‘B_g when P hits the ground.

1 4
When F leaves the sphere V= dmg(l—cos ) = dmg /g,v = |28

3

3 After leawing the hemisphere the horizontal
component of the velocity retnains constant.
Direction 15 angle & to the ground,
-> [ F J 2
: B3 2 i
A2 coszf=£=—*J:
2 3 . fgg 3 &

o =74
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Question:

Whenever a numerical value of g is required take g =9%8m s~

A particle of mass 2 15 projected with speed v from the top of the outside of a smooth
sphere of radius @ Inthe subsequent motion the particle slides down the surface of the

3
sphere and leaves the surface of the sphere with speed %.

a Find the wertical distance travelled by the particle before it loses contact with the
surface of the sphere.

b Findv.

¢ Find the magnitude and direction of the welocity of the particle when it iz at the
same horizontal level az the centre of the sphere.

Solution:

Forces acting along the radius:
ot mx3ga Img

mocosd— R =
5 r Ao 4

R=E]=‘~|:c::sn‘1'=E

: i
Distance fallen =@ —acos @ =—

b Conzervation of energy from the top to the point where the particle leaves the sphere:

a 1 Zge 1 4 1 45 3za ga ga 4, g4 et
Mg — ==X ——— =, =V == vy =" y=_ |
4 2 4 2 £ 8 4 3 4 4
¢ Looking at the energy at the top and level with the centre:
1 4 1 Dga 3

1 ga

2

—pvt = gl tmga = —mE tmga, v =5 v=1Jga
5 5 E 5" i E

After leawing the hemisphere the horizontal
component of the welocity remains constant.

Fig )
Direction is o, cosor = #

ag

3
4

R
o = 64" to the honzontal
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Question:

Whenever a numerical value of g is required take g =% 8m s
& smooth hemisphere with centre & and radius 50 cm 15 fixed with its plane face 1n
contact with a horizontal surface. A particle P 1s released from rest at point 4 on the

sphere, where O4 1z inclined at 10° to the upward vertical The particle leaves the
sphere at point & Find the angle between OF and the upward vertical

Solution:

Conservation of energy:

1

1 1
2 G
—pnt +mo—cost = mo—coz 10
& g2 gZ

v = glcos 10" —cos 6)

Forces acting towards O
2
)
P:J@gt-::-m‘n'—fi’=%=2mv2

0.5 m

R=0= gros8=2" =2g(cos10" —cosB) = 3gcos§ = 2gcosll’

cos =§coslU’,H = 45

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Motion in acircle
Exercise F, Question 7

Question:

Whenever a numerical value of g is required take g =98m s

A zmooth laundry chute iz built in twe sections, PO and O& Each section iz in the
shape of an arc of a circle. P has radius 5 m and subtends an angle of 70° at its
centre, A (& has radius 7 m and subtends an angle of 40° at its centre, 5 The points
A, O and B are in a vertical straight line. The laundry bags are collected in a large bin

lzm kelow B Totest the chute, a small particle of tass 2 kg is released from rest at

£

a Calculate the speed with which the particle reaches  p
the bin at the bottom of the chute.

b Determine whether or not the particle loses contact
with the chute before it reaches &

Solution:

a Teotal height lost =51—cos 70" 1+ 7(1—cos 4014+ 05=5427 . m
Conzervation of energy:

15-2-v2=2-g-5.427__. v=10.3m s’

b At R:%-2-v‘*:23{12—5.:05?0“—?.:0540“], v =096.58

2
ot

Eezolving Atowards B mgcos—R= e

2
R=2gcosdl’ —2% =—2.6 <0, which 1z impossible, so the particle has lost contact
with the chute before this point.
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Question:

Whenever a numerical value of g is required take g =% 8m s

Part of a hollow spherical shell, centre & and radius e, 13 removed to form a bowl with
a plane circular rim. The bowl 15 fized with the rim uppermost and horizontal The

: 5w 2 : :
centre of the circular rim is ?a vertically abowve the lowest point of the bowl, A

marhle 1z projected from the lowe st point of the bow! with speed w Find the minimum
value of i for which the marble will leave the bowl and not fall back in to it

Solution:

EE + PE atlowest point= lzmj

KE +PE atrim=%mv2+mg .4?“‘

8
= g? =v2+—§a

Lfter the patticle leaves the bowl:

The wertical speed when the particle returns to the level of the rim of the bowl iz vein 8

in®
downwards, so using v=u+af,—vsinf =vsin f —gi i = dvsin
g

in 6
The horizontal distance covered in this time 15 voos 8 <FSig

g
The width of the top ofthe bowl = 2> ?a a 4‘?‘3
= 2—sin Bcost > #hf2a e /ﬁxl = Eﬁag, v = Zag

g 3 3“3 3

& 2 3ag+8%= l?fa

. . lag
so mintmuim value of 2 13 i
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Question:

: : ; ; : . Ga
A particle of mass s moves with constant speed & 1n a horizontal circle of radius -

ot the inside of a fixed smooth hollow sphere of radius 2a. Show that Sag = 2-\.5:;2 .

Solution:

] R RiTiRcos 8 = myg

e D
3a Ele)Rantl=—=
3 r x
2
~ DRSS
3ag
g,
i D e
tan @ = = S0
Jia A7
2
2ut 3 s
— =, Yar = 2JTu
e
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Question:

A particle P of mass e i3 attached to one end of a light inextensible string of length
Za. The other end of the string iz attached to a fized point 4 which iz a vertical
distance & abowe a smooth horizontal table. The particle moves on the table in a circle
whose centre O is vertically below A, az shown in the diagram. The string is taut and

the speed of Fis 24ag . Find

a the tension in the string,
b the normal reaction of the table on P

Solution:

M1z the normal reaction of the table on P,
T 1z the tension in the string, and & is the
angle between the string and the vertical.
Eight-angled triangle so

OP=ga~2
2
R(e): Tsing ="
8o
Tﬁ_mfdlga
3a a\.@
2
3 1 1
b R(T):Tcosﬁ+N=mg=‘,~N=mg—Emg-Ezgmg
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Question:

A light inextensible string of length 257 has its ends fized to two points 4 and &, where
Az wertically abowe B A small smooth ring of mass # 18 threaded on the string. The
ring 15 moving with constant speed in a horizontal circle with centre 5 and radius 124,
as shown in the diagram. Find

a the tension in the string,

b the speed of the ring.

Solution:

Let & bethe angle between the string and
the wertical.
Wehave a5, 12, 13 triangle.

R Tcesd =mg

_ g =13mg
mg cosf o
i (12 B 75 48 2
b R(u)ﬂ’fsmﬁ:ﬂ:ﬂ p e |t O e
r | 13) 1287137 5 121

=i =60gi, v=.,/60g
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Question:

A car moves round a bend which 1z banked at a constant angle of 12° to the horizontal
When the car iz travelling at a constant speed of 15m 7' there is no sideways

frictional force on the car. The car is modelled as a particle mowing in a horizontal
citcle of radius » metres. Calculate the value of ».

Solution:

£ 1z the normal reaction of the surface on the car.

o friction
R Rcosl2” = mg
2
R(<3)Rsin 12" _m _mx15
r F
Diwviding - tan 12° =%
zr
I :ﬂ.—. 108 m
gtan 12"
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Question:

A particle P of mass w15 attached to the ends of two light inestensible strings AF and
EP each of length /. The ends 4 and & are attached to fized points, with A vertically
abowe Band AF =7, as chown in the diagram. The particle P maoves in a horizontal
circle with constant angular speed @ . The centre of the circle is the mid-point of A8
and both strings retmain taut.

a Show that the tension in AP is %If 2g +iw? ).

b Find, in terms of 2, . o and g, an expression for the tension in 5P

¢ Deduce that o = i—g )

Solution:

Fisthe tension in AF and 5 i3 the tension in BF.
The triangle iz equilateral (3 equal sides).

R : Teosél” =mg+Scostl”
F-5 =2mg
E(e3): Tros30" + 5 cos 30° = mros®
(T+&cos30" = md cos 30 xw?
T+8 = wmie?
Adding these two equations gives

0T = 2mg +mde®, T = %(Eg +ieh),
b S=T-2mg= %(;uﬁ —2g)

: 2
¢ Both strings taut = Jew* - 2g =0, o> Tg
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Exercise G, Question 6

Question:

P ‘)
0]

L particle P oof mass w2 15 attached to one end of a light string of length I The other
end of the string iz attached to a fized point A The particle maowves in a horizontal

circle with constant angular speed @ and with the string inclined at an angle of 45° to
the wertical, as shown in the diagram.

a Show that the tension in the string is ﬁmg i
b Find @ interms of g and/.

Solution:

Tiz the tension in the string.

Ril): Tosds =mg,T=~,Emg

b E(es): Toosds =mre’ =micosdS o, T=mie’ 0= % = %
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Question:

A rough disc rotates in a horizontal plane with constant angular velocity @ about a

. . . . . . 3
fized vertical axis. A patticle P of mass s lies on the disc at a distance Ea from the

azis. The coefficient of friction between F and the disc 1s = Given that F remains at

rest relative to the disc,
]
a prove that o® < 28,
Ta

The particle is now connected to the axis by a horizontal light elastic string of natural

I . ) ;
length % and modulus of elasticity % . The disc again rotates with constant angular

. . . . . . 3
velocity @ about the axizs and P remains at rest relative to the disc at a distance Ea

from the axis.
b Find the range of possible values of o,

Solution:
a I3
A F 1z the force due to friction,
F L » £ is the normal reaction.
L
: RE(I): R =mg
37 J Ries): F = mred’
- If 7 iz not to slip then
]
=g 2 W= a
7™8 =73
rar <k
T
b ] T1s the tension in the elastic string.
i P
’ 5mg/"3a_a"
‘ /{ (}f’ T:E: 2 |'5 2'|=5mE=E
P ! i a 10 2
SN 2

The limits for @® depend on whether the friction is acting with the tension or

against it
Eies): Er‘?‘€.§'+E = mgatr}g,fr}:‘ < 5 13g _ 65
7 2 5 I 14 42
or R(+3): —Emg LI mgatﬂg,t’r}g = i <& — 5_g
¥ 2 5 Za 14 42a
08 e 532
422 42a
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Exercise G, Question 8

Question:

A particle P of mass 0.6 kg iz attached to one end of a light inextenzible string of
length 1.2 m The other end of the string 15 attached to a fixed point 4. The particle 1s
moving, with the string taut, in a horizontal circle with centre & vertically below A.

The particle is moving with constant angular speed Zrad s ' Find

a the tension in the string,
b the angle between AF and the downward vertical

Solution:

r 1z the radius of the circle,

Tizthe tension in the string and Z04AF 13 8.
From the triangle, » =1 2siné .
R(es): Tsinf =mre® = 0.6x1.25in B 9

T=06x12x% =648

b BT cos8 =mg. 648cosB=006g, cosh = % =0807 8=25"

© Pearson Education Ltd 2C
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Exercise G, Question 9

Question:

A particle P of mass s mowes on the smooth inner surface of a spherical bowl of
internal radius 7. The particle moves with constant angular speed in a horizontal circle,

which 15 at a depth % below the centre of the bowl. Find

a the normal reaction of the bowl on F,
b the time it takes P to complete three revolutions of its circular path,

Solution:
a p- : The angle between the radius threugh # and
% R the wertical 1 @, T has angular speed
. P wrad s
EJ \[ Ris the reaction of the bowl on 2.
; Ril): Roosf =mg R =4myg.

f4 fdl
b Ei{«) Ranfl = pr®® = mxrsin O o, ©= i S
43 “\{;

»

ﬁ
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Exercise G, Question 10

Question:

A particle F of mass 2 iz attached to one end of a light inextensible string of length a.
The other end of the string is fixed at a point & The particle 15 held with the string taut
and OF horizontal It is then projected vertically downwards with speed &, where

2

speed of F i1z v and the tension in the string 15 T, az shown in the diagram.

Find an expression for ¥ in terms of @, g and 6.
Find an expression for T in terms of me, g and 6.

[—ml-1]

-

light rod.

Solution:

a Lossin PE =gan inEKE so

1 1 :
= —Emuz =mgasnd

2

4 ;
=7 =§ga +2gasinf

2
b Eesolving towards O T —mg sing ="
b
4 4 b
T=§mg+2mgsinH+mgsinH=mg §+35inH

¢ T=0when sinfl =—

J8=206

d When v=0,stn 0 =—

=N I SRV

© Pearson Education Ltd 2C
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= % g . When OF has turned through an angle @ and the string is stall taut, the

Find, to the nearest degree, the value of @ when the string becomes slack.
d Ezplain why F would not complete a vertical circle if the string were replaced by a

= —%, (B = 222" sothe particle can not complete the circle.
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Exercise G, Question 11

Question:

& particle P of mass 0.4 kg is attached to one end of a light inelastic string of length
1t The other end of the string iz fized at point O P iz hanging in equilibrium below

O when it is projected horizontally with speed @ ms ' When OF is horizontal it meets

a small smooth peg at (2, where &2 =08 m  Calculate the minimum value of o 1f F 1s

to describe a complete circle about O

Solution:

s r;\ Consider the circle centre O radins 0.2 m.
. When (JF ig at 8 above the horizontal:

Energy: %mw2 +mgx 020 8 =lmv2,

w=v' —(.4gsin 6

where v 15 the speed when & =0, and w the
P g speed at angle 6.

' zm(vz—[].dlgsin &)

7 02

o 04dgsin }—mgsinH=mv 0.6 gsin :I_*Cl
0.2 0.2

Looking at the larger circle, conservation of energy

Circular motion: T4mgsint =

2 2 2

#%mv2+mg-l=%mu, v =u' - 2g

At the top of the small circle, sinf =1,

=ul-2g-06g20u*226guz.26g

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Motion in acircle
Exercise G, Question 12

Question:

A emooth zolid hemisphere 15 fized with its plane face on a horizontal table and its
curved surface uppermost. The plane face of the hemisphere has centre & and radius @
The point A 15 the highest point on the hemisphere. & particle P is placed on the
hemisphere at 4.

: : — . el
It is then given an initial horizontal speed u, where z° =28 hen OF makes an

angle B with 4, and while P remains on the hemisphere, the speed of P iz v,
a Find an expression for v*.
b Show that P is still on the hemisphere when 8 =cos 10.9
¢ Find the value of
1 cos @ when P leaves the hemisphere,
1 v when & leaves the hemisphere.
After leaving the hemisphere P strices the table at 5.
d Find the speed of Fat B
e Find the angle at which F strikes the table.

Solution:

PhysicsAndMathsTutor.com
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a ag F iz the reaction between the patticle
AN and the surface.
P Ifthe lewvel of F iz the level of zero
' D E, conservation of energy

My

1 ag 1
= —m— t+mga(l—cos )= Zmv®,
S g ) :

v = g—;+234(1— cosf)

= g—;(ﬁ—4cosﬁj

2
fid

b Eesolving towards & mgcosl —R=——= %(5 —d oozl
r

Substituting cos @ =0.9: R=mg > 0.9—%(5—3.6) =0.2mg > 0
go Pz still onthe hemisphere,

c i R=U:~cosH=%(5—4cosH),3cosH=§,cosH=§

10, 5 5
1 vg:E(5—4E05H):§(5—_}:E,v: E
2 2 3 & &

d By considering EE +PE atAdand B, ifv iz the speed at &,

1 45 1 ag 5 Oga ||5ga
- = —m—tmga,V = — V=, [—
2 2 2 2 2

After the particle leawves the sphere the horizontal

: : Sga O
velocity remains constant = T/E

If e 1z the angle at which the particle strikes the

/5&,2
table thencosor = 6 6 5

Sga 693
2

o =61
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Question:

{

Part of a hollow spherical shell, centre & and radius », iz removed to form a bowl with
aplane circular rim. The bowl 15 fized with the circular ritmn uppermost and horizontal
The point T iz the lowest point of the bowl The point B is on the ritn of the bowl and
OF 1z at an angle « to the upward vertical as shown inthe diagram. Angle o satisfies

tan o =% _ A smooth small marble of mass #2 15 placed inside the bowl at & and given

an initial horizontal speed 2. The direction of motion of the marble lies in the vertical
plane OOF8 The marble stays in contact with the bowl until it reaches B

When the marhle reaches B it has speed v,
2

a Find an expression for +v°.

b If ? =dgr find the normal reaction of the bowl on the marble as the marble
reaches 5.

¢ Find the least possible value of w for the marble to reach &

The point A 15 the other point of the rim of the bowl lying in the wvertical plane C'OE.

d Find the value of w which will enable the marble to leave the bowl at & and meet it

again at A.

Solution:

PhysicsAndMathsTutor.com
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EE+FE a C=KEE+FPE aF
IFPE =0 at O then

Ty

2 1 a 2
— pad =§mv +mg(r+rcosrfj=§mv +§mgr

2
] . 16
v =ut - —gr
Z g
(
2
b uz=4gr;‘vv2=igr.Resolvingtowards 5 R+§mg=ﬂ=dpﬁ,ﬂ=E
] ] r 5 5

[ 4 légr )

Img v

m| 0 - )

5 __.,mu =3mg+16mg,u= ||19gr

F » F 5 3 5

d The particle 12 now moving freely
N under gravity.

1 rsince 4 B Horizontal distance

¢ RA=0a 5=

. 14
= 2rsno = —=V0osf i

i

0 f=—.

v
Vertical distanu:ﬁ=0=4—vﬁ—lg£2=:-z=8—v=8_r,:,v= 5&
Sg v 3
5
=t~uz=E+16gr=Egr;u= Tigr
3 5 15 15

© Pearson Education Ltd 2C
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Exercise G, Question 14

Question:

[7]

A particle is at the highest point A on the outer surface of a fixed smooth hemisphere
of radiug & and centre ©. The hemisphere is fized to a horizontal surface with the
plane face in contact with the surface. The particle is projected horizontally from A

with speed u, where = (fag  The particle leaves the sphere at the point B, where OF

makes an angle & with the upward wertical, as shown in the diagram.

a Find an expression for cos@ in terms ofu, g and a.

Jﬁ
The particle strikes the horizontal surface with speed % .
b Find the value of .

Solution:

o

Equating the EE+FPE atAand 5
Emg + g =%mv2 +mgacost

= v =u® +2ga(l-cos @)

2
PV

Eesolving towards O mgoosf —H=—
a

E=0=agrost =u* + 2gail—cos &
3agcosl =u’ + 2ag
2
+2
3ag
b Conservation of energy from A4 to surface:
Emg + g = — 1

LE
2
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Exercise A, Question 1

Question:

Find, by integration, the centre of mass of the uniform triangular lamina enclozsed by
the lines y=6—-3x,x=0 and y»=10.

Solution:

1 : .
Mazszs =M= . pr2x6=6p, where p iz the mass per unit area

2

2 _ 1
ME=J px(6—3x) dx My=J p§(6—3x)3dx
i 1}
a 1 2 )
= r':"J‘ fx —3x dx = EE}J‘ 6 -36x+9%" dx
0 i}
. 2 e Ohic a 3
=p[3 -2 —5;_-[36x—18x +x ]j
=pl4a-0] 1
=4p _Eplzdl_ljl
— dp 4p =12p
Lxo= =
M 6;_-" L= 12[!_"_12[!_"
2 S I; e
3 =

The centre of mass 13 at the point with coordinates (% 2 )
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Exercise A, Question 2

Question:

TTze integration to find the centre of tnass of the uniform lamina occupying the finite
region bounded by the curve with equation y= 3z | the x-axis and the line x=2.

Solution:

2
M=J oy dx
1}
2
:-;.J L by
1}
2
=p[#]
:8;_'\
b 21 3
Mz=| px3ztdx ME=J = p(32)* dx
0 0 2
2 1 2 i
=p| 32 dx =—p| 9 dx
- i 2 0
=r'-?|:%x4ilj :El'.\ x_jz
v I
=12r'.'-‘
_ 12p_12p :9'1’032 o
= =
M 8p
5 3 144
=§=15 5
‘}_3:144.;.:1449
E sM 40p
=36

The centre of mass iz at the point with coordinates (1.5, 3.6),

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:

TTze integration to find the centre of mass of the uniform lamina occupying the finite

region bounded by the curve with equation ¥ = ﬁ the x-amxiz and the line x=4.

Solution:

=_JT 4
M=;.'-‘J‘ ydx
i}
¥ i
Pl =p x% dx
0
37t
=lEF\x§]
3 0
216,1_'?
3
i £ 47 12
MEZPL e A ‘ " ‘ dx
2
4 2 t-U.__ J
= xﬂ dx =4
rhJ‘u :lr'f’ x dx
4 2 o0
2 2 e
=|-px3 E I
5 o :_r_'!- . o
22
_64p i
5 R
Lz B4 e _ A
_64p _16p _ 4160
5 3 3
:64.'&.‘/ 3 = 4px 2
5 lép l&p
=E=2.4 =E=CI.?5
5 4

The centre of mass iz at the point with cocrdinates (2.4, 07730
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Exercise A, Question 4

Question:

TTze integration to find the centre of tnasz of the uniform lamina occupying the finite
region bounded by the curve with equation y= x° +1, the x-axis and the line x=1.

Solution:

0 l

=
I
_I‘)
.
v
&

Il

_I“'
P —
In | —

-

i

+

P
—

_5 -
4 -
w1 1 w1
Mz=p| oz +0dx MJT':E;_‘. (x* +13% dx
wil 0
w1 1 a1
=p| +xdx =—p| L+2x2*+1dx
« 0 2 Wl
g & 1 [1
=p —x5+—x2} =—p —x3+—x4+xi|
|5 2 P L)
sl p_23 23p
T 2 14 28
7 __23p
_=—I'F—M L s
T T
j— ? . 5 23"'\_5 ¥
10" 40 P
_F-"‘r'-ﬂ’ 4 23p 4
10 5p 28 A
28 14 _23p 23
50 25 35p 35

4 23

(1
The centre of mass 13 at the point with coordinates | —  —
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Exercise A, Question 5

Question:

TTze integration to find the centre of tnasz of the uniform lamina occupying the finite
region bounded by the curve with equation y* =4ax, and the line x=a, where @ is a

positive constant.

Solution:

=
1]

T
=
&
i

‘a

Il
-I‘.r'
=
Fa
~a
X
[0
!
B3
o
b3

1 s
= ,3/40:5 |:Ex5]
5 kb
— 8p i3
5
sl
i =i =M
5
_ Sr‘ag__Bpaj
53
3
=—a
5

From symmetry ¥=10.

: : , : (3 A
. The centre of mass 15 at the point with coordinates | E.:x, 0 |
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Exercise A, Question 6

Question:

Find the centre of mass of the uniform lamina occupying the finite region bounded by
the curve with equation y=sin x,{0= x= 1) and the line y=0.

Solution:
L
¥ =nx
M=,0-J‘ sin x dx
0
0 £ & =p —cost'_.T
:2[._1_-
From symmetry ¥ = %
_ HE R
My=—p| s@n”xdx
2 Jo
=l,-:.~,fl'|‘”1—|:032xdx
2 2
=l,-_{x—lsin2x}
4 2 a
—1 T
i
'F—l'\.'r_'M— '\'r_'2'\.
i Pl P+ 2
_1-|-
z

F R |
The centre of mass iz at the point with coordinates | = |
V2 8
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Statics of rigid bodies
Exercise A, Question 7

Question:

Find the centre of mass of the uniform lamina occupying the finite region bounded by

the curve with equation y=%,(0ﬂ:xﬂl) and the lines x=0,x=1 and y=10
+ X

Solution:

M=p| ydx
0
— : ]
. £ g l+x
I $ = plact+x ]
= pln 2
o : X ij—l de 1 dar
Mx—'r-'[]mdx 2" o (145
1 e 1
=pj1——l—dx —5¢{‘“+@ I
i 1+x
:l.'\ __1+1
= plx-ta(t+x | L
=pli-n2] 1
1-1n 2 =5k
SR =r'_'-‘—| ﬂ; I '11
 fi-tn2] W= pE
Y 1
_1-In2 40
In 2 pln 2
w1
4ln2
: ; : : f1-ln2 1
The centre of mass 15 at the point with coordinates ; :
In2 4ln2 |
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Exercise A, Question 8

Question:

-
o
=Y

Find, by integration, the centre of mass of a uniform lamina in the shape of a quadrant
of a circle of radius # as shown

Solution:

prr” as this is a quatter of a circle.

I | —

Mx = PJ4 %rﬂ /%rcosH dd

1 ) i
—5,-_‘-3" [smH]%
iy {L_{' i ﬂ

30 V2 L2
_ 2,'_'-‘.?"3
= 5

i 2pr? —:l wr?

302 47
B NG
BN

8\.@?" 4-,@?"

& im
Alze ¥=10 from symmetry.

The centre of mass 15 at the point with coordinates

vor 0 ‘
am |
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Exercise A, Question 9

Question:

The figure shows a vniform lamina bounded by the curve y=x" and the line with
equation ¥ =4x, where x = 0. Find the coordinates of the centre of mass of the

lamina.

Solution:

PhysicsAndMathsTutor.com
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]
M=p| (4x-xHdx
wil
- 2
1
=,_“~_2x2—£x4]]
:4[._1,-
]
Mz=p| xdx—x")dx
wil
w2
=p| 4x*—x* dx
ol
r 2
:r_'\ ix3—lxji|
3 5 &
s E_E}
L3 s
64,'_‘-'
15
U, =64'“3—:M=64';—14P
15 15
16
15

i
The centre of mass i at the point with coordinates | TN
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y=x" meets y=4x when x° =4x ie x=12.

Sowhen x= 0, x=2

The small strip shown has dimensions (p, — ) by

o i 1 k)
ox and centre of mass at | x,E(y1+y2) ‘

B 1 w
M =§'€" On + 20y — o )dx
#0
-1 2
=—p| Gx+204x-)dx
2" Jo
.1 ]
=_p| 16x* -2 dx
2 wi
2
2| 3 7
2l 3 7
_ 256
il
_=EP+ =EF_~—4P
21 21
_ 64
21
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Exercise A, Question 10

Question:

The figure shows abadge cut from a uniform sheet of fabric. The badge 15 formed
from one semi-circle of radiuz 1 cm and a semi-circle of radiug 3 cm joined as shown
in the figure to make a plane lamina. Both semi-circles have the same centre &
Determine, in terms, of p1, the distance from & of the centre of mass.

Solution:

This question may be answered using M2 techniques. List the shapes with
their masses in a table.

shape Idass Position of centre of
mass
Smp ( |
Large semi-circle 2P ‘ B |
mp 3 -4 i
Small semi-circle - ‘ 0, —
2 \ 3T )
Total Smp (0, 7)

From symmetry, the centre of mass lies on the axis of symmetry, taleen as the y-amis.
The common diameter is taken as the x-axis.

Then use ZME..};. =f2n§ to give

Snp 4 mp -4

—+ — =5ap
2w 2w T

2
re. 18——=5a¥

2 iy
LE =L =¥
 15m

: : : 52

The centre of mass iz on the axzis of symmetry at a distance by o abowe the common
diameter.
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Exercise A, Question 11

Question:

The figure shows a uniform lamina made from a sector of a circle with radius 5 cm
from which a similar sector of radiug 2.5 cm has been remowed. The sector 15 three
quarters of the original circle in each case, and both circles have the same centre &0
Find the distance of the centre of mazs of the lamina from the point &,

Solution:

The centre of mass lies an the axis of symmetry.

. drsmno :
Centre of mass of a sector 15 o . where the angle of the sector 15 Zer .
¥
. am an .
In the given shape 2¢ =? = =? and centre of mass of the sectors iz ata
1

25K E 2 4:\5

distance from the centre & of =
9T 9'1'.\,"5 ST

Shape WMass Distance from O of centre
of mass
2
Large sector —x25np 20:2
g On
3
Small sector == 6. 25mp 1042
4 A
: 3 a
Femainder Z <18 75mp ¥
From the moments equation
E/ 25mp /w - E/ 6. 25mp /w = E/lS.?ﬁ;‘T,@f
T 4 Sr 4
20442 1042 -
soax J_ —1x J_ =3y Diwvide each term by E < 6.25mp .
o or 4
Ly = 7042 =12
2im

The distance of the centre of mass from ©'i5 1.2 cm (2 5L,

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

The figure shows a uniform lamina occupying the finite region bounded by the x-amiz,

the curve y=.,[(24 —4x), where 2 <x <6, and the line with equation y=2x , where

0 <x =2 Find the coordinates of the centre of mass of the lamina.

v=W24 —dx)

o 1 2

Solution:

PhysicsAndMathsTutor.com
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4 L Divide the region into horizontal strips of
1 dimensions (x, —x) by oy .
" The centre of mass of such strips lies at
[z, +x, 5 ”'|
r ; o kG2 e
o ©1 2 2 6 x 24 —y*

where x =§ and x, =

4
TTzing M= pj (x, — x)dy

0
.-1-|.- 1 }.f Y
M=p| |6-=»-< |4
i "\ 4}? 2 .-'| y

[ 1 Leall'
=p 6}?——?3——}?2}

12 7
i 16
=pl2d——-4
p| 242 }
_ 44
3l"

4

Using M}=pj Yz - 1)y
i}

4 1 )
My = PJ 6}’——)?3—%'&)?

16 & 1y

= p{48—16—ﬁ}

&
=_r|\_'>

3

bt =EQ+M=E/1

3 344
sl

11
=152s1)

PhysicsAndMathsTutor.com
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Using My =— |(x + x,0(x, +x)dy

N =4
S T RO S
1 8 1
=4
) 13
=L | 36-=y"+—»!
ol Tt
loe 085 0 1 41
=Py 23—
7 R T
=P 144—5/54+—1024]
T 80
10 3?1}
21715
=l/8 1-&
BT
54
55
=3.0(2sf)

The centre of maszs iz at the point with coordinates | 22— 1
L 55

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

(.54

5 i

o

Page3 of 3



Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise B, Question 1

Question:

TTze symmetry to find the coordinates of the centre of mass of the solid.
The finite region bounded by the curve y= x* —4x and the x-axis is rotated through

260" about the x-ams to form a solid of revelution. Find the coordinates of its centre
of mass.

Solution:

0 - ~

From symmetry the centre of mass lies an the x-amis,

As y=zx* —4x meets the x axis when

H-dz=0
ie xix—4) =0
Lx=0and x=4

Again from symmetry the centre of mass lies at x=2.

The coordinates of the centre of mass are (2, 0).
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Exercise B, Question 2

Question:

TTze symmetry to find the coordinates of the centre of mass of the solid.
The finite region bounded by the curve (x—1° +y* =1 is rotated through 180" about
the x-amis to form a solid of revelution. Find the coordinates of its centre of mass.

Solution:

The curve with equation
(x=17 +3* =1

1z a circle, centre {1, 0 radius 1.
It 1z rotated about the x-axis to form a sphere — centre (1, O

The centre of mass 15 at {1, 0.
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Question:

TTze symmetry to find the coordinates of the centre of mass of the solid

; : i 3 .
The finite region bounded by the curve y=rcosx o =x= Ex . and the x-axis, iz

rotated threugh 260° about the x-axis to form a solid of revelution. Find the
coordinates of its centre of mass.

Solution:

a

3=
wlg

From symmetry the centre of mass of the solid of revolution is at the point with
coordinates {m,0) .

-] +
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Question:

TTze symmetry to find the coordinates of the centre of mass of the solid
The finite region bounded by the curve ¥ +6¥ =z and the y-axis, is rotated through

360° about the y-axis to form a solid of revolution. Find the coordinates of its centre
of tnass.

Solution:

The curve with equation y° +6y = x meets the x-axis at x =0, and meets the y-axis

when ¥ +6y=0

Leyly+é61=10
Ly=0or—6

The curve 15 shown in the diagram, and 1z rotated about the y-axis through 3607

Vi

4]

—ﬂ—"

From symmetry the centre of mass lies at the point {0, -2) .
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Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mass of the solid formed when

the finite region bounded by the curve y =3z, the line x=1 and the x-axis is rotated

through 260° about the x-amis.

Solution:

The centre of mass lies on the x-axiz, from symmetry.

TTzing the formula

J,-'.fygx dx

E——,asy=3x2
'[Tygdx
1
J Tx9x dx
=0
J mxext dx
0

i 5 k]
o The centre of mass lies at the point | z ] ‘
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Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mass of the solid formed when

the finite region bounded by the curve y = Jp_r the line x=4 and the x-ams 15 rotated
through 360° about the x-axis.

Solution:

The centre of mass lies an the x-aus, from symmetry.

J,Tyzxdx
L with y =fx,

TTzing the formula ¥ =
I,Tyz dx
4 3
J Txxxdx J mxtdx
0 — 0
7 7
J mxdx J Txdx
0 0

X =

i b
o The centre of mass lies at the point | 22,0 |
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Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mase of the solid formed when

the finite region bounded by the curve y=3x" +1, the lines =0, x=1 and the x-axis
1z rotated through 360° about the x-amis.

Solution:
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¥ 1/

e 1

=y

The centre of mass lies on the x-axiz from symmetry.

Jﬁyzx dx
Tzing the formula ¥ = cas y=13x+1,
l,-'ry2 dx

1
J mGxt+ D x dx
Tl

S —

1
J 737 +1)7 dx
1]

1
"J 0% +6x +xdx
_ _Ju

1
"J axt+ext+1dx
0

1
{gx5+éx3+x}
Gt v "
E+E+l 31
=6 4 2. 2
2i2h1 42
35 3 5
i
48

i N
o The centre of mass lies at the point | %,D |
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Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mase of the solid formed when

: : 3 : w
the finite region bounded by the curve y=—, the lines x=1, x =3 and the x-axiz 1z
x

rotated through 260° about the x-amis.

Solution:

The centre of mass lies an the x-asis from symmetry.

J,-.ygx dx 3
TTzing the formula = cwith y==— then
i 2 x
Tyt odx

=
I

i )
- The centre of mass lies at the point | gln 30 |= {1650 3:1)
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Question:

TTze integration to the find the position of the centre of mass of the solid
Find, by integration, the coordinates of the centre of mass of the solid formed when

the finite region bounded by the curve ¥ = 2e% , the lines x =0, x =1 and the x-amxis iz

rotated through 260° about the x-amis,

Solution:

The centre of mass lies on the x-axiz from symmetry.

nyix dx
TTzing the formula = cwith y=2e", then

e —lE:2 +l
i 2 2
et -1
14D
2(e* -1
{ 1 2+1 i
.~ The centre of mass lies at the point | — (Ej ), .
|2 -1 )
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Question:
Use integration to the find the position of the centre of mass of the solid.

Find, by integration, the coordinates of the centre of mass of the solid formed when
the finite region bounded by the curve y =32, the lines x=0,x=2 and the x-axis is

rotated through 3607 about the x-axis.
Solution:

The centre of mass lies an the x-axis from symmetry.

Jﬁyzx dx
Tsze the formula 7= Lwith y=3"".
Iﬂy2 dx

=% or 64—5=0_46(2s_f)
S=c) 26 —1)
4_5 A
E4—,U|_
20 -1 |

. The centre of mass lies at the point with coordinates ‘
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Question:

Tou may quote results for the centres of mass of cones and hemispheres obtained
earlier.

A umiform solid right circular cone of height 10 cm and base radius 5 cm 15 joined at
its base to the base of a uniform solid hemisphere. The centres of their bases coincide
and their axzes are collinear. The radius of the hemisphere is also 5 cm. Find the
posttion of the centre of mass of the composite body,

a when both the cone and the hemisphere have the same density,

b when the hemisphere has density twice that of the cone,

Solution:

a Let O be the point at the centre of the plane circular face of the cone and of the
hemisphere. Let positive displacement be towards the wertex of the cone

Shape Wl i Distance from O to
centre of mass

1 10

Cone —mp w2510 1 s

3 4
2 15
Hemizphere Zapx 5t 1 S
3 2

250 250
Composite body —ap+ 3 puf 2 x

Take moments about O
10

1/—+]/‘r£"‘=2f
4 . 2 )

5
16

LxX =
. . .5
The centre of mass lies an the axis of symmetry at a point e cm from O towards

the vertex of the cone.

b Ifthe hemisphere has twice the density of the cone then the ratic of the masses
becomes cone 1, hemisphere 2, composite body 3 so the moments equation

becomes
1> E+2 « _—152 3x
4 ]
_ —1a
R —
12

; . e
The centre of mass lies on the axis of symmetry at a point 0 cm from O towards

the rim of the hemisphere.
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Question:

Tou tmay quote results for the centres of mass of cones and hemizpheres obtained
earlier.

A solid s composed of a uniform selid right circular cylinder of height 10 cm and
base radius & cm joined at its top plane face to the base of a uniform hemisphere of the
same radius. The centres of their adjoining circular faces coincide at point & and their
axes are collinear. The radius of the hemisphere 15 also & cm. Find the position of the
centre of mass of the composite body,

a if the cylinder and hemisphere are of the same density,

b if the hemisphere has three times the density of the cylinder.

Solution:
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Let p bethe mass per unit volume of the cylinder,

a The centre of tnass lies an the axis of symmetry.

Units of Distance of centre of mass
=hape Ilazs from O ( +wve towards top
mass :
of hemisphere)
Cylinder prx36x10 5 -5
2 3
Hemisphere pomxE 2 -6
3 B
Composite body 360mp +144mp 7 x

Tale moments about O

5/—5+2/18—8 =7

fe.9-50 =14%
s A

e e —

14

; ; : 13
o Centre of mass 15 an axis of symmetry at a distance 2 B cm away from base of

hemisphere.

b Eedraw the table noting that the masses of the hemisphere and of the composite
body have changed.

Distance of centre
shape Idass Tnits of mass of mass from &
{+wve as before)
Cylinder prx 36x10 5 -5
_ 2 3 3
Hemizphere Ipx—mxb & Zwh
3 8
Composite body 360mp +4327p 11 x

Take moments about &
—25+ 13?8= 11x

-3
sk —

22
. . . 1
oo Centre of mass 15 on the axis of symmetry at a distance IE cm away from the

base of the hemisphere.
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Question:

Tou may quote results for the centres of mass of cones and hemizspheres obtained
eatlier.

Find the position of the centre of mass of the frustum of a right circular uniform selid
cone, where the frustum has end radin 2 cm and 5 cm, and has height 4 cm.

Solution:

A frustum of a cone iz obtained by removing a small cone from a large cone.

Diraw a diagram, showing the cones and the frustum and let the height of the small
cone be k2 cm.

Tzing similar triangles:
B2
A+d 5

S5k = 20h+D)
3k =8

o [T D
3

The centre of mass lies an the axis of symmetry. Let the centre of the baze of the large
cone be O

: Distance of centre
=hape Mazs TInits of mass of mass from O

1 20 5
Large cone PX—T X554 % 00 g
3 3 3

1 2 2

=mall cone X —T > 7 ) .

3 3 3

a00m 32T

Frustum 3 Q- 3 fa) 468 X

Talke moments about &
500/5—32/[ 1% '|=468f
3 o5
%52 — 4637

=10 146 (3589
13
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Question:

Tou may quote results for the centres of mass of cones and hemispheres obtained

earlier.

a Find the position of the centre of mass of the frustum of a right circular uniform
solid cone, where the frustum has end radu 2 cm and 4 cm, and has height & cm.

b A cylindrical hole of radiuz 1 cin with the same axis as that of the frustum is now
drilled through the frustum. Find the distance of the new centre of mass from the
larger face of the frustum.

Solution:
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a From similar triangles:
N
W8 4
n 4k =2(h+8)
S22k =16

Page2 of 2

- =] ]
1e k=18
: Distance of centre
=hape laszs Tnitz of mass of mass from O
1
Large cone ol gT <416 8 4
1 2
“mall cone ,-_‘-*-g,-T-E X8 1 Ry2=10
256 3am
Frustum p- fa) 7 x
3 3
Take moments about O
Bxd—1=10=7%
R % =314{3:=1)
Eequired distance 15 3. 14 cm.
b
. Distance of centre
=Shape Mazs itz of mazs En i ey
Frustum 224 fa] 28 %
3 7
Cylindrical hole nxiix8p 3 4
200w
Eemainder 3 fa) 25 x

Take moments about O

28*%—3*4=25§

1e B8-12 =25%
E=E =304
25

Eequired distance 15 3.04 cm.
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Question:

Tou may quote results for the centres of mass of cones and hemizspheres obtained

earlier.
A thin uniform hemispherical shell has a circular base of the same material Find the
position of the centre of mass abowe the base in terms of its radius »

Solution:

Let the density of the materialbe p and its thickness be £,

Then the mass will be proportional to the surface area
The centre of maszs will be an the axis of symmetry

Distance of centre
=hape lazs Tnits of mass of mass above
base
. . F
Hemispherical shell pt % 2mr? 2 5
Circular base pt xmr? 1 0
Composite body P Emr? 3 %

Take moments about centre of base;

2% +0=3%
2

LE ==r

| —

: : r
o the centre of mass 15 at a distance § abowe the base.
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Question:

Tou may quote results for the centres of mass of cones and hemizspheres obtained
earlier.

A thin uniform hollow cone has a circular base of the same material. Find the position
of the centre of mass above the base, given that the radius of the cone 15 3 cm and itz
height 15 4 cm.

Solution:

Let the density of the material be p and itz thickness be &

Then the mass will be proportional to the surface area
The centre of mass will be on the axiz of symmetry

Distance of centre
shape Ilass Tnits of mass of mass above
haze
1
Hollow cone PEXTXIXS 15 - <4
Circular base pt xm x3? 9 0
Composite body 15mp £+ Impe 24 %

[The surface area of a cone 15 given by the formula 7+ where [ 15 the length of the

slant side. &5 » =3 and A =4 then /=5 from Pythagoras-Theorem ]

5

Talke moments about centre of base: /
5% 2 40 = 2azx i
3
_ 20 5
S
2 6

: ) 5
=0 the centre of mass 15 at a distance g cin abowe the base.
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Question:

TTze calculus to obtain your answer,

A cap of height 3 cm iz cut from a uniform solid sphere of radiuz 6 cm. Using
calculus, find the position of the centre of mass of the cap, giving the distance from
the plane circular surface,

Solution:

This cap 15 the solid of revolution obtained when the arc of the circle with equation
x2 +y2 =6 3<x<6, isrotated through 180° about the x-axis.

The centre of mass lies an the x-amis, from symmetry.
§ 8
J Ty xdx J (36— x"x dx
x = ==
e J my? dx J (36— x%) dx
3 3

5
J 36x—x dx
3

LS
J 36— % dx
3
6
{18:{2 —lx4l
4
- . T
{36x—lx3}
3k

|" 18 x6% —

<6 | —|" 18 3% — L3t |
4

|| s | —

s |—| 36x3- L7 |
324-14175 18225
144-599 45

|" 36 X6
3

=405

o Distance from x=3 13 105 cm.
o The distance of the centre of mass from the plane circular face 15 1.05 cm.
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Question:

TTze calculus to obtain your answer.

=how that the centre of mass of a cap of height & of a sphere of radius & 15 on its axis
. lda -k .

of symmetry at a distance ————— from the circular base of the cap.

4{3a—4)

Solution:

1

The arc of the circle x° +v* =a* a—h < x<a is rotated about the x-axis.

n (a -2 )x dx [lagxg —lx“}
2 S

J (cz —x)dx {azx—%xﬂ:k

4—5 (a ?33'+ (a—hy*

1,

_4

& (a—;z)+-(a—;z)
3 3

S @ == Ry

%(m? - a -k +a-nY

_ 3 (2ak—kY)?
TP
3 (2a-h)
4 (3a-h)

. Distance of centre of mass from base of cap (1e. x=a—4&)is

Hoa—h)t i 2a—-kr -4 -Ra-B
A(3a - k) A(3a — k)
_ dah -k’
4(3a—h)
hida — k)

1 e required distance iz

45— k)
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Question:

TTze calculus to obtain your answer,
Tzing calculus, find the centre of mass of the uniform hemispherical shell with radius

R

Hint: Divide the shell into small elemental
cylindrical rings, centred on the x-asis, with
radius Rsin @, and height R66, where 0 iz
the angle between the radiue & and the x-asis,

|

R sin @

Solution:
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The curved surface area of the elemental disc is 27 WNPR 80 =278 sin 0 x 66

= & ! 2 ] -~ & [
. itz mass 15 270 R 510 806 |, where p is the mass per unit area.
I F

J.osnce E py X = E mx,, where x; = Rcost)

and g, =21 pR* sin 0 60 then

7 _
J 2np R sin B« ReosH d6
=g

Jz 2mpR? sin 6 46
1]

3
RJ sin Boos @ d6
e

7
J asin B 46
0

1[7 .
R/—J sin 26 Jdd
2Ja

I—cos f r

P |—COjZHr

Rii--1]

Y [N Ny

This proof 1s not expected to be known for the examination.
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Question:

A uniform solid right circular cone 15 suspended by a string attached to a point on the
rim of its base. Given that the radius of the base 15 5 cm and the height of the cone 1s
8 cm, find the angle between the vertical and the axiz of the cone when it 1z in
equilibrium.

Solution:

The diagratn shows the equilibrium position with the centre of
tasz (7, vettically below the point of suspension 5

As ﬁG=%§s for a cone

S AG=2cm
Also the radius AS=5cm .

b

Let the angle between the vertical and the axis be 8.
Then from AASG, tan 6 = g

o8 = 68 (to the nearest degree)
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Question:

A uniform solid right circular cylinder 15 suspended by a string attached to a point on
the rim of 1ts base. Given that the radius of the base 18 & cm and the height of the
cylinder 1z 10 cm, find the angle between the vertical and the circular base of the
cylinder when it 12 in equilibrium.

Solution:

The diagram shows the equilibrium position with the
centre of masz & below the point of suspension 5

Az AG= ]E?z for a uniform cylinder

S AF=5cm
Also the radius AS =6cm .

The angle between the vertical and the circular base of
the cylinder iz 8.

From AASH tan @ = g

S8 =40 (to the nearest degree)
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Question:

A unifortm hemispherical shell is suspended by a string attached to a point on the rim
of its baze, Given that the radius of the base is 4 cm, find the angle between the
vertical and the axis of the hemisphere when it 12 in equilibrium,

Solution:

f The diagram shows the equilibrium position, with the
o i centre of mass (& below the point of suspension 5

bz AT = % # for an hemispherical shell

LAG=2cm
B also the radius AS=4cm
Let the angle between the vertical and the axis be 6.

Then from AASG tan ) = g

LB =65 (nearest degree)
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Exercise C, Question 4

Question:

a Find the position of the centre of mass of the frustum of a right circular uniform
solid cone, of end radit 4 cm and 5 cm and of height & cm. (Give your answer to
3sf)

This frustum 1z now suspended by a string attached to a point on the rim of itz smaller

circular face.

b Find the angle between the vertical and the axis of the frustum when it 15 1n
equilibrium. (Give your answer to the nearest degree.)

Solution:
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a X
From zimilar triangles
R4
E+6 5
L0k =4h+24
te k=24
-5+ Centre of mass lies at the axis of symmetry OX
. Posttion of centre of mass
=hape Maszs Ilass ratios e
1 2 a0
Large cone —mpx 5° %30 125 —=75
3 4
i 24
small cone “apx4*x24 &4 fE4+—_=17
3 4
250
Frustum p p—128m0 &l x

Talke moments about &
125x7 5-64d=12=061x

~168.5=61%

339
SX = 2783 L) (or =
x (3s.£) (or 1500

Let the required angle be o
A% s smaller radius =4 cm

%
B
AF=6-278=322cm (3s1)
_ _ 4
AF 3322

tat of

In equilibrium the centre of mass & lies vertically below
the point of suspension 5

Soof =571 (to the nearest degree)
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Question:

A unifortm zolid cylinder of radiuz » and height 4 rests in equilibrium with itz base in

contact with a rough inclined plane, which 1s sufficiently rough to prevent sliding The
plane 1z inclined at an angle o to the horizontal Show that equilibrium is maintained

provided that tan o =% and find the value of k&

Solution:

The diagram shows the limiting case when the point vertically below the centre of
mass (7 15 on the edge of the area of contact.

In this position angle AGC 15 also equal to o |, the angle of inclination of the plane to
the horizontal

From AAGD tanor =7 = l

2r 2
(ro=266(3:80
For any larger angle tilting will occur

- Eguilibrium 1z maintained prowvided
k!

tan o < — |i.e.k=—
2 | 2
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Question:

A uniform hollow cone of radivg » and height 4r restz in equilibrivm with its base in
contact with a rough inclined plane, which 1s sufficiently rough to prewvent sliding The
plane iz inclined at an angle o to the horizontal Show that equilibrium is maintained
provided that tan o =% and find the value of k.

Solution:

A& —= o

The diagram shows the limiting case where A, a point on the circumference of the
citcular base of the cone, 15 vertically below & —the centre of mass.

ABO =a
Al =r
OG=1*4;?":i
3 3
F 3 ;
From AAGD tano =—== (=37
dr 4
3

For any larger angle tilting will occur,

Equilibrium is maintained provided

3 3
tanr <= (1e k==
4 ( -4:I
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Question:

A uniform zolid hemisphere of radius » rests in equilibrivm with its curved surface in

contact with a rough inclined plane, which is sufficiently rough to prevent sliding The
plane iz inclined at an angle o to the horizontal, and the plane face of the hemisphere
1z in a vertical position Find the value of o, giving your answer to the nearest degree,

Solution:

The diagram shows the centre of mass 7 above the point of
contact &

G50 =
S =p

and OCF:gr.

S =227 (nearest degree)
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Exercise C, Question 8

Question:

& solid uniform hemisphere rests in equilibrium with its curved surface in contact with
s : ; 3
arough plane inclined at o to the horizontal where sino = TS

Find the inclination of the axis of symmetry of the hemisphere to the vertical

Solution:

Touneed a good
diagram and use of
the sine rule.

The diagram shows the equilibrium position with the centre of mass 7 vertically
abowe the point of contact with the plane 5 15 the centre of the plane face of the
hemisphere.

Let the obtuse angle between the azis of symmetry and the vertical be 7. Let the
radius of the hemisphere be ».

In AOGS, 05G =
O =r

and OGF = gr

TTzing the sine rule

Y =51;1“ Eut sir1r-f=i
4 —r
2
. r
3 . '-I:E:l
LR Y 3 5
—r
2

Sy =130 and the acute angle between the axis of the hetnisphere and the vertical iz
=00
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Question:

A zolid object is made up of a right circular uniferm solid cone joined to a uniform
solid hemisphere 2o that the base of the cone coincides with the plane surface ofthe

: : 9 B ; i
hemisphere. Their commeon radius is » and the height of the cone 15 —r.

a Find the position of the centre of mass of the compostte object giving the distance
of thiz centre of mass from the vertex of the cone.

b Show that the object will remain in equilibrium on a smooth horizontal plane, if it
15 placed with a curved surface of the cone in contact with the plane.

Solution:
a ¢ Let the wertex of the cone be ' and let the mass per unit volume be o .
i Diztance of centre
Shape Ilass fass ratios -
1 2 Bt 1
Cone ZmprixZr 2 T Zp=_p
3 4 3 2
2 B3 a2 25
Hemisphere — ,-Tpr3 & T4 lp=p
k] 8 3 4
8
Composite body §,¢pr3 & I
Take moments about O
E/lr+6/Er =8x
2 24
R r+£
-
4
T L
x e =,
3

PhysicsAndMathsTutor.com
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¢ 15 the angle between the axis of
symmetry and the slant side of the cone

i

Aw—r—=

For equilibrium, the point vertically below &, 12 point B, must lie between &' and
A, where 4 15 a point on the common face of the cone and hemisphere.

W2

r +‘I %r | (from Pythagoras)

OA =slant side of cone =

13

2

=l fpra=
3

O = Ol cosae
2% 2

i R

32 13
29r413
~ 16x13
_ 29r413

208

5 l > 2 LO0A =08 and equilibrium i3 maintained.
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Question:

A uniform solid consizts of a hemisphere of radius » and a right circular uniform
cylinder of base radius » and height % fized together so that their circular faces
coincide. The solid can rest in equilibrium with any point of the curved surface of the
hemisphere in contact with a horizontal plane. Find & in terms of #

Solution:

Shape hass Distance from O of centre
of mass
: 2 ki
Cylinder Tprih )
2 3
Hemisphere Znpr’ o
3 8
: af 2 _
Composite body Tpr | b+ gr ‘

Az the solid can rest in equilibrium with any point of the curved surface in contact
with the horizontal plane, the centre of mass must be at the centre of the plane face of
the hemisphere.

Le. x =0
oo Taking moments about O

r_'\'rr-giﬂg.ﬁ__'rrc_-r3.§r=
2
2.2
2 4
sri=ont
TR )
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Exercise C, Question 11

Question:

Tou may assume that the centre of mase of a uniform semi circular lamina of radiug a

: ' L
15 at a distance o from the centre.

A uniform solid right circular cylinder iz cut in half through its axis to form two
pristne of semi-circular cross section. One of these is placed with its curved surface in
contact with a rough inclined plane as shown in the figure. The inclined plane malces

an angle of 207 with the horizontal Show that when the prism is in equilibrium, its
rectangular plane face makes an angle o with the horizontal, where o 13

approximately 54"

Solution:
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Draw a clear diagram showing equilibrium with the centre of mass (7 above the point
of contact 5.

Identify¥ the lengths of the sides and the angles in AQGY.

Tlze the sine rule in ADGS
N sin(180 —or)  sin 20°

The = e
i

sn(l80 —or)  sin 207
o a e

T

SN = 1 *sin 20
4

= 0.806
00 =53.67(35.£)
o= 54"
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Question:

& hemispherical bowl, which may be modelled as a uniform hemispherical shell, has
tass kg A weight of 2 kg iz placed on the rim and the bowl rests in equilibrium on a
smaooth horizental plane. The plane surface of the bowl makes an angle o with the

horizontal. Show that tan o =% )

Solution:

Let the radius of the bowl be .
The distance &5 = %

Take moments about point & — the point of contact with the plane:
o
Zg Esmtt =Zgxrcosd
S3sno = dcoso

4 ;
Stanod = = as recuired
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Question:

A uniform solid right circular cone has baze radius #, height 4» and masz . One end
of a light inextensible string i1z attached to the vertex ofthe cone and the other end iz
attached to a point on the rim of the base. The string passes owver a stooth peg and the
cone rests in equilibrinm with the axis horizontal, and with the strings equally inclined
to the horizontal at an angle @, as shown in the figure.

i

_ _ 1
a Show that angle & satisfies the equation tan 8= 3

b Find the tension in the string, giving your answer as an exact multiple of mg.

Solution:
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In equilibrium the centre of mass &7 lies below the point of suspension 5 Let

distance S =x.
iz the centre of the base of the cone and Fis its vertex
A and B are shown on the diagram.

tan @ = — (from AFSG)
3r

X—F

Alze tanf = (from AABS)
r

X x=F
3 r
x =3x-7r
2x  =13r
) 3r
-x T

2
tan @ = l

2

b Eesolve wertically for the forces acting an the cone:

2Tsinf = mg 5
s I8 E
2einf 3
ba tan = . sinfl = : ifrom Pythagoras)
2 NG

V5 me

2

selr=
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Question:

A unifortm solid right circular cylinder with base diameter 4 cm stands on a rough

plane inclined at 407 to the horizontal. What 15 the mazimum height that such a
cylinder can have without toppling over?

Solution:
(s

I em

3 2em X

Let the maximum height be b cm. The cylinder is about to topple and so its centre of
tnass (7 12 directly above the point 5 on the circumference of the base X 13 the

mid-point of the base.
Ag o +40° =80° o =507,
In AGEY 55 = 2 cm (radius)

521 =g {position of centre of mass)
i
stan 50" =2
o
oA =4tan 50°

k=477 cm (35.£)
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Question:

A umiform solid right cwcular cvlinder with base radius 3 cm and height 10 cm 15

placed with its circular plane base on a rough plane. The plane 15 gradually tilted.

a Find the angle which the plane makes with the horizontal if the cylinder topples
ovet before it slides.

b What can you deduce about the value of the coefficient of friction?

(]
A -
"

Icm

Solution:

a "When the cylinder iz about to topple, & 15 vertically above point 5 X is the
mid-point of the base.
Let o bethe angle which the plane malces with the horizontal.

In triangle GSX, SGX =
X = %/10 cm=5cm  (position of centre of mass)
SX =3cm (radiug)
3
Stanol = —

te. o =31 (to the nearest degree)

b
R(7)
F—mgana =10
L F = Mgana
N
A-Mgroz=10
L R=Mgcoso

As F= R Meaino = Mecosorx [0

SOl tan o

Le 2=
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Question:

& uniform solid right circular cone with base radius 5 cm and height % cm 15 placed

with its circular plane base on arough plane. The coefficient of friction 1s = The

plane 15 gradually tilted.
a Find the angle which the plane makes with the honizontal if the cone 15 about to

b

shide and topple at the same time.
Calculate the value of the height of the cone, k& cm

Solution:

Mg

When the cone 15 about to slide F = uR
1ef = ?E Y

EL7)
Then F—mgsino =0 -~ F=Mgsine @

RN
Then B—Mgcosar =0 - RE=Mgcoscx 3

Substituting 7 and & into equation @
Then Mgsino = gﬂffg COSCf

NE

Stano = —
Soo =350
From AGEY | where (& iz the centre of mass of the cone, M the centre of its base

and 5 a point an the circumference of the base about which topping 13 about to
oCour:

520
Al CF —E—?
4
20 3
Ep =20—:£=20J§=35cm (25
tan o 3
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Question:

A uniformm solid right circular cone of maszs M with base radiuz » and height 2» iz
placed with itz circular plane base on a rough horizontal plane. & force P is applied to

the vertex I of the cone at an angle of 60° abowe the horizontal as shown in the figure,
The cone begins to topple and to slide at the same time.
a Find the magnitude of the force P in terms of A
b Calculate the walue of the coefficient of friction

Solution:
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Mg
Let the point about which toppling occurs be A.
Take moments about point A

When toppling i about to occur, £ and 7 act through point 4.

So Prosblx2r 4+ Pain 60xpr = Mgwr

.‘.Pr+Pfr = Mgr
:,P‘ 1+£ ‘=Mg
\ 2 i
g0 p=_2ME
2+.4/3
Ri-=)
Frosél —F =
2403
R(T)

Psin 607+ R~ Mg =0
R MEND _ 2Me

ot B

Asthe cone 15 on the point of slipping, F=uR

ny=F+R=l
2
1e U, the coefficient of friction, = %
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Question:

A frustum of aright circular 2olid cone has two plane circular end faces with radii »
and 2r respectively. The distance between the end faces iz 27

: : 11
a Show that the centre of mass of the frustum 1z at a distance — from the larger

circular face.
b Find whether this solid can rest without toppling on a rough plane, inclined to the
horizontal at an angle of 407 | if the face in contact with the inclined plane 1s

1 the large circular end,
1 the small circular end.

¢ In order to answer part b you azsumed that slipping did not ocour. What does this
imply about the coefficient of friction u?

Solution:

Let the height of the small cone shown be j

TTzing similar triangles
B F
A+2r  2r
Leh=h42r
k=2
: Distance of centre
=hape Iflazs Eatio of masses of mass from X
1
Large cone 'p'-‘ga"-r(z?")z (4r) 8 8
1 2r 5
=mall cone p-gm"g < 2F 1 D +_r=_r
1 3 -
Frustum ,-_‘-E,-T < 14w 7 T
Take moments about X
Br— 2 =7%
2
-1
" x = —_——
1
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b i "1‘ Let Fbe the position of the centre of mass,
Let 5be the point an the plane vertically
below 3

Let ¥be the centre of the circular face with
radius 2r and A be the point about

which tilting would o cour,

Let X =y,

Then tan 40° = =2
1l
14

. %tandl[]" = 0.66r (25f)

Az SF =066 and AY =2r
S& =AY and the solid rests without toppling,

Thiz titne ¥ iz vertically belew . 2 iz the centre
of the circular face and B is the point about which
toppling would ocour,

Let FEi==
L, 2
Then tan 40" = E
14
17r

SLz=——tandl® =1.02r
14

Ag FE=102r and BZ =r
Y2 = BZ and toppling would ocour,

¢ Asthe angle of slope 13 407 limiting friction would imply o =tan 40",
Mo slipping implies p=083% (321)
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Exercise D, Question 6

Question:

A uniform cube with edges of length 6@ and weight W stands on a rough horizontal
plane. The coefficient of friction 15 p . A gradually increasing force P iz applied at

right angles to a vertical face of the cube at a point which i a distance & above the
centre of that face.
a Show that equilibrium will be broken by sliding or toppling depending on whether

2

He—or U=>—.
4 4

b If u= % and the cube iz about to 2lip, find the distance from the point where the

normal reaction acts, to the nearest vertical face of the cube.

Solution:
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i W AR

F
4 A

a Consider the cube in equilibrium, on the point of toppling, so & acts through the
corner A
E{(—=)y.F-F =0 F=F
R(T:R-W =0.R=W
UNCAY: Pxda = W = 3a
saP= EW
4

If equilibriutm is broken by toppling P=§W, so B =§W
But <R

%W = i s0 p 3% 1z the condition for toppling.

If howewer, i = % then the cuke will be on the point of slipping when F =y &

1e when P=ul# the cube will start to slip.

b Let Hactat apointx from A

[,
W
F *—I v

A

E{(sF-F=0.F=F
EMR-W =0 k=W
When the cubke 1z about to slip: F=uk

SF= lW
4
MY Poeda + Bx = W 3a (substitute for &)
%W A+ Bx = W 3a (substitute for &)
S =W 2a

1e.x =2a

The required distance iz 2a.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise D, Question 7

Question:

A apindle iz formed by joining two solid right citcular cones so that their circular
bases coincide. The cones have the same base radius and have the same uniform
denzity. The heights of the two cones are & and 24 as shown in the figure.

- :-'i - - -

a Find the distance of the centre of mass of the spindle from the vertex of the larger
Cone,

The spindle 15 placed on horizontal ground with the sloping surface of the smaller

cone in contact with the ground. Tt rests in equilibrium but 15 on the point of toppling.

b Show that the radius of the common base of the two cones 1 l}'ﬂ.

Solution:
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a Let the point ke at the vertex of the large cone. The centre of mass lies an the axis
of symmetry. Let the radiug of the bazes of the cones be »

. Distance of centre
=hape Idass Mass ratios e
1 3
Large cone —mpr?2h 2 —x2h
3 4
1 a 1
=mall cone —aprt k 1 2h+—h
k] 4
, 1 2 i
=pindle gﬁpr 3k 3 T

ML) 2 /3/2;2 +1 /|' ok +%ﬁz | =37

3k —l—% =3
4
1.e.x =1}2
4

When the spindle 15 on the point of toppling
the centre of mass & iz vertically abowve
point S, on the rim of the common face,

In the figure let X50=uo .
then SGO = also

60 = 2;3—" Ll
L 4 )
_k
4
O =rand OX =k
From _"..GOS,tant-!'=L
1
—h
4
F
and from ASOX tancr = —
r
B dr
ok
e k=407
1
orr =—
&
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Question:

A uniform zolid cylinder of baze radius » and height & has the same density as a
uniform solid hemisphere of radiug # The plane face of the hemisphere 12 joined to a
plane face of the cylinder to form the composite solid & shown. The point O 15 the
centre of the plane base of 5

G +8hr + 3

4Gh+2r)

a Show that the distance from & to the centre of mass of 515

A

Fy

[l

()

The solid 15 placed on a rough plane which iz inclined at an angle & to the horizontal
The plane base of 5 iz in contact with the inclined plane.

b Given that & =3 and that.5 15 on the point of toppling, find & to the nearest
degree.

¢ (iven that the solid did not ship before it toppled, find the range of possible wvalues
for the coefficient of friction. [E] [adapted]

Solution:
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. Diztance of centre
shape Mass Mass ratios SR
2 2
Hemisphere = nps 2 Et=r

3 5
: 1 F
Cylinder nprch ik 5

a i 2 i

Composite solid mpr ‘ gr +5 | 2r+3k x

um:zr[ ;g+§r"+3;g/g =(2r +3)7

B 2
.‘,Erﬁs+£r2+§k2 = (2r + 3%

Multiply both sidezs by 4
Bri+3r° +6k° =4(2r +3R)%
= 6k + Bhr + 3
A3+ 2r)

When the solid iz on the point of
toppling the centre of mass & iz
vertically abowve point 4 as shown

In ATGOA,
SAGO =
Ol =r
2 2 2
_— OG=6(3?~) +337° )+ 3
4(9r + 21
{te. ¥ with 2=3r)
2
som=t ol
ddr 44
- Fo 44
PR o= —W—E
—r
44

s =25 (nearest degree)

E{"MF—mgano =0 F =mgein o
ESJR—mgeosor =0 E=mgcoso
The zolid does not slip

LEEnR

Le, mgsinog = [Img Cosd

Sop 2 tan of

Le: u= ; if the solid did not slip before it

toppled.

[If u =§ it slips and topples at the same time. ]
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Exercise D, Question 9

Question:

A uniform zolid paperweight iz in the shape of a frustum of a cone. Ttis formed by
remowing a right circular cone of height & from a right citcular cone of height 24 and
base radius 2r.

a =how that the centre of mass of the paperweight lies at a height of %}2 from its

base.
When placed with its curved surface on a horizontal plane, the paperweight is on the
point of toppling.
b Find #, the semi-wertical angle of the cone, to the nearest degree.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3

a Let the mass per unit volume ke p

o

. Posttion of centre of mass
Shape Iiasz Idazs ratio _ distance from O
1 2k
Large cone —p (2r2)2k 3 i
3 4
2 i
=mall cone —Tprth 1 A+l
3 4
1 1 a _
Frustum g,-'.',-_‘- (Brik—rh) 7 T

The centre of the bage iz the point &
The radius of the small cone is obtained by sinular triangles.

2k

Sk

L?MO:B/?—I/— =7x

R IRLLLR
28 28
_ 17
28
From AS GXS and FXS shown:
17
tanH=ﬁ and tanH=£
r Fi
)
Eliminating r, Ztan 6 = _28
tan &
17
tath &
stanid = o
28

8 =38 (nearest de
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Exercise D, Question 10

Question:

A child's toy is made from joining aright circular uniferm solid cone, radiuz » and
height &, to a uniform selid hemisphere of the same material and radiug » They are
joined so that their plane faces coincide as shown in the figure.

a Show that the distance of the centre of mass of the toy from the base of the cone iz
B —3r?
4{2r + i)

The toy 1z placed with its hemisphere in contact with a horizontal plane and with its
axiz wertical. It iz slightly displaced and released from rest.

b Given that the plane 15 sufficiently rough to prevent slipping, explain clearly, with
reasons, what will happen in each of the following cases:

i herf3
i herd3
il k=ra3 [E]

Solution:
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a Let the mass per unit volume of the solids be p . Let O ke the centre of the plane

ciclar faces which coincide.

: Distance of centres
shape Maszs Eatio of masses of mass from O

1 Fi
Cone Znprik Fi .
3 4

2 -3

Hemisphere — ,-Tpr3 D Kl
3 8

1

Toy gfp(rgﬁz +2r% Bt 2r T

UO(ﬁz+2r)f=k/§+2r|l _—g’" |

s _3:’2
44
e 53
A(h+2r)

b1 Ifk= ru@ then ¥ =0 sothe centre of mass 15 in the cone — the cone will fall

QOVET.

n Ifk= r\-@ then ¥ <0 zothe centre of mass 13 in the hemisphere, the toy will

return to vertical position

m If % =r~.:'§, then ¥ =0 so the centre of mass 15 on the join at point & The toy

will stay still in equilibrinm.
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Exercise E, Question 1

Question:

The curve shows a sketch of the region B bounded by the curve with equation y* =4x

and the line with equation x =4 . The unit of length on both the axes 15 the centimetre.
The region R is rotated through 7 radians about the x-axis to form a solid &

A

a Show that the volume of the solid 51z

32T em’

b Given that the solid 1z uniform, find the

distance of the centre of mass of 5 from O
[E]

Solution:

p 3
el
32mpT = E,-'rp
3
_ 8
x _ —_
3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise E, Question 2

Question:

The region & iz bounded by the curve with equation y = l the lines x=1,x=2 and
x

the x-amis, as shown in the figure. The unit of length on both the azes s 1 m. A solid
plinth 1z made rotating & through 27 radians about the x-axis.

a Show that the volume of the plinth is Em3
b Find the distance of the centre of mass of the plinth from its larger plane face,
giving your answer in cm to the nearest cm.

Solution:

a V=J;'ry2 dr=m| —dx

1

]
o]

-

n s
Volume= —m

2
b ME=,-_‘-J‘X,-'.'y2 dx = ,:.‘-.-TJ x/idx
-
2
o ldx

1 X

pr [ln x |12

on In2

m
L—pr=paln?

2
X =2lnZ
o the distance of the centre of masz from the plane face x=1 1z
2lnz-1=0386m (3s0)

1.e. 39 cm to the nearest cm.
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Exercise E, Question 3

Question:

The figure shows a uniform solid standing on horizontal ground. The solid consists of
auniform solid right circular cylinder, of diameter 80 cm and height 40 cm, joinedto a
uniform solid hemisphere of the same density. The circular base of the hemisphere
coincides with the upper circular end of the cylinder and has the same diameter az that
of the cylinder. Find the distance of the centre of mass of the solid from the ground.

Solution:

Let the density of the solids be p . Let O be the centre of the circular base of the solid

: Distance of centre
=hape MMass Eatio of masses SN gt
Cylinder T x40% % 40p 1 20 cm
i 3 N
Hemisphere Eﬁp <40° E A0+ Z 40 |em
3 3 ]
i 2 hl 5
Solid np> 403| 142 ‘ o F
L 3] 3

() gf =1 /20+§/" 40 +§ %40 |

it
3
_ 170
e
5
=34

. The centre of mass of the solid is at a height of 34 cm abowve the ground.
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Exercise E, Question 4

Question:

A simple wooden maodel of a rocket 12 made by takiing a uniform cylinder, of radius »
and height 37, and carving away part of the top two thirds to form a uniform cone

of height 27 as shown in the figure. Find the distance of the centre of mass of the
model from itz plane face.

Solution:

Let the mass per unit volume be p .

Distance of | «— Iote that the cylindrical base of
Shape Mass IMass centre of this rocket has height ».
ratios mass from
plane face
Cylinder mprixr 1 %
Cone l.T,L‘-rg X 2r E F+ 2—?"
3 3
2 2
Model .-'.',-_‘-rg <1—r 1— %
3 3
P r ' ar
UM (plane face): 1= =1x—+= /| r+— ‘
3 2 _ 4 )
RN IO Lo |
Le. = =—+—+=r
3 2 303
y B I9p
lLe.=x =—
2 2
-
ST =—
1

: ; 9r
o The centre of mass 15 at a distance 5 from the plane face.
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Exercise E, Question 5

Question:

The figure shows a cross section containing the axiz of symmetry of a uniform body
conzisting of a solid right circular cylinder of base radiuz » and height ke surmounted
by a solid hemisphere of radius » Given that the centre of mass of the body 1s at the
centre & of the common face of the cylinder and the hemizphere, find the value of i,
giving your answer to 2 significant figures.

Ezxplain briefly why the body remains at rest when it i3 placed with any part of its
hemispherical surface in contact with a horizontal plane.

[E]

Solution:

Let the density of the zolidbe p

[

Shape tlass Tlisssaiin Dustance of O of
mass from O
- 2 i
Cylinder apre wkr i _E
2 2 3
Hermisphere —apr = —r
2 3
3 2 2
Composite body mpr | i+ 3 | i+ 5 0
i {about O & /|I 15 | +E /Er =
. 2] 3 8
‘kzr i
sz 4
1 1 1
Lk m—=k=—=071{2s1f)

The centre of mass of the body 15 at O which iz always directly abowve the contact
point.
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Exercise E, Question 6

Question:

A uniform lamina occupies the region & bounded by the x-amis and the curve with

equation y=%xi4—x][]iixi 4, as shown in Figure 1.

_ _ : w
a =how by integration that the y-coordinate of the centre of mass of the lamina is 5

Figure 1
vk

—~
-

Figune 2

A uniform pristm P has cross section & The prism 15 placed with its rectangular face
oft a slope inclined at an angle # to the horizontal. The cross section R lies ina
vertical plane as shown in Figure 2. The surfaces are sufficiently rough to prevent &
from sliding,

b Find the angle 8, for which P iz about to topple.

Solution:

PhysicsAndMathsTutor.com
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1 2 1 4x2 ]
pl=yde = —=(lé-bx+x")dx
g 16

= 2 2
a y= = D
F‘Jydx —J dx—x* dx
4Ja
4
lj xg—lx3+ix4dx
2Jy 2 16

sl 0 80 L
3-4
3
=£[E_32+ﬂ}
32| 3 5
:i-’g
3015
_6_¢2
15 5

b From syminetry the x-coordinate of the centre of mass 13 2.
When F i1z about to topple the centre of mass & 15 directly abowe the lower edge of

the prism 5

whl oo e
I
Lh

LB =79 (nearest degree)
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Exercise E, Question 7

Question:

Solution:
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Exercise E, Question 8

Question:

A uniform wooden ‘mushroom’, used in a game, 15 made by joining a solid cylinder to
a solid hemisphere. They are joined symmetrically, such that the centre & of the plane
face of the hemisphere coincides with the centre of one of the ends of the cylinder.
The diagramn shows the cross section through a plane of symmetry of the mushroom,
as it stands on a horizontal table,

The radius of the cylinder 1s #, the radius of the hemisphere iz 37, and the centre of
masz of the mushroom iz at the point &

81
a =how that the height of the cylinder 13 r\E :

The table top, which iz rough encugh to prevent the mushroom from sliding, is slowly
tilted until the mushroom 1z about to topple.
b Find, to the nearest degree, the angle with the horizontal through which the table

top has been tilted.

Solution:
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Shape Wlass Mass ratio D;sft;r;:sz ?foc;nge
Cylinder mprik A — g
Hemisphers % ap(E }3 19 g (3
MMushroom mor (h+189) h+18# 0

UMY — & /g+18r/§ %3r =0

B 81t
"

When the mushroom is about to topple G55 18
vertical

Frotm the diagram tan 8 =

b
B

i
x’;".

S0 =9" (nearest degree)
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Exercise E, Question 9

Question:

Figure 1 shows a finite region A which iz bounded by the curve with equation
¥* =dax  the line x=a and the x-asis.
A uniform solid 5 is formed by rotating 4 through 27 radians about the x-amis.

."":: dax

U Ir=ua

a Show that the volume of S is 2ma’

b Show that the centre of mass of 5] 15 a distance 2?4 from the origin O

Figure 2

Figure 2 shows a cross section of a uniform solid 5 which has been cbtained by
attaching the plane base of solid 5 to the plane base of a uniform hemisphere 5 of

the base radiuz 2a.

¢ Given that the densities of solids 5] and & are o and p, respectively, find the
ratie Py p, which ensures that the centre of mass of 5 lies in the common plane
face of &) and S,

d Given that p: p, =6, explain why the selid 5 may rest in equilibrium with any

point of the curved surface of the hemisphere in contact with a horizontal plane.

Solution:
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a = ,ijz dx
= *J dax dx
0
=n [2&;{2 ]ﬂ
=ina’
HJ:@JQ dx
b =
T yz dx
TJ dax® dx
— _duo
2na’
{4&%3 T
=x L2k
2ra’
_ indt
2w
2
=—u
3
"
Distance of
=hape lazs fass ratios centre of
tnass from X
!
ot 2mpa’ o) i B
2 B 3
5 E"Tr';’z (2ay’ 3 Pa g':zﬂ)
Cotnbined LygeE B, PR
S'C'].id 2““ (l‘"1+3l"'2) l"1+ 2 U

The centre of mass of 5 15 ata

; { 2 ) .
distance | a—? | from its

plane face.

A 15 the centre of the comtmon plane base.

3 M0
s a+81f6cz 9
a3t g
1
.‘.Epl =Zp,
‘rl\-‘l :6;\-\2

d Given that py: o, =6:1, then as centre of mass 13 at centre of hemisphere thiz will

always be above the point of contact with the plane when a point of the curved
surface area of the hemisphere iz in contact with a horizontal plane.

{Tangent — radius property)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Page3 of 3

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics
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Exercise E, Question 10

Question:

A mould for a right circular cone, base radiug » and height 2, iz produced by making a
conical hole in a uniform cylindrical block, baze radius 27 and height 3» The axis of
symmetty of the conical hele cotncides with that of the cylinder, and A8 12 a diameter
of the top of the cylinder, as shown in the figure.

21602 — i

a Show that the distance from A8 of the centre of mass of the mouldis —
diZ6r — k)

e g

The mould 1z suspended from the point 4, and hangs freely in equilibrium.
b Inthe case & = Z2r , calculate, to the nearest degree, the angle between AR and the
downward wertical.

Solution:
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: Distance of centre
=hape Ifass Iass ratio of mass from A B
3
Cylinder mo(2r)? % 3 12r E”"
Cone l:‘.’prz <k lﬁs l}z
3 3 4
1
Eemainder ,-Tp(12r3— r3}'z) 123"—5}3 T
{ 1.4 ar o« 1
O 1er-ch |f = 127 %~ Z b=
3 ) 2 2 4
24 1Bt | =18 Y
3 12
18- Ly
nFe—1
lar—=k
3
Lfultiply numerator and denominator by 12
2160 R
TR ———
426 — k)
h From the diagram
tan 0 = i
2
2 2 2
o, 2160 — (21 _ 212r =Er
4(36r — 21 1360 24
tan 6= E
63
B =28 (nearest degree)
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Exercise A, Question 1

Question:

A particle P mowes in a straight line. At time ¢ seconds, the acceleration of 2 13
¥ ms? where £ 20 When £=0, P iz at rest. Show that the speed, vm s L of Pat

time ¢ seconds 15 given by

= l(e:"’ ~1 [E]
2
Solution:
a ) d_ —t Egt
de

) Teo find the acceleration, you integrate the
v= e di=—e¥+ 4 4— welocity with respect to time. Eemember to
include a constant of integration.

Hence v=§(|32:r -1, as required
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Review Exercise 1
Exercise A, Question 2

Question:

A particle P mowes along the x-asiz in such a way that when itz displacement from the
origin O is xm, its velocity is vm s ! and its acceleration is 4xm s . When x=2,
v=4,

Show that v* =4x* [E]

Solution:

When the acceleration 15 a function of the displacement,

a = i lv:‘ =4y 4—— | xmetres, youwrite g= i[lv:’] and integrate both
dxl 2 dx 2

sides of the equation with respect to x.

151?2 = J.4x dr=2x+4

v =4x* + B, where B= 24 : ———
_ _ Ewven when, as here, the constant of integration 15 0, it i3
At x=2wv=4

s i GaE e ] eszential for vou to show how this follows from the
l6=16+5=5=0 infermation given in the question to gain full marks,

Hence
¥ =45

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 3

Question:

A particle P moves along the x-axis in the positive direction. At time £ seconds, the
: ; y : R - o
velocity of Pis vm s and its acceleration is —e ® m 5", When £ =0 the speed of P
is 10ms™.
a Ezpreszvin terms of 2.
b Find, to 2 significant figures, the speed of 2 when § =3,

Pagel of 1

¢ Find the limiting value of v, [E]
Solution:
1
2

1
Taing J.eh de = Eeh +.4, then

\ ‘[] —ét
—e " df
When f=0v=10 2

IN=-3+4= A4=13 _L
1
Hence v=13-3¢ 5

1 1

v = I%E_E’ df =—33_Et+ﬂ

b "When ¢=3
1

v=13-3¢  =11.180...
The speed of Pwhen £=3 is 11.2m s (3 5.£).

1

-t
c Asf—omet >0 and v—=13 +— L

The limiting value of v is 13. Astgetslarge, e ¢ gets ver%r small. For

example, if £=120  then ¢ © ~ 2.06x 107
In this question, as £ gets larger, v gets closer
and closer to 13 and so 13 1z the limiting
value ofv.
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Exercise A, Question 4

Question:

A particle P moves on the positive x-axizs. When OF = x metres, where O 1z the
origin, the acceleration of & 1z directed away from £ and has magnitude

2

[1— i] ms . When OFP=x metres, the velocity of Pz v ms™'. Given that when
x

5 49

x=1, v=3%2 show that when x= v =?. [E]

oo |

Solution:

lvz _ ‘[':I _drMydx I;{ultiplying ;clhe eruation
2 Evg =2x+—+ A throughout by 2.
B

4 4 ; ; ;
=x ——1 +Ad=x+—+4 Twice one arbitrary constant iz another
7 d arbitrary constant,

s 23r+E + 8 where 8=24

x
At x=1v=342 You use the information that at x=1,v=3v2 to

18=248+ 8= B=% evaluate the constant of integration & Tou then

. 3 . .
8 =_
Hassin s vy substitute x > into the resulting equation and

4 <
At Jr:=E show that vgz?_

v = 2x§+8x2+8=11+E=E, as required.
2 3 303
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Exercise A, Question 5

Question:

A particle F iz moving in a straight line. When F iz at a distance x metres from a fized
point & on the line, the acceleration of £ is (54 3sin 3x)ms™ in the direction OF.

Given that P passes through O with speed 4 m 57, find the speed of Pat x=6

Give your answet to 3 significant figures,

Solution:
di1
a=—[—v2]=5+35in3x
dxl 2

%v:{ = J.(5+33in Andr=5x—cos3x+A

v =10x— 2eos3x+ 8, where B=24
.n.‘lji.t x:tl,v=4 /
le=0-2+8= E=18

Tou use the information that at
x=10,v=4 to evaluate the constant of
integration B Tou then substitute x =46
inte the resulting equation and use your
calculator to find v,

Hence v* =10x—Z2cos3x+18

At x=46
v = 60-2c0s18+18=76679  4+— 10 |
v=~T76.679  =8756.

The speed of Pat x=6 is 8 76m s (3 a.f)

When calculus has been used, it 13 assumed
that all angles are measured 1n radians and
vou must make sure that vour calculator is
in the correct maode,
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Review Exercise 1
Exercise A, Question 6

Question:

A particle P is moving along the positive x-axis in the direction of x increasing. When

2
{F = x metres, the velocity of Fis vm s and the acceleration of P is o

———m3:
(x +1)
where & i a positive constant. At x=1, v=10,
a Find v interms of x and k.
b Deduce that v cannet exceed 2.
[E]

Solution:

2
a o :i[lv2]= 4;: 24.552 [:x+1:|_2

dxl 2 (x+1)?
2 -1
Yoo (et a2 B0 oy
2 =1
]
Pl g ) ,where 8 =24

x+1

At x=1v=10

]
0=F- 8’; = B =4

a
Hence v =4i* - 25 43:2[] i]
x+l x+1

Az Pz moving on the positive x-amis in the

h v="2k ,\] [ ] direction of x increasing, you need not consider
x+1 the possibility of a negative square root,

1 ; i . o
As xispositive, |- —— <1 4+————1 Az xispositive, —— 15 positive and one
x+1 1+=x
Hence v < 2k and v cannot exceed 26 | minus a positive number must be less than
ohe.
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Question:

A particle F mowes along the x-axis. At time £ =0, F passes through the origin &,
moving in the positive x-direction. At time £ seconds, the velocity of P is vm s~ and

OF=x metres. The acceleration of P is %(30 —x)m 57, measured in the positive

x- direction.

a Give a reason why the maximum speed of & occurs when x =30,

Given that the mazimum speed of P is 10m 57,

b find an expression for v* in terms of z. [E]

Solution:

a Atthe maximum walue of v, ? =10.
£

bz a =j£—v,the mazimum speed of P occurs when cz=l(30—x]|=0:> x=30.

di 1
b a=—| V' |=—(30-1)
12

dxl 2
L @ i(3g_x)dx= S_x
2 2 2 1z
2 Wultiplying the equation Evz = Ex - % +.4
L o e S threughout by 2. Twice one arbitrary constant
iz another arhitrary constant.
At x=30v=10
200

100 =5x30——+7F
12

9010 An alternative form of this answer, completing the
8= 100—0—5—15[]: 25

p /,« square, is v =100—%(30—x}2 . This confirms
Henee +* =5x—E+25

that the speed has a mazimum at x= 30
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Exercise A, Question 8

Question:

A particle P moves along the x-amis. At time ¢ seconds the velocity of P is vm g™

Y and

; . il _ ; 5o ;
its acceleration is 2sin—fm s, both measured in the direction O, Given that v=4

when £=10,
a findvin terms of'Z,

h calculate the distance travelled by P between the times £ =0 and = %T [E]

Solution:

dv )
a ga=—=2=28n—{
di 2

o 1 1 2 1 1
v=J.251n5r.dz=—4|:osE£+ﬂ “ J.Esingf.dé=—Tcos§ﬁ+A=—4cos§z+A

TWhen f=0v=4
d=-4+ 4= A=8

Hence v=8—-4cos lz

1
Tzing the formula J.sinaf, df =——cosar+ .4,
i

b

b The distance, s metres, travelled by F between

the times £ =10 and £ =% 1z given by

Pagel of 1

3=I2[8—4coslszi s
0 2
=| B —8sin—{
2
3

—dm—Ssin L =dm— —

2
=dr—4d2=4(n -2

The change in the displacement of F between any two
times, say £ and £, , can be found by calculating the

definite integral of the welocity between the limits 4 and

¢y If P has not turned round, this will also give the
distanice travelled by P The patticle in thiz question does

d _
turn round when Ev =g =0 but that does not happen until

i=2m 5o Fdoes not turn round 1n the interval 0= =

ra|

The distance travelled by P between the times £=10 and ¢ =£2 is 4(m - 2im .
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Exercise A, Question 9

Question:

A particle P moves along the x-axiz. At time 7 seconds its acceleration s
{—4e™)m s in the direction of x increasing. When ¢ =0, P is at the origin O and is
moving with speed 1m 57 in the direction of x increasing.

a Find an expression for the velocity of P at tume £

b Find the distance of F fom & when F comes to instantaneous rest. [E]
Solution:
d
a a=—l=_4™
ds

y= —I4e'3’ de=2e M+ 4

At f=0v=1
1=2+ A= A=-1
Hence v=224 -1

b Fis instantaneously at rest when v=10. To find the speed when P is

0 =2 _1 instantaneously at rest, you will need to
kenowr the value of f when v=10.

3_2: 1 2 2

2 Take natural logarithms of both sides
I I Y %ln o of this equation and use the property

that, for any x, ln(e™1=x
x= Iv de = ‘[(23'21 —Tyde

=—e¥-¢+8
When ¢ =0,x=10 Using e” =1. It is a common
D=—]-0+F=E5=1 = error to obtain B =0 by

Hence x=1—e2—¢ carelessly writing " =0,

When.ﬁ=%ln2
—Et%hﬂj 1 1 TTsing the law oflogarithms,
r=1-¢ _§1ﬂ2=1_ﬂ _Elﬂz lnax =nulna with n:—l,
1
1 _ o — _1: S
=1—eh§—lln2= —l—lln2 n2=(-Dln2=1n2 lnz.Thenasfor
B d s gl ]
= ——ln2=-(1-1n2) colie R
2 2 o

The distance of P from & when P comes to instantaneous rest is ]Eﬂ_ In 2im .
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Exercise A, Question 10

Question:

Attime =0, aparticle P is at the origin & moving with speed 18m 57! aleng the
x-amiz in the positive x-direction. At time ¢ seconds (= ) the acceleration of P has

magnitude 57 and is directed towards O

3 m
V(t+4)
a Show that, at time £ seconds, the velocity of P iz [30 - N"(i +4}:|m g [E]

b Find the distance of P from & when P comes to instantaneous rest.

Solution:
£ dy
Asthe acceleration 15 towards &, T
1 o : e
a a= ﬂ —_ 3 =3 _'_4)“; +— | which iz always measured in the direction
de At +4 of x increasing, is negative.
1

1 3 I

y= —BI(z O P ) N S R
7

TWhen t=0v=18

18= A—6x 2= A=30

Hence
1

v=30—6(+4)2
The wvelocity of P is [30 —64 +-4):| m s, as required.

1
b 0=30-6( +4)7

1 There are three steps needed to solve part
E+d?=5=i+4=25=¢t=21 *+— b.First you must find the value of ¢ for
i 1 which F iz instantaneously at rest; that is
V:EZBO_@@"‘&UE when v=10 You must alse find x in
" terms of ¢ by integrating the expression
1 6 +4)2 vou proved in part a. Finally you
= I 30— 6 +4)* |dt =306 ———=——+5 | substitute your value of ¢ into your
3 expression for x. Tt is a characteristic of
3 harder questions at this level that you
=30 —-4(i+412 + B often have to construct for yourself the
When i=0,x=0 steps needed to solve aproblem.
3

0 =0-4x 42+ 8
3
B=4x42=4x8=32
3
Hence x=30—4(t +412 +32

When =21
3

x=30x 21—-4(25)_2 +32=630-500+32=162
The distance of F from & when £ comes to instantaneous rest 15 162 m.
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Exercise A, Question 11

Question:

A particle P starts at rest and mowes in a straight line. The acceleration of P initially
has magnitude 20 m 5™ and, in a first model of the motion of P, it is assumed that this

acceleration retmains constant,
a Forthiz maodel, find the distance moved by P while accelerating from restto a

speed of 6m s
The acceleration of F when it is x metres from its initial positionis @ m s and it is

then established that @ =12 when x =2 A refined model 15 proposed in which
@ = p—gx, where p and g are constants.
b Show that, under the refined model, p =20 and g =4.

¢ Hence find, for this model, the distance mowved by P in first attaining a speed of
6ms [E]

Solution:
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a u=0g=20v=6s5="7
V=t oy e————
36=0+2x20x s

— 28

The model in partt a 15 that of constant acceleration,
which yvou studied in module M1, The specification
for M3 includes 'a knowledge of the specifications
for M1 and M2 and their prerequisites and associated
formulae iz assumed and may be tested’

0.8

=

For the first model, the distance moved by & while accelerating fromrestto 6 ms”

15 0.9 m.
h a=p—gx
At x=0a=20

d=p-—0= p=20
Hence a=20—¢gx
At x=2a=12

12 =20—2q:>g=20_12:

p=20,g=4, as required.

1
2

4

1

The initial acceleration is 20m s . This

applies to all parts of the question.
Addtionally in part b, you are given that
@ =12 when =2 The two conditions
enable vouto find the two unknowns p
and ¢

—p¥ = I(20—4x}dx =20x-2x° + A

v =d0x—4x + B, where B=24

At x=0v=0
0=0-0+8= F=10
Hence v =40z -4
When v=146

Divide this equation throughout

/ by 4 and factorize.

36 =40x—d4x* = 42 —40x+36=10

2 -10x49 = (x-D(x-5=0
x=19%

The distance moved by F in first attaining a speed

x Comparing this with result in part a, the

of fmstislm

© Pearson Education Ltd 2C
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— | revised model predicts that & moves a little
1

further before reaching the speed of 6ms™ .
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Question:

A particle moving in a straight line starts from restat a point O attime £=0.
At time ¢ seconds, the velocity vm 57 is given by

-4, 0=Z=¢f=5
v:

757, 5<¢=10

a Sketch a welocity - time graph for the particle for 0= =10
b Find the set of walues of 2 for which the acceleration of the patticle iz positive.
¢ Show that the total distance travelled by the particle inthe interval 0=2<5 13

39m
d Find, to 3 significant figures, the value of £ at which the particle returnz to O [E]

Solution:

PhysicsAndMathsTutor.com
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vims')a

O

b The set of values of £ for which the acceleration

Page2 of 3

In the interval 0=¢=5, the graph is partof a
parabola which meets the £-axis at the origin and
where ¢ =4,

In the interval 5 < £=10, the graph is a segment of
a hyperbola joining (5, 120 to (10, 7.5).

10 £ (s)

The acceleration 15 positive when the
velocity—time graph has a positive
gradient. By the symmetry of a
parabola, the graph has a minimum

1Epositive 15 2 <6< 4—

c I435(:—4)d: I (%* —1260de
D = 6;]
= (64-96)—0=-32
sz.c(z—at)d: I (367 1263z
=[# 6;]5

= (125-150) - (64— 96)
=7

The distance travelled by & in the interval

0£¢<5is (32+Tim=73%m.

d Fori=a

x=J.vd.ﬁ=J.75ﬁ'ld£

=75lni+ A

Attime =5, the particle 13 (32-Tim =25m

from O in the negative direction.

Sowhen §=5, x=-25
—25=T5lns+A= A=

Hence

=75ln 5-25

i
x=?51n£—7"51n5—25=?51n[gj—25 — |

At x=10

0 =75In [_] zﬁjln[5]=l
5 5173

g 1§ 1

S == t=5=698(3s)

PhysicsAndMathsTutor.com

when £ =2 and the set of values of £ for
which the gradient is positive canbe
written down by inspecting the graph,

Taking the direction of v increaszing
as posttive, for the first 4 seconds
the particle travels 32 m 1n the
negative direction. In the next
second, it travels 7 m in the positive
direction. So in 5 seconds, it travels
atotal of (32+7m ending ata

point which 1z (32— "7m fom O in
the negative direction.

—

<7 m=
-

Tzing the law of logarithms

1na—1nb=1n[i}
b

£
Tolni=75n5="751ni~1n 5 ="75n [E]

You solve this equation for £ by taking
exponentials of both sides of the

(3)

equation and using e

Lh | s




Heinemann Solutionbank: Mechanics 3 Page3 of 3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 13

Question:

A particle P moves along the positive x-ams. When OF = x metres, the velocity of P

: a : . 7 . o . .
1z v g and its acceleration iz ————1m &7 in the direction of x increasing,

(2x+10°

Tnitially z=1 and P is moving toward O with speed & m s, Find

a vinterms of x,
b the minimum distance of F from O

Solution:

d 1 2 ?2 -2
aoes E[Ev J= GagDE At To integrate (2x+1)7, you can use
1 the formula
lv2 = ‘[T"2|:2.7'r+1)'2 dx = M e (ax +&)""
2 2xi-1) % J.(ax+b)” dr=r—— 4
o aln+1)
= A
2x+1
w=5- i ,where 5=24

2x+1
At x=1v=-6
b =h- % = =640
Hence +v* = 60— de

2x+1

b At a minimum value of x, j_x= 0
£

and zo v=10, =
Substituting v =0 into the result of part a
72 . 72
2x+1 2x+1
_12-1

0=6&0-

2x+1=E=].2:>x =01
&0

The minimum distance of P from @15 0.1 m.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

In this question, it is not practical to
find x in terms of £, Howewer, to find
the minimum walue of x, this iz not
necessary. The minitnum is a
stationary walue and at a stationary

dx . .
value —, which iz v, 13 zero
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Exercise A, Question 14

Question:

A particle mowes on the positive x-axizs. The particle 15 moving towards the origin &

. . . i .
when it passes through the point 4, where x = 2a , with speed -\/ (—] .where k iz a
a

constant. Given that the particle experiences an acceleration T3 +4—2 in a direction
x i

away from O,
a show that it comes instantane ously to rest at a point 2, where x=a .
: : i :
Az zoon as the particle reaches B the acceleration changes to e ina
x i

direction away from O
b Shew that the particle next comes instantaneously to rest at A, [E]

Solution:

PhysicsAndMathsTutor.com
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dfl 4 i B g
a i Wt M e v Sl
dxl 2 2x°  da 2 e
-1
lvgz E _2+i2 dx:ExLﬂ-Eﬂﬂ-ﬁ
2 2 e 2 =1 da
= —i+E2+A
2x  da
g _ Kk Kk _ To show that the particle comes
S ;_'_?-'_ SARNE A S to rest at A, you use integration to
I obtain v* in terms of x, and then
At x=Zav=- '\] P substitute x =a into your
i PR expression and show that v=10.
s ek
& 2a  Za
a Z2a a 24
Hence v ——E+£2—0—i
X Zat Za
At x=a
] ko k . kB ok
=l T4 =T 4+ =
a Zda’  2a @ 2a Za
The particle cotnes to instantaneous rest where x=a.
df1 4 o ko k5 ok
L T i e e e e e
dxl 2 2x°  da 2 da
-1
lvz = ‘[[Ex_g —iﬁ]dx:ix X_—Egﬁ—(:f
2 2 e 2 =1 4a
i, B i
Dx At Altheugh the acceleration changes at B
§ A you can assume that the velocity is
L _;_ F"’D: where [/ =2C continuous and that the final wvelocity, 0,
T / in patt a is the initial velocity in part b
o=-5_% ipop=2*

o @ 2a & There are a numb er of different ways
0 3 5 of completing thiz question. The
i k Eﬂ_% _ —zka” —kx” + Bhax solution shown here puts all of the

x 2a° Za 2a’x terme on the right of the equation
i s 5 i over a common denominator and
= Sy (2" = 3ax+2a") =~ Saix (x—a)(x—2a) | factorises the resulting expression
When v=0,(x—a)(x—2a)=10
x=a,la <

After leaving B, the particle next comes to rest at A,
where x=2a.

© Pearson Education Ltd 2C
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x=a corresponds to the point &
and x=2a corresponds to the point

A
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Question:

A car s travelling along a straight horizontal road. As it passes a point & on the road,
the engine 15 switched off. At time # seconds after the car has passed &, 1t 15 at a point
Fowhere OF = x metres, and itz velocity 15 vm g7t
by

. The motion of the car iz modelled

1
Ptgi
where p and ¢ are positive constants,

a Show that, with thiz model, the retardation of the car is proportional to the square
of the speed.

When £ =10, the retardation of the caris 0.75m s~ and v=20.

TTzing the model, find
b the value of g and the value of g,
¢ xinterms of £

Y=

Solution:

PhysicsAndMathsTutor.com
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1
a v= —=(p+qi)_1
B tgi

dv -2
=—=(-1 + g
=i (—Da(p +gt)
of 2
(p+gt)’

=0 the deceleration iz propottional to the
square of the speed.

bh When i=0,2=-075 and +=20

The deceleration 1z the negative of the
acceleration. If & =", for any constant

i, then d is proportional to +".

The zquare of the speed and the square of the
velocity are identical because, for example,

(—20)% = 20°

Page2 of 2

= —gv
ALk —_— 2
HaA g2l The exact decimal answers
gZE ng 3 & | »=005 and g =0.001875 are
4 200 1600 also acceptable.
o= 1
ptagl
When f=0v=20
r 20
N W -
#7207 Te00
dx 1
c v=—=
dft  ptgi
1 1
x= dft = —Inip +gii+ A
P gt o
= —16201n[%+—163005]+ﬂ
This expression can be simplified
When ¢ =0, x=10 using the law of logarithms
1600 1 1600 1
0 =Tln[ﬁ]+ﬂj A=- Tln[ﬁ] lnae—Ink= lng. Howevwer, as the
1600 1 3 1600 1Y | auestion specifies no particular
Hence x= 5 ln[ﬁ+_l600£] g 1H[EJ form fo; the answer, an
unsimplified answer or an answer
with decimals would be accepted.
1 4 2 ;
_ 1600, | 20 1600
3 1
20
x= 16001n[]+%£]

© Pearson Education Ltd 2C
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Exercise A, Question 16

Question:

A particle of mass 0.8 kg is attached to one end of a light elastic spring, of natural
length 2 m and modulus of elasticity 20 M.
The other end of the spring 15 attached to a fixed point & on a smooth plane which is

: : ]
inclined at an angle @ to the horizontal, where tan &= =

The particle 15 held at a point which 15 1.6 m down the line of greatest slope of the
plane from O, as shown in the figure. The particle 15 then released from rest. Find the
initial acceleration of the particle. [E]

Solution:

Initially the spring is in
LY ¥
\ f‘_—_—_'k-———-—-%_ﬁ cotnpression and the force of the
o spring on the particle is acting
’,'; 0.8¢ down the plane.

ar

Let the thrust in the spring be Tnewtons.
Ax

Hoolke's law T = T

i The compression is

_ 20x04 % (2-1.6)m=04m,

2
Ei) F=wma

mgsina+f’;n"sa//' When you know tana vou can draw a
triangle to find cosa and sine .

0.8x9.8x§+420.8a: 3 s
5 tat < . 3
0.8z =8704 i

a=10.88 sine 4

The initial acceleration of the particle

[ [ S [ S T |

Cosdx

is 11m g7 (28£) \

Az you have used an approximate value of g,
vou should round your answer to a sensible
accuracy. Either 2 or 3 significant figures is
acceptable.

© Pearson Education Ltd 2C
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Exercise A, Question 17

Question:

The figure shows a particle P, of mass 6L, suspended by two light elastic strings from
points A and B which are fized and at a horizontal distance 2/ apart. Each string has

natural length [ and P rests in equilibrium at a vertical distance ;f kelow the lewvel of

AL Determine
a the tension in either string,
b the modulus of elasticity of either string. [E]

Solution:

PhysicsAndMathsTutor.com
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a Let the angle between P4 and the vertical be o

{4 ; 4 3
tang = =—=siha=—,cosa =—
=1
Let the tensions in AP and BF be T newtons. By symmetry, the tension in both
E(M 2T cosar = 60z strings is the same.
2Tx§ = 6Mg

r= 6ng§=5Mg

The tension in both strings 1z 50z

y
b AP =} .,{E;] = E;ﬂ — 4P = E; *— You use Pythagoras’ theorem to find the
4 1 4 length of one of the strings and use this
_ (5 1 length to find the extension of the string.
The extension of AP iz [ZE_E J= Ef

Hooke's law T = E Ag wou know the tension in the string from part
: | / a, you catt uze Hooke's law to find the modulus
5Mg=lx¢£ :i of elasticity, A,
J 4

The moduluz of elasticity in either string i1z 200z

© Pearson Education Ltd 2C
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Exercise A, Question 18

Question:

120 cm

A particle of mass 5 kg is attached to one end of two light elastic strings. The other
ends of the string are attached to a hook on a beam. The particle hangs in equilibrium
at a distance 120 cm below the hook with both strings vertical, as shown in the figure.
One string has natural length 100 cm and modulus of elasticity 175 N, The other string
has natural length 20 cm and modulus of elasticity Anewtons.

Find the value of A. [E]

Solution:

+— You must consider the two strings separately. Here
the string of natural length 100 cm 15 drawn on the
left. The extension of this string 15

T LT, (120—100cm = 20 cm and the tension in this
string is taken as 7] newtons. The string of natural
length 20 cm is drawn on the right. The extension
of thiz string 15 (120—-90cm =320 cm and the

tension in this string is taken as 7, newtons.

For the string of natural length 100 cm

Hooke's law T = %

_ 175x% 20 _

i 35
100
For the string of natural length 90 cm
Hooke's law T = %
7= Ax30_ 4
an 3

R(M T +T, =5g
355t 5508
3
A=3(5x9.8-35=42

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:

A+—I(03m = [

4 m

PN
¢

The figure shows a particle C of mass 2 kg suspended by two strings. The strings are
fized to two points 4 and & on a herizontal ceiling, where A5 =03m  The string AT
1z light and inextensible, with length 0.4 m, while the string 27 1z light and elastic
with natural length 0.4 m and maodulus of elasticity 32 1. 4 horizontal force of
magnitude P M holds the system in equilibrinm with AC vertical
a Show that the tension in 5C 13 31
b Find the value of 2.
¢ Find the tension in AC [E]

Solution:

PhysicsAndMathsTutor.com
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a Let 80 =zm
H=032404=025= x=05

The extension of B0 15 (05-04m=01m o |

Let the tension in 50 be 7 newtons
Hocke's Law T = %

T=32x0.1=8

1
0.4
The tension in BC 15 8 M, as required.

h Let ZACE =
4

tanot =—— = — = sina = —,cos = — 4

4 5 5
E(—=) FP=Tsina

=8x§=4.8
]

c Let the tension in AT be 7, newtons
R(T L +Tcosa =2g

T, =2x 9.8—8)(%:]3.2

B 1z an elastic string and,
to find its tension, you need
to know its extension. You
use Pythagoras™ theorem to
find the length of BC and
subtract the natural length to
find the extension,

To resolve, you need to know the
sines and cozines of an appropriate
angle. The dimensions of the
triangle AFC enable you to find
these.

The tension 15 AT 15 1321 +

When a numerical value of g 13
used, 2 or 3 significant figures is
acceptable.

© Pearson Education Ltd 2C
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Exercise A, Question 20

Question:

A light elastic string, of natural length 7 and modulus of elasticity dang, has one end
tied to a fized point A The string passes over a fized small smeoth peg & and at the
other end a particle P, of mass #, 1= attached The particle hangs in equilibrium. The

distance between A and B 13 f and A5 1z inclined at 60° to the vertical, as shown in the
figure.

a Find, in terms of /, the length of the vertical portion BF of the string.
b Show that the magnitude of the force exerted by the string on the peg 1z mg 3.
[E]

Solution:

PhysicsAndMathsTutor.com
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Az the string 15 light and the peg 1z smooth, the
tension, T say, 15 the same throughout the string.

A

a Let BF=x
For the particle P

BT T=mg

Hoolee's law

P /?._x 4—— | Az the natural length of the string 12 7 and
{ Af =1, the length BF iz the extension of the
i dmgw x string,
{
{
x 1 oA
4
o i
4

h Eesolwing aleng the bizector of the angle
between the two portions of the string

E(7) R=2Tces3l" = Az both parts of the string exert the same force

2 Tonthe peg, by symmetry, the resultant force
= Zmgx — ot the peg acts along the angle bisector of the
2 angle between the two portions of the string
Tou find the magnitude of the resultant force,

fsay, by resolving along this angle bisector.

= mg 3, as required

© Pearson Education Ltd 2C
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Exercise A, Question 21

Question:

(e 4
1 i

Ared AR, of mass Zm and length 2e, 15 suspended from a fized point O by two light
strings AT and BT The rod rests horizontally in equilibrivm with AC maling an angle

& with the rod, where tan £I=§ , and with AT perpendicular to £C, as shown in the

figure.
a (ve a reason why the rod cannot be uniform.

b Show that the tension in BT iz %mg and find the tension in AC

The string 5 15 elastic, with natural length ¢ and modulus of elasticity keeg, where &
15 a constant.

¢ Find the value of k. [E]

Solution:

PhysicsAndMathsTutor.com
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2me

a The line of action of the weight must pass

through C which iz not above the centre |
of the rod.

3 )
h tang="—=sinm =_ cosax =—

Let the tension in AT be T newtons and the

tension in BC be T newtons.

For three forces to be in equilibrium the
lines of action of all three forces must
pass through the same point. As the
lines of action of both tensions pass
through O, the line of action of the
weight has to pass through C as well
and so the rod cannot be uniform.

Ei—=) Tcosa=Tana

4 3 3
ETEZETQ:}TEZEE

E(T Teana+Tcosa = 2y «—

3 3 4
—Lx—+Trn—=2m
4 2 o 2 5 2

You substitute 7 = ;?5 and the values of

sina and cosa into thiz equation and solve

8 4 5 tor 7,
PN e
[20 5]2 472 o
2
?E-:Emg

The tension in 5C iz gmg . as required.

Ll

4 4 5 ]

h

The tension in AC 15 %mg.

¢ BC=Afsina =2axE=Ea You find the length of 20 by
303 trigonometry. Then the extension
For C 4 of the elastic string 57 13
Hooke's law T;=—x éa_—a:la_
o ngla
] a

© Pearson Education Ltd 2C
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Exercise A, Question 22

Question:

. FiN

A particle of mass 0.8 kg is attached to one end of a light elastic string, of natural
length 1.2 m and modulus of elasticity 24 M. The other end of the string 15 attached to
afized point A A horizental force of magnitude 7 newtons iz applied to & The
particle 12 1n equilibrium with the string making an angle &0° with the downward

vertical as shown in the figure. Calculate
a the value of &,

b the extension of the string,
¢ the elastic energy stored in the string. [E]

Solution:

PhysicsAndMathsTutor.com
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0.8¢

R(T) Toost0'=08¢g ‘/ Eesolving vertically gives you the
1 tension in the string.

~T=08g=>T=16g

R(«) F=Tros30"=16gx E 1 Gubstituting for the tension into
the equation obtained by

=15579._. resolving horizontally gives the
=14 (2 value of /.
h Hooke's law T= %
16g= & +— Lubstituting for the tension inte
' 1.2 Hooke's Law gives vou an
equation for the extension,
:].6 5:1.220.?84 |

The extenszion of the string 15 078 m (2 5.1,

¢ The elastic energy stored in the string 12 given by

2
= ‘q‘i “ Tou need to remember the
2 formula for the energy stored in
5 ; ;
- BANIETRT € 146 56 an elastic string,
2nl

The elastic energy stored in the string 15 6.1 J (2 2.£)

© Pearson Education Ltd 2C
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Exercise A, Question 23

Question:

A - 2dl >

P

Two light elastic strings each have natural length & and modulus of elasticity 4. &
patticle P of mass me 15 attached to one end of each string. The other ends of the string
are attached to points 4 and &, where A8 iz horizontal and A8 =24 . The particle is
held at the mid-point of A8 and releaszed from rest. It comes to rest for the first time in

itz subsequent motion when FA and P5 make angles @ with A5, where tan .::E=% , s

shown in the figure. Find A interms of s and g [E]

Solution:
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" W S | |
Nt | W When F comes instantaneously to rest, it i not in
{\ J,f equilibrium and so the gquestion cannot easily be
Nk / solved by resolving. It 15 a common error to attempt
X‘\.\ ;_f" the solution of this, and similar questions, by
\N | / resolving.
\|/
Yp
When you know tan o vou can draw a triangle to find
fan o = —=-cosa =— FOR
4 /|
Let the distance fallen by Phe & fane = 3 . //
3 Vi 4
cosa = — /
5 /"-\_I I3 I
3
4
h=atang =2
£
da Y 254
AP =k + 4 =[—] +a’ =
3 9
Sa
7 [ P,
3
When F first comes to rest the energy stored in
otle string iz given by
2
= “?‘i The extension in one string 1s
. / Sa
2 AP —natural length = — —a
1 2a 3
_ 3 ) _ 2da Lo
2a 9 e

“When F first comes to rest the potential energy
lost 1z given by

mmgh =mgx%a

Conszervation of energy
Elastic energy gained = potential energy lost «——— Initially 2 iz at rest and, when it has

dda _ dimga Sa .. . _
o = 3 fallen — | it is at rest again So there is
e demga 7 2 no change in kinetic energy. Elastic
B g R e energy is gained by both strings and

potential energy 13 lost by the particle.

© Pearson Education Ltd 2C
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Exercise A, Question 24

Question:

A particle F of mass w2 15 attached to one end of a light elastic string, of natural length
a and modulus of elasticity 2 éemg. The other end of the string 1z fized at apoint Dona
rough horizontal table. The particle 15 projected along the surface of the table from &

with speed ‘I(Eag) At ats furthest point from O, the particle 1z at the point A, where

Oﬁ=ia.
3

a Find interms of 2, g and a, the elastic energy stored in the string when F iz at A
b TUsing the work—energy principle, or otherwise, find the coefficient of friction

between & and the table. [E]
Solution:
ol (00
' (cag) R 1
[ - | L] ‘_1.
() F mg

a At.A, the elastic energy stored in the string is given by

_ax
24
12
= M < At A the extension of the string 13
2a 4 1
—a-—a=—a.

=0 Zmga

b The total energy lost 1z

lm:" — 0. 2mga = lx 2ag—02mga 4| As Fizatrestatd, the netloss of
2 energy iz the loss in kinetic energy
= 0.8mga minuz the gain in elastic energy.
At any point 1n the motion
R(T) R=mg
The friction 15 given by By the work—energy principle, the net loss in
F=uR=umg energy is equal to the work done by friction.

Tou find the work done by friction by

Ew the wotk—energy principle A . el
multiplying the magnitude of the friction, geg |

U.Bmg=,umgxia: 4
3 by the distance the particle maowves, ga. This

4 = 0.8x o =056 gives ¥ou an equation in g, which you solve.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3
Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 25

Question:

A particle P of mass #2 15 held at a point A on a rough horizontal plane. The coefficient
of friction between P and the plane iz % . The particle iz attached to one end of a light
elastic string, of natural length @ and modulus of elasticity deeg. The other end of the
string 15 attached to a fized point O on the plane, where 04 = ;ﬂ . The particle F is

released from rest and comes to rest at a point B, where OF <= Using the

wortk—energy principle, or otherwise, calculate the distance A5 [E]
Solution:
=g 3 il H
A
o B F mg

At any point in the motion

ETY R=mg
The friction 1z given by

F=puR= Emg
3
At A the elastic energy stored in the string 12 given by
Ax?
2
drmg x(l a)z / At A, the extension of the string 1z
- ¥
Za E @ = la .
1 2
= —mga
2
By the work—energy principle
1 2
Emgﬂ = gmgxﬂﬁ +— WWhen F comes to rest, as OF < a, the string is slack 20 all of
the elastic energy has been lost This lost energy must equal
AR = Ea the work done by friction, which 1s the magnitude of the
4

friction, %mg , multiplied by the distance moved by &, which
15 AB.
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Review Exercise 1
Exercise A, Question 26

Question:

Cne end of an light elastic string, of natural length 2 m and modulus of elasticity
19.6 I, 15 attached to a fized point A, A small ball B of mass 0.5 kg 15 attached to the
other end of the string. The ball 15 releaszed from rest at 4 and first comes to
instantaneous rest at the point O, vertically below A4

a Find the distance AC

b Find the instantaneous acceleration of & at [E]

Solution:
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2m

xrm

c

In solving nearly all questions
invelving elastic strings and springs
vou need to find the value of, or an
expression for, the extension If no
symbol 15 given in the question, you
should intreduce a symbol, here x m,
vourself

D5gy

a Let the extension of string when 5 1z at C' be x m.
Conservation of energy

elastic energy gained = potential energy lost

2

19 6x°

=05x598032+x

In falling from A to O, the ball mowes
a distance of {2+ 2)1m and so the

potential energy lost 15, in Joules,
mgl2+x).

49x8 =4.9(2+x)

For there to be elastic energy in a
string, the extension must be
positive, so you can discard the
solution x=-1.

F—x—2=0
(=2 (z+1)=0 ¢rfﬂf”ﬁf;ﬂfﬁﬁfﬂfd
x=2
AT =4m
b AtC

Hooke's law

mg—T = ma
05%x58-196 =05

ac DoxBB8-1%6 __og4
0.5

The instantaneous acceleration of B at &
is 294 ms™ directed towards 4.

-

The negative acceleration shows
vouthat the acceleration is in the
direction of x decreasing, that iz
towards A,

© Pearson Education Ltd 2C
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Exercise A, Question 27

Question:

A light elastic string AFS of natural length 1.5 m has modulus of elasticity 20 I The
end A 1s fized to a point on a smooth horizontal table. A smallball 5 of mass 0.2 kg iz
attached to the end B Initially 5 iz atrest on the table with A% =15m. The ball &1z

then projected horizontally directly away from 4 with a speed of 5m 57 By modelling

& as a particle
a Find the speed of S when A5 =2m .

When the speed of Siz 1.5m 7, the string breaks.
h Find the tension in the string immediately before the string breaks. [E]

Solution:
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Smsy!
-
.'3'.
A 1.5m B 05m C

a Let AT =2m . When Sz at O, the elastic energy stored in the string iz given by

_Ax
o
_20%(05)° 5
- Bas B

Let the speed of Sat C'be vim s~

Conzervation of energy
Einetic energy lost = elastic energy gained

EP?EH _EW =§
1 1 5 Th . 543 g
—x0 2)(52——)(0 21)2 i e exact answetr ——1n s 7 18
: : 5 ? alzo accepted.
OhA=01x25=2 ==
3 &
V2=§::>v=i — 5‘\‘[3252886
3 V3 3

The speed of Swhen A5=2m iz 289m s (3 a.£)

b Let the extension of the string immediately

Page2 of 2

hefore the string breaks be x m.

When the extension in the string 15 & m, the

elastic energy stored inthe string 15 given by find the extﬁnsion.oft_he string at this
2 2 speed. The extension 13 found using
Ax 20x ;
= o — - conservation of energy.

+—| To find the tension in the string when the
speed of Sis 1.5m 570, you first need to

Conservation of energy
Einetic energy lost = elastic energy gained

Toge Aoy . P0R

— " ——
2 2 3
]
S mp stk gog it o 20
2 g
¥
0% 09752 2 =0.34125
x =+(0324125
Hoolke's law
po2x 200034129 oo

The tension in the string immediately before the string breaks 12 779 (3£
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Exercise A, Question 28

Question:

COne end of a light elastic string of natural length & and modulus of elasticity 3 mg, is
fized at a point 4 and the other end carries a particle & of mass #. The particle 15 held

at A and then projected vertically downwards with speed N"(Bga) ;
a Find the distance AF when the acceleration of the particle 15 instantaneously zero.
b Find the maximum speed attained by the particle during its motion. [E]

Solution:

PhysicsAndMathsTutor.com

Pagel of 2



Heinemann Solutionbank: Mechanics 3

2m
a

x 4T

rFre

Y mg

a Let the extension of the string when the acceleration of 7 15 zero be x m.

Hoolee's law

Page2 of 2

Ax Zemgx ) . .
:T = It iz usually easier, when using Hoolee's law, to
< wotle in terme of the extension of the string
Reb) F =ma than to worl with the total length of the string.
mg—T =mxl Here, first find the extension when the
Smgx 4 acceleration 15 zero and, then, find the total
O=x=— length by adding the extension to the natural
& 3
p length.
AP =g+2= ?“‘

4 _ o
h When AF= ?a, the energy stored in the string is given by

¢ ¢ The maximum speed cccurs when the
2 Img| o leration This is th
Hi 2 1 acceleration is zero. This is the
= o] = » = gmga equivalent of the caloulus property that at
Let the maxzimum speed of P

a mazximum value of v, j—v= 0, Inpatta,

be vm st £

ey

Using conservation of energy you showed that @ =0 when AP = ?

Tsing conservation of energy, you can

find the speed of P when HP=4§.

kineticenergy gained +elastic energy gained = potential energy lost

2
lmv2 —lmu2 +{Ii = mgh

2

1 a
— v —me Zga +Emga =g x—

3

2 3 2 & 3

vg =m’?ﬁ+‘gﬂj v=4[£]}
3w 3

2
The mazimum speed attained by F during itz motion is 4[g—;] .

1 4 3 2!
gpd = HER | Smga  mga _ Smga

1

© Pearson Education Ltd 2C
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Exercise A, Question 29

Question:

A light elastic string of natural length 30 cm 1z placed on a smooth horizontal table

with one end attached to a fized point F on the table. The other end of the string 13

attached to a fized point (' on the table such that PO =580cm

a (iven that the tension in the string 15 175 M, find, in newtons, the modulus of
elasticity of the string.

The mid-point of the string 1z pulled a distance 30 cm along the perpendicular bisector
of P in the plane of the table.

b Find the increase of tension in the string.
¢ Find, in joules, the corresponding increase in the elastic energy of the string.  [E]

Solution:
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a Hooke'slaw T = E
Ax 0.5
g — + It iz always a good idea to convert all units
0.3 to base 31 units. Here 30 cm =0.3m, and
A=175x% g:loﬁ the extension S0cm =053 m. In this

- _ uestion, using centimetres could be ver
The modulus of elasticity of the string o : & : ¥
105 1 misleading as wou will get the correct
15

answers in parts a and b but the incorrect
answer in part ¢, where the extension iz
squatred.

Let the mid-point of the stringbe Mand PM =y m.
=04 +0F=025=y=05

The new tension in the string 1z given by Hoolee's law

A
T= f_x Here, the tension is caleulated using half
/ the string P Tou could use the whole
- 105(0.5-0.15) =245 of the string when the working 1s
0.15 -
T 105(1-0.3) _ 545

The increase in the tension in the string iz
(245-105 M =140 19

¢ The iutial energy, & Joules, say, 15 given by

The final energy, E, Joules, say, 1s giverf’jf/// The final energy has been calculated as
2 E twice the energy in half of the string 24
Ezzzx.z_xfzleﬂjxé(;Eﬂ v z

The increase in the elastic energy of the string 1s
(B2 75-4373T=421

=85.75

© Pearson Education Ltd 2C
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Exercise A, Question 30

Question:

A particle F of mass #2 15 attached to one end of a light elastic string of length @ and

modulus of elasticity lzmg. The other end of the string is fized at a point A which is at

a height 2 above a smooth horizontal table, The particle iz held on the table with the

: ; ; 3
string making an angle 8 with the table, where tan §=—.

4

a Find the elastic energy stored in the string,

The particle 13 now released from rest. Assuming that P remains on the table.

b Find the speed of P when the string is vertical.

By finding the vertical component of the tension in the string when P iz on the table
and AF makes an angle & with the horizontal,

¢ show that the assumption that P remains in contact with the table is justified.  [E]

Solution:
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f}
3
LR e 5 You find the extension of the string by
9 _ calculating the length of AF using
ar =sinfi < trigonometry and subtracting the
natural length of the string a.
Ap=_2a _2a_l0a

sinfi 3 3 /
; .o 10« Ta
The extension of the string 15 ——a=—

3
The energy stored in the string is given by

1 (7aY
g ™8l g

When the particle 1z vertically below A,
the energy stored in the string, &' say, iz

given by / When P 1z vertically below 4, AP =2a

and the extension of the string 1s

E'z__—z_mga 2(1_(2'-:(1.

Let vm 57 be the velocity of P when it is vertically below A.
Conservation of energy
kinetic energy gained = elastic energy lost

1mvz_49mﬂ_1mﬂ_][:lmﬂ
2 qE o Rl i
= EDgga: == v=§ﬁf(5gcz)

The speed of F when the string 15 vertical 15 %*u[ (Dga)

PhysicsAndMathsTutor.com
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For P to remain in contact with the table,
the normal reaction between F and the
table, here called R, must remain positive
throughout the motion If =0, the
patticle loses contact with the table

i s 2
AP A Sl +— Youmust consider the forces onPata
- o — g general point in its motion As F moves
The extension in the string 15 nd —d from its starting position to the point
| , . 3
Hooke's law below 4, sind waries from = to 1.
1 2at
—m —a
podx_2 o\sing
{ @
mg 1
=& g : ;
Sed 5 The rquestion requires you to

The wertical component of the tensien, 7, say, 15 given by consider the vgrtical component
of the tension in the string. You

T g =[ ;_ﬁg - lmg ]sin 8 =mg— lmg cind «+—y  findan expression for the

singd 2 2 vertical component and then
E(T L +R=mg resolve vertically to obtain the
R=wmg-T notmal reaction.

1 ;
= mg—[mg—gmg s1n5']
_:—'—'_'_'_'_'_‘_'_'_._._'_

. ; 3 .
_ lmgsiné‘ S Ag sin@ wartes from — to 1, the normal reaction &

1z always positive and so the assumption that P
retnaing in contact with the table 1s justified.

=0 P remains in contact with the table.

© Pearson Education Ltd 2C
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Exercise A, Question 31

Question:

4 light elastic string has natural length 4 m and modulus of elasticity 58 8 M. A
particle F of mass 0.5 kg is attached to one end of the string. The other end of the
string is attached to a fized point A The particle is released from rest at A and falls

vertically.

a Find the distance travelled by P before it comes to instantaneous rest for the first

titne.
The particle 15 now held at a point 7 m vertically below 4 and released from rest.
b Find the speed of the particle when the string first becomes slack [E]
Solution:

a When F comes to rest for the first tirne, let the extension of the string be x m

Conservation of energy
elastic energy gained = potential energy lost

Az
21 &

58 8x°

735z =196+4 9%

Divide this equation throughout by 2.45 and
rearrange the terms. If you cannot see this

= 0.5%9.8x (4 +x) simplification, you can use the quadratic
/ formula but vou would be expected to obtain

atl exact answet.

3xi-2x-8 =0
(x=2)(3x+4) =0 <
T

The distance fallen by P iz (d+2)m=6m .

For the string to have elastic energy, it has
to be stretched so wou can ignore the

; . 4
negative solution — e

b P will first become slack when it has moved 2 m vertically.

Let the velocity at this pointbe vm s™.

Conservation of energy

kinetic energy gained +potential energy gained = elastic energy lost

%mvz +mgh = E

2!

1 58 8x 3

50.51;2 +05%98x3=

025 +14.7 = 66,15
. 66.15-14.7
‘I_,'l e e
0.25
v =4(205.8)=14.345__.

=205.5

N

Tnitially P 15 at rest and then rises 3 m.
S0 both kinetic and potential energy are
gained. Initially the string 13 stretched
baut, after rising 3 m, it 15 slack. So
elastic energy is lost. By conservation
of energy, the net gain of kinetic and
potential energies rmust equal the elastic
energy lost

The speed of the particle when the string first becomes slack is 14m s™ (2 2.£).
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Exercise A, Question 32

Question:

Two light elastic strings each have natural length 075 m and modulus of elasticity
49 M. A particle P of mass 2 kg 15 attached to one end of each string. The other ends of
the strings are attached to fized points 4 and B, where A5 15 horizontal and
AB=15m.
- 1.5 m =
p
1 - B
The particle iz held at the mid-point of A8 The particle is released from rest, as shown
in the figure.
a Find the speed of & when it has fallen a distance of 1 m.
h Given instead that P hangs in equilibrium vertically below the mid-point of A8
with ZAFPH=2a

show that tan @ +5smna=5 [E]
Solution:
0.75
a A m B

‘1 m

¥ p

“When P has fallen 1 m, let AP=xm.

x =075 +1"=15625= x=125 «———— To find the elastic energy in the string, you
need to calculate the extension in the string.
Atthis pointthe extension of the string AF iz First find AF (you could just use the 3,4, 5

(125-0753m=05m o ——— | triangle) and then subtract the natural length,
0.75 m.

Let the velocity of P when it has fallen 1 mbe vm s

Conservation of energy

kinetic energy gained +elastic energy gained = potential energy lost

2
-~ | ; ;
lmvﬁ +9 x"?‘i = mgh Both strings have elastic energy
stored in them. By symmetry, the
2 energy in both strings 15 the same.
Lo BT o 0 g 2 5
2 2075

v +4_39 =19 6= v =3 266

v =1.807...
The speed of P when it has fallen 1 mis 1.8m s (2 s.£).
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h 0.75m

£

B

Let AF = ym and the angle AF makes with the vertical be o .

By trigenometry
075 0775
= ¥V=

¥ SiM o

R(T 2Tcosa =2g

sing =

7—_8 =9.8

Cosar

COs &
Hooke's law

{

49 49 (075
= (y-075)=—— ..
075 ) 0_?5[

=49[ .'l _1]=49[]—.51na
sin o sin o

9.8 249[]—51na]

sin ex

COS o ik
s W T T
cosax 9.8

tanea = 5—Ssinex

tan o +5sina = 5, as required.

© Pearson Education Ltd 2C
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J
J

-—

You find two separate expression for T
one by resolving vertically and the other
from Hooke's law. Equating the two
EXpPrESSIONns SIVES Wou an equation in o .

Eliminating T gives an equation in & = You
hawe to manipulate thiz equation to obtain
the printed answer.
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Exercise A, Question 33

Question:

A light elastic string, of natural length 37 and modulus of elasticity A, has ends
attached to two points A and B where AS =73 and A58 iz horizontal A particle Fof
tnass # 18 attached to the mid-point of the string. Given that P rests in equilibrium at a
distance 2/ below AF5, as shown in the figure,
15mg

16
The particle iz pulled wertically downwards from it equilibrium position until the total
length of the elastic string 1z 7 81 The patticle iz released from rest.
b Shew that P comes to instantaneous rest on the line A5 [E]

a showthat A=

Solution:

PhysicsAndMathsTutor.com
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A

1 _ 2 2 _ 2 —
- e e S e e ~ *— Ttis acceptable just to write down
Let & be the angle between AF and the vertical AP=25] using the 3,4, 5
S =£ =i triangle.
25 4

The extenszion of half of the string, AP, 1z 2.5/ 1.5 =]
Hooke's law
_ Axeztension

natural length
i ﬁ :E (I} *+——— You find two equations in T and
IS 3 A byresolving vertically and
E(TY 2Tcosa =mg using Hooke's law. Eliminating 7
4 between the two equations gives
27 ¥ = = g A
7 =28 @
8

Eliminating Thetween @ and &

24 _ 5mg
3 8
A= f:um;g E = 1omg ,as required,
52 16
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§ p

Let the perpendicular distance from the eriginal
position of Pto A8 be b

BE=(3en - (150 =12.960 = h=36]
Let the speed of P as itreaches A8 be vm®™

Conservation of energy

To prove that the speed of P at AF 15 zero,
the speed of P at A5 is takenas vm s,
Teouthen use conservation of energy to
obtain an equation for v, You complete the

proof by selving the equation for v and
showing the solution 15 zero.

kineticenergy gained +potential energy gained = elastic energy lost

Page3 of 3

2
lmvz +mgh = 2x ok -
2 2 ¥ natural length

Each of the two halves of the string have
natural length 1.57 and extension 2.47

[%](3.9;—1.53)2
2%1.50
%mv:" +3 bmgl = %x (2.4 =3 Gamgl

%W2+mgx3.6£ =2x

Hence %mvg =0=w=10

F rcomes to instantaneous rest on the line A8, as required.

© Pearson Education Ltd 2C
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Exercise A, Question 34

Question:

A particle P, of mass m2, 15 attached to one end of a light elastic string, of natural
length ! and modulus of elasticity Bmg. The other end of the string 15 attached at a
point A to a horizontal ceiling which 15 at a height 24 abowe a horizontal floor. The
particle P i1z held at 4 and projected vertically downwards with speed 2.

a Find the least possible value of & for P to reach the floor

Given that z* =16g! and that when P strikes the floor its speed is halved, find

b the speed of P when it hits the ceiling after striking the floor once,

¢ the mazimum speed of P during itz motion, [E]

Solution:
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a Conservation of energy
elastic energy gained = potential energy lost +kinetic energy lost

Ax
= = mgh +§mu2 The least value of w occurs when & just
’ reaches the floor. That 15 when the speed of
Bimg x| = mgx 2£+lmu2 Fbecomes zero qust as it reaches the floor.
2 2 ‘_'"ﬁ—'—-——‘____ At that point, P has lest all its kinetic
i i

dppgl = 2mgf+12m2 ENETEY ‘ lzmg | F has fallen a distance 2/
1 atd the é}{tensioln of the string 1z 7

—pwd = 2mgl = u =4gl

2

u =2V(gl)
The least possible value of & to reach the floor 15 24 (gl

b Let the speed of P as it strikes the floorbe vm s '
Conzervation of energy
elastic energy gained = potential energy lost +kinetic energy lost

A = mgh +lm2 —lmvg -~ Inpa_rt b, you first ﬂndtha spn_zed
2f 2 2 of P imme diately before it strikes
the ground. In the downward
motion, the gain in elastic energy
atdd the logs in potential energy
are the zame az in part a.

dmgl = 2mgl +% m{16gl)— %mvz

lzf?e."u2 = 2wzl +8mgl — dimgl = bmgl

Vi =12gl = v=2%(3g)

Frebounds from the floor with speed, v' | say,

*—/’/”' Az Fostrikes the ground,
where v'=(3g])

itz welocity is halved.

Let the speed with which P returns to the ceiling be wm s
Conzervation of energy
elastic energy lost +kinetic energy lost = potential energy gained

;..xz ] 2 1 2
——+— v — — " = mgh ;
a2 2 +— MNow you use conservation of energy for the
motion of F as it moves from the floor to the
ceiling. &5 Frises, elastic and kinetic energy are

1 2 7 lost; potential energy 15 gained.
Em*w2 = ezl +§mg¢? — Zmmgl = Emgf

4yl +%m(35§)—]§mwg = Zmgi

wh=Tgl = w="\{Tgh
The speed of F when it hits the ceiling after striking the floor once 13 V{7gf) .
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¢ ceiling

mg

The mazimum speed occurs when the acceleration iz zero, Let the extenszion of the
string at this point be x.

floor

Page3 of 3

gkl , The mazimum value of v is when
T = E = Sm‘gx dv
] R a=—=0. Touuge Newton's
R (L) mg =T = mx0 second law and Hooke's law to
Begx find the extension of the string
mIg — =1 .
] when the maximum occurs.
i
x T —
n
Let the mazimutn speed of Pbe Fm s
Conzidering the motion of P frotm the ceiling to the point where x= %
kineticenergy gained +elastic energy gained = potential energy lost
B s & peksr
Em{{r B Emu +? =mgl+7) ] You consider the fall of P from
1 the point where it first leaves the
8mg| & | ceiling to the point where the
1 \8) o | d is reached. T
b — —m(l6gl) + ) = g x maximum speed is reached. In
2 2 2f 8 that motion kinetic energy and
1 ] mgl  Smgl elastic energy are gained, and
EMV — Bemgl +F T g potential energy iz lost,

lm{ﬂ — Sl m;gf_'_ngf s 14 5emei
2 16 a 16
1
/ \3
P 145g] = 145gd |
8 \ 8
) o
The maximum speed of P during its motion is | % r :
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Exercise A, Question 35

Question:

& particle F of mass 0.2 kg moves away from the origin along the posttive x-axs. It
mowes under the action of a force directed away from the origin & of magnitude

iN, where OF=xm . Given that the speed of Fiz Sm s when x=0, find the

x+1
value of x, to 3 significant figures, when the speed of Pis 15m s7.

Solution:
F =pm
Tou need to remember that
EEREr azi{lvrg ‘|_
x+1 da | 2
] 25 '
‘T 02{x+1 B x+1
' Tou integrate both sides of this
i| lvﬂ ‘ s 25 equation with respect to x. It 15
del 2 ) x4+l important to include a constant of
s 25 integration. hlost questions
EV = J? dr=25ln(x+1) +4 include information which
, i enables youto find the constant
v =50lnx+ 1+ 8, where B =24
S *— Touuse the information that v=25
e5=30nl+8=5=25 when x =10 to evaluate the constant.
Hence v =50In(x+11+25
Whenv =15
15 =50In(x+1) +25 Talce exponentials of both sides of this
e R0y / equation and use e"**Y =x+1.
a0
x+1=¢*

x=e'—1=53.6(3:f)
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Review Exercise 1
Exercise A, Question 36

Question:

A particle P of mass 2.5 kg moves along the positive x-axzis. It moves away from a
fixed origin &, under the action of a force directed away from & When

OF = x metres, the magnitude of the force is 2e™™ M and the speed of Pis vms™.
When x=0,v=2, Find

a v interms of x,

b the value of x when v=4

¢ Give a reason why the speed of F does not exceed Y20 m st

Solution:
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a F =wm
PE =0 5

2

01 0%

a=—e " =08 . d/1 4
Tsing g=—| —v" |[.

23 / ga=g|3v |

%['%vz | — 0.8

1 08 0.1x
—v2=JU.86 DR Gt P
2 —01

=—8e 4+ 4 "’/ Twice one arbitrary constant 1s
O e T i N e another arbitrary constant

TWhen x=0v=2

/ At x=0 " = =1

4=8-16=50=20

Hence v* =20—16e "™

h When v=4
16 =20-16"%

16 4 and use In(e "™y =-0.1x.

o0l — 20-16 1 «4——— Take logarithms of both sides of this equation

~0.1x=1a| l‘l|=—1n4
4

x =101n4

Page2 of 2

¢ Forallx, e®™™ =0 l.
So vV =20-16e" <20 *+ |
a.ﬂd hEﬂCE vy 20 "ll?.“ B e s e
The speed of P does not exceed

W 20m st

-

T

)

reaches it. \ 20m 5!

speed of F.

This sketch, of v against x, shows that as x increases,
the velocity of P gets closer to v 20m s but never

iz the terminal or imiting
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Exercise A, Question 37

Question:

A toy car of mass 0.2 kg iz travelling in a straight line on a horizontal floor. The car iz
modelled as a particle. Attime £ =0 the car passes through a fized point & After

¢ seconds the speed of the car is vm 57 and the car is at a point 2 with
OF = x metres. The resultant force on the car iz modelled as %x(4—3x)N it the

direction & The car comes to instantanecus rest when x=16. Find

a anexpression for v* interms of x,
b the initial speed of the car. [E]

Solution:

a F=mna
1
— x4 -3x1=02a
5 ( )

a
gz, L s sue %x(4—3x} = 2x—%

0.2x10 Integrate both sides of this equation with
‘ i 3% / respect to x. Eemember to include a constant

e | of inte gration.

1 a 3}{’2 ) a x3
—v'= 2x——|dx=x -—+4
2 | 2 | 2

= 22:.2 2 +B; where =24

At x=68v=0
0=2x36-216+5F=F5=144 T The car comes to instantansous rest when
Hence v =2x° —x" +144 x=6.Sov=0at x=6.

h ’-Eghen 2=0 - EBoth signs are possible as the car could
pii= ldd —pp =kl pass through O in either direction when
The initial speed of the car is 12m s £ =10. Hewever, in either case, the speed

of the car, which iz the magnitude of the
1

velocity, 15 12m =

© Pearson Education Ltd 2C
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Question:

L particle P ofmass 0.6 kg 1s moving along the positive x-axis under the action of a
torce which 15 directed away from the origin & Af titne ¢ seconds, the force has
magnitude 3e ¥ . When =0, the particle P is at O and moving with speed 2m 57
in the direction of x increasing. Find

a the value of £ when the speed iz 8m s,

h the distance of F from & when £ =2 [E]
Solution:
a F=gma
05 _ . ) i
3e =0.6a When the acceleration 15 a function of time, you use
05t o
a = 3e = 5 04 @ =— . When the acceleration 15 a function of distance,
0.6 df
df1 ;0
E = 504 VOU Can Use g = —| —y° ‘
i dxl 2

=
I

05t
JSE: 03t g = 530 —+d=A-10e""
When f=0v="2

2=A-10=4=12

Hence v=12-10e %%

When v =8

Mo particular form of the answer 15
asked for in the question and an
approximate answer, such as £ =183,
would be accepted.

RS 120 eyt

~0.5¢ =1u| 2 |
5

¢ = =2ln| §|= 21n"' g |

b v=—=12-10e""

&| &

(12-10e*yde =12¢ +20e ¥ + B

xr=

—y

Whenié=0,x=0
0=0+204+58=38=-20 =
x =126 4207 - 20

Whent =2
x =24+20e —20=4+20e

The distance of P from & when =2 is (4+ 20z m.

Tsing e =1. Carelessly writing

e” =0 is a common error.
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Question:

A particle F of mass me kg slides from rest down a smooth plane inclined at 307 to the
horizontal. When P has moved a distance x metres down the plane, the resistance to

motion from non-gravitational forces has magnitude mex® 1. Find

a the speed of P when x=2,
b the distance  has moved when it comes to rest for the first time. [E]

Solution:
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3 R

. Eesistance opposes motion, so as &
moves down the plane, resistance acts
up the plane.

mg

E(7 F =pa
g sin 30° —x = +— Dnwide thiz equation throughout
a =gsin30° —x° by .
4

al27) =37 -

TTzing sin 30" = %

B . f: =) 1 b
v =||-g—x |dx=—gx—+4
o = J(pe e g

v o= gx—§+5,whereﬂ=2ﬂ

At x=0v=10 +— Fstarts from rest and so at
0=0-0+B=8=0 x=0,v=0.

Hence +* =gx—§

When x =2

Az a numerical value of g has been uzed, you
=0 8x2 _E L 106 shoqld round your answerto 2 or 3
significant figures,

v =V14.26 =3777...
The speed of Pwhen x=2 is 3.78m s (3 s.f)

P
b V=g
2 2
When v =10 x =0 1z the starting position and this
553 P 95 ) / root of the equation can be ignored.
0= x——=x‘ - |
E 3 ._ £ 3 |
F romes to rest when
g—z W
3 2

x="147=3834
The distance mowed before P first comes to rest 15 383 m (3 5 ).
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Question:

Abhovwe the Earth's surface, the magnitude of the force on a particle due to the Earth's
gravity 1z inversely proportional to the square of the distance of the particle from the
centre of the Earth. Assuming that the Earth 15 a sphere of radiuz K, and taking g as the
acceleration due to grawvity at the surface of the Earth,

a prove that the magmtude of the gravitational force on a particle of mass #2 when it

S i . mgR*
15 a distance x (where x = &) from the centre of the Earth 13 mgz ;
x

A particle iz fired vertically upwards from the surface of the Earth with initial speed .,

3 . . .
where u? = 3 gR  Ignoring air resistance.

b Find, in terms of g and &, the speed of the particle when it 1z
at a height 28 abowe the surface of the Earth. [E]

Solution:
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The gravitational force is directed towards the
centre of the Earth and so iz in the direction of x
decreasing,

i
.n."lILS Fc'= — = T
x x
AR Tou introduce a constant of proportionality k and
—img = _iz = k= mgR* use the fact, that the force due to gravity at the
£ surface of the Earth iz known to have magnitude mg,
R to find k.
Henee F=- mgz

x
g
The magnitude of the force is -— . as required.

x
b F=rmn
mgR’ _ _ :
———— T i 44— In this equation, the force dus to gravity has
5 5 anegative sign as it acts in a direction which
i gR decreases the distance, x, of the particle from
% the centre of the Earth.
di1 4 22
—| =" |=—gfx
dr| 2 =2
R yel
—v —Jgﬁ? dx=—% 4
2gk?
NS g + 8, where B=24

i M EER | The question gives the velocity of the

particle as 1t 15 fired from the surface of

3 EgRE 2 1 the Earth. That is the velocity when
EER: +B=‘-B—Egﬂ—2gﬂ=—§gﬂ x=H&, the radius of the Earth.
2
Hence v = - lgR
x 2

When 1= 38+ When the particle iz at a height of 28 abowve the

2oR? 1 R surface of the Earth, itis 2R+ X =38 from the

= g———g '\||' | £ | centre of the Earth.
AR 2

B
The speed of the particle when it 15 28 above the surface of the Earth 1z \f | &k
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Question:

A rocket 13 fired vertically upwards with speed U7 from a point on the Earth’s surface.
The rocket 1s modelled as a particle P of constant mass m2, and the Earth as a fized
sphere of radius R At a distance x from the centre of the Earth, the speed of F is v
The only force acting on F is directed towards the centre of the Earth and has

; e :
magnitude —-, where £ 15 a constant.

2
] 2 11
a Show that v* =07"4+2c| ———].
xr R
The kinetic energy of P at x= & iz half of the kinetic energy at x=X.
h Findein terms of I and & [E]
Solution:
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a F =1
_ﬁ =ma * Inn the equation of motion, the force due to
x gravity has a negative sign asitacts ina
dil 4y e o | direction which decreases the distance, x, of
- £| Ev |_ R 24 the particle from the centre of the Earth
1 a J a [y
—v =—|ex " dx=—+4
2 & T Taing
5 e e 1
v = —+58, where 5=24 At dr="tk=—"+k.
x -1 x
When x =K, v=0U

P =Z ey gt
R R

2e 2
encey’ = —+ 077 ——
H : g
x
: 1 101 _
=0 +2C‘| - | as required
lx R

b At x=E& v=0U and the kinetic energy of F 15 lzmﬂz

At x=2R, using the result of part a

i N
and the kinetic energy of F 12 lmvg =lm| e = ‘
2 2\ R

(netic energy at x=2R) = %{kinetic: energy at x = X)

mii* | +— Divide this equation throughout by

lzm and then make £ the subject of

lm[ 2t '|=l|' 1
2 ol £ @l 2
ra_€ _lsp
R 2 the formula.
lia_e
2 R
| pois
c =R
2
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Exercise A, Question 42

Question:

A projectile F s fired vertically upwards from a point on the Earth’s surface. When P
15 at a distance x from the centre of the Earth its speed 15 v, Its acceleration 15 directed

: e ;
towards the centre of the Earth and has magnitude — , where & 15 a constant. The
x

Earth iz azsumed to be a sphere of radius &
a Show that the motion of F may be modelled by the differential equation

dv _ gR*

dx 5
The initial speed of Fis U, where [7* < 2gR . The greatest distance of P from the

centre of the Earth 1z &
b Find A interms of 7, Rand g [E]

Solution:
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i ‘H_)_,__,r_-——-’ The force iz negative in equation @ as the force
—— =pax @

on M due to gravity iz directed towards the centre

* i of the Earth and that 15 the direction of x
@ ="—7 decreasing.
B
Atr=Ra="g ¢— | You know that the acceleration due to gravity at
—g=— x the surface of the Earth 15 g and that the direction
mR of the acceleration 15 towards the centre of the
k= mgR? Earth. Substituting @ =—g into @ gives youkin

terms of 2, g and &

Substituting & = mgR”® into @D

_mgf?? = d
e / a=v£ iz one of the alternative forms of the
2
a= Vﬂ = _i, as required. acceleration,
% dv d*x 41 5\ dv .
e B |=v— and you must pick
di et dxl 2 dx

out the form of @ which you need in any p articular
fuestion

b Separating the variables in the printed answer to part a and inte grating
2
Jvdv = —Jg—gdx=— gRix? dx
x

2 1
1,_—8’x

2 -1
2
W= G + 8 where 5=24
x
M rx=Rv=1] 4 Th_e projectile is fired from a .
0o 2 point on the Earth's surface with
P=2Et L pp=UR- 2ok speed U7 This gives wou that at
r=8Rv=0".
2
Hence v = 2ER +U%-2gR
x
When v=0,x=%
- 2332 2 ; : _
0= N +LlimagR 4+— Multiply this equation throughout

by X and then make X the subject

- 2 2
0=2gR"+1°X —2gRY of the formula.

X(2gR-U") = 2gR?
_ 2R
2gR-17*
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Question:

A car of mass 800 kg moves along a horizontal straight road. At time ¢ seconds, the

4 000

oyl

resultant force on the car has magnitude IT, acting in the direction of motion

of the car. When =10, the car 15 at rest.

a Show that the speed of the car approaches a limiting value as ¢ increases and find
this value.

b Find the distance moved by the car in the first &5 of its motion [E]

Solution:

PhysicsAndMathsTutor.com
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a F =:ma
43 DUEI — 6004
(i+2)
dv 60 2 "When the acceleration 15 a function of £
da=— =———=0600+2 :
e (£+2]|:" ( Ve the velocity can be found by writing
v = J60(5+2) 2= 602 "‘12:' 1+A & =j£—v and integrating with respect to £
g B0
t+2 ¥ i
“When t=0w=0
0=A- 6—20 = A=30
Hence v=30- ﬂ
42 >
&0 () !
Ay f—soa — 0 and v —€T |
E+Z 50
Az the walue of f increases, the value of —— decreases and
Ag £ increases, the car approaches i i+
a limiting speed of 30m s, g0 30— —— gets cloger to 20, The graph of v against ¢

E+Z
approaches vw= 30 as ah asymptote.

b The distance mowved in the first & 2 15 given by

fi ¢ g
r= J ‘ 20— 760, de ] T_he car 1z always travelling in the same
o 2 ) direction. It does not turn round and so the
= [30¢—601n(s +2) E distance moved in the interval 0 =f =6 canﬁbﬁ

=(180-60In8) — (0—601n 23 found by evaluating the definite integral J wdi
= 180- 6010 2° +601n 2 g
=180-180ln 24+601n 2

=180-1201n 2

The distance moved by the car in the first 6 5 of its motion 15 (180 — 120 1n &) m.
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Exercise A, Question 44

Question:

: 1 ‘o : : :
L particle P of mass gkg tmoves along the positive x-amiz under the action of a single

force. The force 15 directed towards the origin & and has magnitude ﬁN, where
i+

OF =x metres and & iz a constant. Initially P is moving away from O

At x=1thespeed of Pis dm s, and at x=5 the speed of P is Y2m s

a Find the walue of k.
h Find the distance of P from & when P first comes to instantaneous rest [E]

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Page2 of 2

a F =

Fo 1 _ :

— 7 = —_a o ' ¥
I:I + 1:1 3 (x4 )? —
_ 3k = e g
(x+1)° i
d 1 ,) 2 The particle 15 moving along the positive
—| = = -3k(x+1
dx | 2 v | (x+1) x-axis and the force 15 directed toward O
' : B 1 So the force 15 in the direction of x
lv2 e ls Gl +A4A= i +.4 decreasing and force has a negative sign
2 -1 x+l in this equation.
wo= £+B,Whereﬂ=2ﬂ
x+1

At x=1,v=4

16 :6_;:+3=>3;:+B:16 (D.\
The information in the question gives you
the values of v at tweo values of x and you use

o % iy Eﬁ: - Sl ) the in.fc-rmatio.n to obtain twe sumultaneous
o equations, which vou solve,

At x=8v=+2

D-D
g5 Aps b _opy
33

E=14x2 =6

~1]

b Substituting k=46 into D

ISEE=10 :363 :_2/ To find the value of x for which F comes

Hence v* = —1— 2 to rest, substitute v =0 into this equation
X+

When v=10

O=£—2=‘,~ 2(x+1) =36
x+1

and solve for x.

2r+2=3h= x=#= 17
The distance of P from & when P first comes to instantaneous rest 15 17 m.
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Question:

A particle F mowes in a straight line with simple harmonic motion about a fized centre
O with peried 2 5. At time £ seconds the speed of Fiz vm s When =0, v=0 and

Fis at apoint 4 where OA=025m . Find the smallest positive value of £ for which
AP=0375m . [E]

Solution:

375 S i wi
= MDD o - e wnnsn simple harmonic with

} ) I } e amplitude, @ m, givenby @ =025,
P 0 A :

- (.25 m -

AP, x=025-0375=-0125 4+—— When AP=0375m , Pis0.125 m from the

centre of oscillation O It 15 the other side of O

The period 15 2 = from A and, if OA4 15 taken as the direction of x

Hesipe e am _ 5 e increasing, the displacement of P 1z —0.125m .
]
F=acostl o | : . )
0.195 = 0.95 s Ifthe time, # seconds, 15 measured from the time when the
: — Ve Lai velocity 15 zero, that 15 when the distance of P from O 15 the
T _l amplitude, then x=a cos mf 15 the appropriate formula

2

connecting the displacement with the time.

The smallest pozitive value of £ iz given by
(1Y 2r

mE= arccos| -— |——

2

2
F=—
2
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Question:
& particle P of mazz 0.2 kg oscillates with simple harmonic motion between the points
Aand B, coming to rest at both points. The distance A5 15 0.2 m, and P completes
5 oscillations every second.
a Find, to 3 sigmificant figures, the maximum resultant force exerted on P
When the particle i3 at A, it 15 struck a blow in the direction B4, The particle now
oicillates with simple harmeonic motion with the same frequency as previously but

twice the amplitude.

h Find, to 3 significant figures, the speed of the particle immediately after it haz been
struck. [E]

Solution:

a IfFcompletes 5 oscillations in one second,

1 s
then P takes gs to complete one oscillation.

=2i=l:-m=10,¢
o

i In many other topics in Mechanics, it 15 usual to

Thesscoslorstion Fme s ey use the symbol a for the acceleration. With simple

. harmonic motion, a is often used for the amplitude
F=—mix e— |

: o and 1t 1z sensible to use another symbol Here the
The amplitude of the oscillation 1 calculus symbol X, for the acceleration 1z used.
0.z

—m=01m

2 ]
The greatest magnitude of the acceleration
1z given by

| x]= i a =(10m .]2 «0 1=10m2

The maximum magnitude of the‘forc\

1z given by

The atoplitude 15 half of the distance
between the extreme points of the
oscillation.

The greatest magnitude of the acceleration,
and hence the force of greatest magnitude,

occurs when  the displacement 15 the
=02x10m?=2m%=19739__. amplitude.

|F | ma|=mofa <+

The magnitude of the greatest force exerted
onF i 197N (35

b w=10r,a=2x01=02

v =i - x%) 4— The blow iz struck when F is 0.1 m from the
=100m%(0.2* —=0.1*y=3x* | centre of oscillation So x=0.1.
v=N31=5441__.

The speed of P immediately after it has been struck is 5.44m s (3 s.)
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Question:

A piston P in a machine moves in a straight line with simple harmonic motion about a
fized centre & The period of the oscillations 12 775 . When P15 0.5 m from O, its
speed iz 2.4 m s, Find

a the amplitude of the motion,

b the maximum speed of P during i1ts motion,

¢ the maximum magnitude of the acceleration of F during the motion,
d the total time, in seconds to 2 decimal places, in each complete oscillation for

which the speed of P is greater than 2.4 m s [F]

Solution:
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2
a = =g =wm=2
]

When x=05v=24
v =g’ - x%)
giddodpadepusdy

2
a?-025=22 144
2

al=169=a=13
The amplitude of the motion iz 1.3 m.

b The maximum speed 1z given by P

i =2%13=26 h As v =0’ (cf —xgj and x° is
Y=k = e i
The maximum speed of P during its motion is 2.6m s 1. p-;:-sitnre For all x, the greatest value of

v iz at x=0. S0 the greatest value
of v* is w*a® and the greatest value
of the speed 15 ma

¢ The maximum magnitude of the acceleration 15 given by

| %= e l=4x1.3=52 #4— The acceleration 15 given by

#=—w'x and this has the
The mazimum magnitude of the acceleration greatest size when x 13 the
is 5%m g2 atnplitude,

d x=acosomé
Differentiating with respect to £
X = —atosin o

| x| = | awsin i |
24 =13x2sin 28 =260 2
fin 2t = E e
13

o = ar.:sin|" % "|:1.1?6__.

O

£ =03588._.
=24
Th ired time iz o b
Tle_riqu;r: _1rTne f gévggg o Thiz diagram illustrates that if' £ 15 the smallest
— n = l_alu_ - = i
— (0789 posittve solution of 265024 =24 the time for

which the speed 15 greater than 2.4 15 7 — 4

The time for which the speed 1z greater
than 24 mi1s 0792 (2 dp).
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Question:

In a game at a fair, a small target C' moves horizontally with simple harmonic motion
between the points 4 and &, where A5 =475 The target moves inside a box and talkes
3stotravel from A to B A playver has to shoot at O, but O 15 only visible to the player
when it passes a window PO where PO =250 The window is initially placed with O at
the point shown in the figure abowe. The target takes 0.75 = to travel from O to F.

a Show that & =(2—- 211

b Find the speed of ' as it passes F.

For advanced players, the window P2 12 moved to the centre of A8 so that AF = 08,
as shown in the zecond figure abowe,

¢ Find the time, in seconds to 2 decimal places, takeen for C to pass fom O to P in
this new position, [E]

Solution:
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a ThE-' period Ofmotlonis 6 5 The timg takento fnove ﬁ’omﬁlo
= 2_?' £ 1z half of a complete oscillation.
o) So the period 1s 2x3s=635_
2 s
bh=—=m==
(0] 3

MMeasuring the time, { seconds,

from an instant when O is at

 and the displacement from the
centre of the oscillation, O say
X=acos( 4—————— |

The formula for the displacement in terms of time when
time is measured from the instant when a particle is at
the amplitude 18 x=a cosé. If time 12 measured from
the instant when a particle 15 at the centre of ozcillation,
» thenthe formula s x=a sin ¥, In part a, it is more
The amplitude is 2% and = - efficient to use the formula with the cosine but in part ¢,
After 075 s, Clisat P. 3 the formula with the sine gives yvou a quicker solution.

Xi= EL(:C-S( £><[]_'?5]=2Lcos£
3 4

1 i
—ELXE—\QL —

b=a-x=2l-v2L frotn the centre of oscillation iz Y 2L so
=(2-2) L, as required s=alior.

Frompart a, when C is at P, itz displacement

b The speed of Cat P is
given by
V= m’(az - xgjl

=|%] (@D} -(V20)%)
EI:%J (AL - 2% = 2['%]:::’
5 2T
3

¢ Ifthe window is centred the displacement of (! from the centre of oscillation is

givenby
x:i:z_.-\ 2[,
2 2

Measuring time,  seconds, from the centre of oscillation, at &
X =t sin oo

Clan (CF ST o LY
2 3

f Zaf
sintir]= 2=V2_ 5146 445...
3 4

e In all SHM questions, it is assumed that
£I 0146975, —£=0.14035. angln:s are measured in radians. It is
important that you make sure your
The time from P to O is given by calculator is in the correct mode.
T'=2r=0.2807...

The time taken for O to pass from F o Q15 028 (2 dp.)
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Question:

The points &, A, B and ' lie in a straight line, in that order, with O4=06&m,
OB=0E8m and OC =12m. A particle F, moving in a straight line, has speed

(% "JEJ ms ™ atd, [% “JSJ m s at B and is instantaneously at rest at ¢

a Show that this information 15 consistent with F performing simple harmonic motion
with centre &
Criven that P iz performing simple harmonic motion with centre O,

b show thatthe speed of Pat Ois 0.6m s,

¢ find the magnitude of the acceleration of F as it passes A,
d find, to 3 significant figures, the time taken for P to move directly from A to B [E]

Solution:
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a AtV =wilat —xH)
P =@’ -12Y=2a=12

Atd v =oi(e* -1

Tou show that the information 15 the question is
consistent with SHM by taking the information

you have been given about two of the points and
using it to find the values of @ and @ . ¥ou then

confirm these values are correct using the
information about the third point. Az the
information about O gives you a directly, it iz
sensible to start with that point.

(3, ¥\
— 3| =wt1.2% -0.6
(5543 = )
27

2 = x1.08

Checking @« =1.2 and :% at B

T
vV =@ —x7) Tsing @ =12 and mzé, vou find the speed

1 1
= 2(1.22 -08)=02=2 of P at B This calculation confirms the

3 speed of F given in the question and you
& g L:E: l J5 deduce that the informmation is consistent with

Fperforming simple harmonic motion.

This 15 consistent with the information in the question The information 1z
consistent with F performing SHB with centre O,

b At O, x=0. Using v* = @*(g® -2%)
1 22
=—(12°-0"=036
4( J
v=N036=06

The speed of Pat Ois 0.6 ms ', as required,

c Ard :3E=—mzx=—%- 0&=-0.15

The magnitude of the acceleration at A is 0.15m s 2.

d Atd r=asinm «—

In this question, as yvou need to find the
D=0 i 151 s 151 - l difference b.etween the times at Which Fig

2 2 at A and B, it does not matter which of the
formulae x=asinmé of x=acosod you

uge. If vou uge the formula with cosine,

n i
_51=_=)§1=_

2 & 3

At B x=asinox vou obtain E?Ts and 1.6821... 5 as the
times. The difference between these times

0.8=12%2zn lf.z = sinlzz =E
2 & is again 0412 (35 £).

%zg =0728727 . =¢,=1459455_.

£, —f =1459 455...—% =0.412 257 ..
The time taken to move directly from A to B1s 04122 (3 s )

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 50

Question:

The rize and fall of the water level in a harbour 1z modelled as simple harmonic
motion On a particular day the maximum and minimum depths of the water in the

hatbour are 10 m and 4 m and these occur at 1100 hours and 1700 hours respectively.

a Find the speed, in m h™ at which the water level in the harbour is falling at 1600
hours on this particular day.

b Find the total time, between 1100 hours and 2300 hours on this patticular day, for
which the depth in the harbour 15 less than 5.5 m. [F]

Solution:

PhysicsAndMathsTutor.com
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10-4

a g=——=73

The period of motion 15 12 hours 4—— The & hours, from 1100 to 1700, are half of a

2m T complete oscillation.
=—=12=m=— s
{0 &

At 1600 hours, £ =5
X =goosoE

=3|:055'_.T=3,/ —1_3|=—£
& 2 | 2

v =w?(a® -1

[®Y].2 | 3V3) 27

1517 - 7 | —|5||9— |

W2 . 9
= | E “’E The formulae for simple harmonic
o4 motion can be used with any
v =(- :,_ g x consistent set of units. Here metres
2 4 and hours are used.

At 1600, the water level is falling at a rate of im ht.

n ‘L 1
b depth (m) Yeu find the times, here
10 labelled # and &, , where

the water 1z at a depth of
3.5 m The diagram
shows that the total time
tor which the depth of the
water 1z less that 5.5 m 12
the difference between
these times.

L
= |

= Ln

0 3 I, 12 time after
1100 (h)

95mis 1.9 m below the centre of oscillation «#——7 The centre of the oscillation 15 at a

depth of il m=7m.

r=dacosol

-15= 3::-::-3"’ %z ‘I|=*.- .:-::.s|r %g ]:-%

LT R
& a0a
The time for which the depth of water in the hatrbour is less than 5.5 m s

(8 —dihours =4 hours

© Pearson Education Ltd 2C
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Exercise A, Question 51

Question:

A piston in a machine 15 modelled as a particle of mass 0.2 kg attached to one end 4 of
a light elastic spring, of natural length 0.6 m and modulus of elasticity 48 N. The other
end & of the spring is fized and the piston 15 free to move in a horizontal tube which 13

assumed to be smooth. The piston 15 released from rest when A8 =09 m.

a Prove that the motion of the piston is simple harmonic with period —s .

b Find the maxzimum speed of the piston
¢ Find, in terms of /7, the length of titne during each oscillation for which the length
of the spring 13 less than 0.75 m. [E]

Solution:

PhysicsAndMathsTutor.com
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a

e B {}_‘4} m -
| | ,I N |
| 1 o -
A 0 P B X

). M ———— m—

Let the piston be modelled by the particle 2
Let Obe the point where A0 =06m

When iz at a general point in 1ts motion,

-

let OF=x metres and the force of the spring
ott F be T newtons.

Displacements in simple harmonic
guestions are usually measured from the
centre of the motion. At the centre, the
acceleration of the particle is zero and the
forcesz on the particle are in equilibrium,

In thiz question, the point of equilibrium,
2, 18 where the spring is at its natural
length. Mo horizontal forces will then be
acting on the particle.

Hooke's Law
o AT @ =alx
/ 0.6
E{—) F =:ma
-r=02x | sign in this equation.
—80x =0.2%

When x 15 positive, the tension in the string 15 acting
in the direction of x decreasing, so T has a negative

F=—400x=-20"x

Comparing with the standard
formula for simple harmonic
motion, %= x, this is
sitnple harmonic motion with

To show that F 15 moving with simple harmonic

motion, you have to show that, at a general point of
itz motion, the equation of motion of & has the form
x =—kx,where & 15 a positive constant. In this case

k= =100

0 =20, The peried, T zeconds,

1z given by

= 2—T i . as required.
20 10

a=073m=20

The maxzimum speed is given by
v=aw=03x20=4§
The mazimum speed is 6m s

When the length of the spring 12 075 m 1
x=075-06=0.15
X = acoscl
1
Deflor= D con 2teSEs el ) When the length of the spring is less than
- 075 m, the extension of the spring, x m, is less

g gy il
1 2 1

&0
The total time for which the length
of the spring iz less that 075 m iz
given by
T'=T-2="_2

T T

than 0.15 m. This sketch shows you that if the
first timme where the extension 15 0.15m1s £ =5,

the length of time for which the extension 15

o
less than 0.15 m is | ﬁ—zﬁl |s.

!

10 “%0 15

The length of time for which the length of the spring is less that 075 m iz % g,

PhysicsAndMathsTutor.com
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Review Exercise 1
Exercise A, Question 52

Question:

A particle F of mass 0.8 kg 15 attached to one end 4 of a light elastic spring OA, of
natural length 60 cm and meodulus of elasticity 12 M. The spring i3 placed on a smooth
table and the end O iz fized The particle is pulled away from O to a point B, where
8 =85 cm, and 15 released from rest.

. e ; ; ; Vi
a Prove that the motion of F iz simple harmonic motion with period ?s :

b Find the greatest magnitude of the acceleration of & during the motion

Tweo seconds after being released from rest, F passes through the point O

c Find, to 2 significant figures, the speed of F as it passes through O

d State the direction in which P 1z movwing 2 s after being released. [E]

Solution:

PhysicsAndMathsTutor.com
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g | 'N |
; 1 ®— .
0 E P B
- 0.6 m - 11—

-

0.85 m in cmto m.

Az wouwill use Newton's second law in this question,
it 13 zafer to uze base 31 units. Zo conwvert the distances

Let B be the point where O =06m .
When P 1z at a general point in its motion, let BF =x metres and the force of the
spring on & be T newtons.

Hooke's Law
i L
{ 0.é
E{—=) F =wmnm
—r=0pg7 ¥ | Whenx is positive, the tension is the string 1s acting in
~ the direction of x decreasing, so Thas a negative sign
—20x =0.8% in this equation.
e R

Comparing with the standard formula for simple harmonic motion, ¥ = —c®x, this
1z simple harmonic motion with =25 The period, T seconds, 12 given by

r= 2—T = 2—T . as required.
e 3

b The amplitude of the motion is 0.25 m.
The maximum magnitude of the acceleration
1z given by

|f|:|t’r}2a|= 25x0.25=625 *

The maxzimum magnitude of the acceleration

5 6.25ms 2.

The acceleration is given by ¥ = —’x and
thiz has the greatest size when x iz the
atnplitude,

Tou can derive an equation connecting
welocity with time by differentiating
X =acosé with respectto £ You obtain

€ X=gacost
X = —c sin O

H/J’___A_._,
At f=2
x=-025x5sn(5=21=-125an 10
= +0.680 026 ..
The speed of F as 1t passes through
Cis 0.68m st (2sf)

v=x=—=—arsinck . This equation is

patticularly useful when you are asked
about the direction of motion of a particle.
Az the v is squared in v = (a® — 2%,
values of v found using this formula hawve

d Asthe sign of x inpart ¢ 15 positive, F s an ambiguous + sign.

travelling in the direction of x increasing

as it passes through
Az it passes through O, P iz moving
away from O towards 5

© Pearson Education Ltd 2C
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Exercise A, Question 53

Question:

A light elastic string of natural length £ has one end attached to a fized point 4. A
patticle F of mass me 15 attached to the other end ofthe string and hangs in equilibrium

at the point &, where AD = ;f ;

a Find the modulus of elasticity of the string.
The particle F iz then pulled down and released from rest. At time ¢ the length of the

..o
string 15 I+x.

2

: e 4
b Prove that, while the string is taut, dz._;: S

{
When P 1z released, AP = ;ﬁ' . The point & 15 a distance { vertically below A.

¢ Find the speed of P at B

d Describe briefly the motion of P after 1t has passed through B for the first time until
it next passes through O [E]

Solution:
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0
mg

Atthe equilibrium lewel

R(I) T=mg @ +—u The information you have been given at the equilibrium

level enables vou to obtain two equations for the tension
: " _ T one using Hooke's law and a second by resolving
T Ae A = e @ / vertically, Eliminating Thetween the two equations _

] ] 4 gives you an equation for the modulus of elasticity A

Hooke's law

Combining D and @

A ;

0 =mg = A =dmg

The coefficient of elasticity iz dmg.

b A-—T

g Mg

Hooke's law

% 4mg{'i.f+x.] g dmmesanas 5
T= T =£— TWhen AF= HE + x, the extension i
gl + dmgx Apman i 5 3 1
=— = =mg+ &) |_£+x|—f=—.-:’+x.
i { | 4 J 4

PhysicsAndMathsTutor.com
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Mewton's second law

Ril) F=ma

mg —T = m& @ <+ Youtake the forces in the direction of x
increasing. The weight tends to increase the value
of x, 20 mg 12 positive. The tenszion tends to
decrease the walue of x 20, in thiz equation, T has a
negative sign.

d.ﬁz

Substituting @ inte @

[ demgx | d*x
mg—| mg+ |= m?
2
B R
! s
2
d—f =— 4E as required.
i !

¢ Comparing the result of part b with the
standard formula ¥ =—w®x, while the

string is taut, P mowves with SHW about O,

i HE.

TWhen F is released from the point where
AP=%E , the amplitude, &, iz given by

peiipesl g B
i

At B x=- l.é'
4
= ek
4 ((1 V¥ [ 1))
=77 17 |

i 5 i 2
:4_| l;z_l;z|=4_€,3f;=ﬁ
! .__4 16 ! 16 4
1
== 3.‘?
WS (3gl)

The speed of P at J iz é v [(5gh)

Alternatively, vou can use conservation
of energy between the point of release
and B to find the velocity at B,

Loss in elastic energy = gain in kinetic

Energy +gain in potential energy

4 3y
e S S R )
21 2 4
This, of course, leads to the same

afls WET.

d First P moves freely under gravity until it returns to 5
Then it moves with simple harmonic motion about &,

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 54

Question:

A light elastic string, of natural length 4a and modulus of elasticity Breg, has one end
attached to a fized point A. A particle & of mass # 15 attached to the other end of the
string and hangs in equilibrium at the point O

a Find the distance A0,

The particle is now pulled down to a point O vertically below &, where OO = | It is
released from rest In the subsequent motion the string does not become slack

g ; ; ; 2
b Show that P meves with simple harmonic motion of period -\/ 22 The greatest
E

speed of P during this motion iz lzﬂ'(ga) :

¢ Find & in terms of .

Instead of being pulled dewn a distance &, the particle 1z pulled down a distance a.
Without further calculation,
d Describe briefly the subsequent motion of F. [E]

Solution:

PhysicsAndMathsTutor.com
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a e : . : .

+— A particle attached to one end of an elastic string will oscillate
about the equilibrium position. When solving problems about
vertical escillations, you often have to begin by finding the

da + e LT point of equilibrium. In thiz case, the oscillations later in the
gquestion have centre &
0
mg
r

Atthe equilibrium level, let AQ =4a +¢, where 2 iz the extenzion of the string.
Hooke's law

! Az a
RN T =mg
Hence
_ Zmuge s ]
i 2
@ Yo
A =dgte=da+—=—
2 2
h A-—T
da 4 T
sal
TO
b
X
y g

When P iz at a general point,
& zay, of itz motion, let OF =x.
At this point, the extension of the

+— To show that F 15 moving with simple

harmonic motion, ¥ou have to show that, at a
general point in its motion, the equation of
string is —a +x motion of P has the form ¥ = o’ x, where

2 i 15 a positive constant.

PhysicsAndMathsTutor.com
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Hoolke's law

i 1 M
. . 8mg| —a+tzx |
_ Axexmtension | 2 |

natural length - da

_ dprnga + Brmgx L 2rgx 0

2+
A i
Mewton's second law

Eily F=sma

e

Hooke's law and Mewton's second
law give youtwo equations from

mg—T =mi @O *

Substituting (D into @

[ Zeagx "
mg —| g+ | =mx
a
= SHEE = mXx
ot
2
e

Comparing this equation with the standard formula for simple harmonic motion,

which you eliminate the tension, T

F=-w'x, P moves with simple harmonic motion about & and

| 2o
= |'|—g
@ |

The period of motion Tis given by

2 oa ) M 2a) .
=—_——=2x |—|=,-'.r |—|,asre uired.
(o N‘I 2 E | N‘I \ £ | q

¢ The maximum speed 1z given by v=

el

1 o)
- Viga)=d '\I|' |£ —

Az the particle 1z pulled down a distance
d from the equilibrium position and

l e /2_5 released from rest, & 15 the amplitude of
4 g a the motion.
dﬂ e laﬂ
8 . .
1 souaring both sides of the
d = X 291 previous line.

1 . : ;g ; .
d 4z a= Ea , the string will become slack during its motion The subsequent motion

of P will be partly under gravity, partly simple harmonic motion.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 55

Question:

A particle P of mazs 0.3 kg 15 attached to one end of a light elastic spring. The other
end of the spring is attached to a fized point & on a smooth horizontal table. The
spring has natural length 2 m and modulus of elasticity 21.6 I, The particle F iz
placed onthe table at a point A, where 04 =2m  The particle P iz now pulled away
from ' to the point B, where QA5 15 a straight line with OF =35 m. It 1z then
released from rest,

— ; . NG|
a Prove that P moves with simple harmonic motion of period 3 5.

b Find the speed of 7 when it reaches A

The point T iz the mid-point of A5,

¢ Find, in terms of 57, the time talken for Fto reach C for the first time.

Later in the motion, P collides with a particle O of mass 0.2 kg which iz atrest at 4.

After impact, F and (3 coalesce to form a single particle &

d Show that & also moves with simple harmonic motion and find the amplitude of
this motion. [E]

Solution:
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i
- @

|
|
0 A B

-— ] ————y

-—— 35m

When P iz at the point X, where AX = xm | let the tension in the spring be TH.

Hoolke's law

T—T =2"""" =10.8x
Ei{—) F =i
—T =035 4—
~10.8x = 0.3%
F=-36x=—6%

When x is positive, the tension in
the spring is acting in the
direction of x decreasing, so T has
anegative sign in the equation of
motion.

Comparing with the standard formula for simple harmonic metion, ¥=-mw’x, Pis
performing simple harmonic motion about A with m=4§6

The peried of motion s 1z given by
2 e . |

T="="="_asrequired.
3
b AtA x=10
v =i (a® —x*)=36(1.5 —0*)=81
v =481=9

The speed of Patdis 9m s,

c At T x=%=0.?5

X = Ccosid
075 =1 5coshi 4+

1 I I
coshi = — = bhf=—_—=f=_—_

15

T

FPreaches O for the first time after E 5.

PhysicsAndMathsTutor.com

The time when P first reaches O 15 the
smallest positive walue of ¢ for which this
eruation 15 true. In principle, in simple
harmonic motion, & will reach this point
infinitely many times.
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d Eefore impact, the inear momentum of F 15

g =03x3MNs=27MNs
Let the velocity of the combined particle R immediately after impactbe U m s L.

After impact, the linear momentum of & 15

=050 s

Conservation of linear momentum  «——— Conservation of linear momentum is an
0a7=277=0=54 M1 topic and 15 assumed, and can be
tested, in any of the subsequent
IMechanics modules.

For R

B A m D'Sf +— When R iz at ¥, Hooke's law gives
—10.8x=05% T =10.8x, exactly as in part a. There is no
x=-2l6x need to repeat the working in part 4.

Comparing with the standard formula for simple

o A 0] . 2 .
harmonic motion, ¥ =—wm"x, after the impact
R s performing simple harmonic motion about

Awith * =216

v sl +— Az Rizperforming simple harmonic motion
SidmnaN 216 about A, the speed of B immediately after the
54 impact i the maximum speed of & during its

a=——=1161..
velé

motion. The mazimum speed during simple
harmonic motion 15 given by v=amm .

The amplitude of the motion 1s
1.16m (3:1)

‘-‘___‘_‘_‘_‘____—_‘_H_'—ﬁ‘—-—-—._

Mo accuracy 15 specified in the
gquestion and the accurate answer,

ER

—— 1, or any reasonable

10

approximation would be accepted.

© Pearson Education Ltd 2C
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Exercise A, Question 56

Question:

N

A zmall ring K of mass we iz free to 2lide on a smooth straight wire which is fized atan

angle of 30° to the horizontal. The ring 15 attached to one end of a light elastic string
of natural length @ and modulus of elasticity 4. The other end 13 attached to a fixed
point A on the wire, as shown in the figure. The ring rests in equilibrium at the point 5,

where A8 = %a ;
a Show that A =dmg.

The ring is pulled down to apoint O, where 5C = %cx and released from rest At time

: - IR
¢ after A is released the extension in the string 13 [ga +x] :

b Obtain a differential equation for the motion of X while the string remains taut, and
: : : . : . a
show that it represents simple harmonic motion with period 7 -\/ [—] ;
g

¢ Find, in terms of g, the greatest magnitude of the acceleration of & while the string
retnain s taut.

d Find, in terms of @ and g, the time talen for £ to mowve from the point at which it
first reaches a maximum speed to the point where the string becomes slack for the
first time. [F]

Solution:
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—a—a=—a 4— The extension in the string 1z
AR —the natural length.

T
R(~) T =mgsin30 =]5mg +— Using sin 30 =E_

A 1 ; :
Hence §=Emg = A =4mg , as required.«—— Yoy equate the tweo expressions
for T

: c o i |
When the extension of the string is ‘ Ea +x |
Hooke's law
i 1 3
] : Amaz /| —a+x |
_ Axextension | B

 natural length B @

1
mga +dmex 4
_ Mg gx _mg _ dmgx
a 2 &

B~ F =:ma

mgsin 30" —T =mix @

<_-_-_-_-_-—\_‘_'_'_'_*_-—-—._

mag sin 307 iz the component of
the weight parallel to the string.

PhysicsAndMathsTutor.com
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Substituting @ into D
mg [ mg i Apozga |

|=mk’
2k 2 a
_4mgx=mk_
o
a

Comparing with the standard formula for
simnple harmonic motion, = —'x,

. . . . . ) [ (ot
F s performing simple harmonic motion about B with @=2 N.' | ot |
| a

The peried of the motion 15 given by

2 2m _ 2 - . I { i ) ]
T= = —2 '\." | 2 | m ”\Il' | 2 ‘ as required
\ 2 )

¢ The mazimum magnitude of the acceleration iz given by

Page3 of 3

| x|= * X amplitude = 4_g x %a =g —
@

The maximum magnitude of the acceleration

As ¥=—w*x_ the magnitude of the
acceleration is ® | x]|. So the mazximum

5 g magnitude is where x iz a large as possible.

That ig at the amplitude,

d The mazimum speed iz at & and the string
becomes slack after mowing a further

: 1
distance gﬂ : / Tou find the shortest time for Kto
- ; 1
X =asin o move a distance of ga from the centre
1

—a = la in oo of the simple harmonic motion.

B

T

. 1 m
SNOE = — = (i = —
2

T T

T T ff{a)
S neald

) 632 "\.'I ‘.' £ ~'| 1
\ & )
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Review Exercise 2
Exercise A, Question 1

Question:

A circular flywheel of diameter 7 cm is rotating about the axis through its centre and
perpendicular to its plane with constant angular speed 1000 revolutions per minute,

Find, in ms™ to 3 significant figures, the speed of a point on the rim of the flywheel
(E]

Solution:

diameter =7 cm
Soradius =3 5com
ier =0035m m——mm | Find the radius in .
angular speed = 1000 reva/min
_ 1000x 27

1.6 o radianz/second |

Change the units of angular speed
to radians per second.

TTzing v =ren

1000 2o . | +— Tlze the formula connecting linear

speed and angular speed.

Sov=0035x%

=267ms" (3af)

So the speed is 3.67 ms™ (3 5.£) 1 CQuote answer to required
ACCUTACy.
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Review Exercise 2
Exercise A, Question 2

Question:

string is attached to a fized point A, The particle moves in a horizontal circle with

constant angular speed oo and with the string inclined at an angle of 607 to the
vertical, as shown in the diagram abowe. The length of the string 12 L.

a =how that the tension in the string 15 Zmg.

b Find eo interms of g and L. [E]

Solution:
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60°! 4+— Draw a diagram showing the
L p torces acting an F.

¥
mg

'

a R(T) « Eesolve vertically
Trostl —mg =10

me
= . 4— Make T'the subject of the
cos bl E i
e =g ormula.
b Eesolve Ei{+e)
TTzing the equation of motion:
Tonbl =me +— Tse Newton's 2nd Law F=ma with a=re°,
= where # 15 the radivs of the croular motion.,
Butr = fainé0°
= Tsin 60° = mal sin 60" — A
It
ml
_ 2mg 0 P
sz From the triangle ACF
=2 r=Lsin60".
L
= 2_g Substitute the value for Tfrom
L part a.
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Exercise A, Question 3

Question:

A car mowes round a bend which 1z banked at a constant angle of 10° to the horizontal
When the car iz travelling at a constant speed of 18m 7, there is no sideways

frictional force on the car. The car 15 modelled as a particle mowing 1n a horizontal
circle of radius » metres. Calculate the value of # [E]

Solution:

+— Draw a diagram showing the forces
acting on the car — its weight myg and
the nortnal reaction &

R(T)
Roosll —mg =10
. R=_"8_
cos 10

Using F =ma horizontally gives  a———| TJse Mewton's Second Law.,
s w182

Eanl)=—=
F r
substituting for £ Tse the result in equation @,
2
—» ain 10 = gl
cos 10 »
2 1
i _ B — | smmu=tan10“
E* tan 10° cozll

=187 (35.5) or 190 (2 5.£)

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 4

Question:

A cyclist 15 travelling around a circular track which 15 banked at 25° to the horizontal.
The coefficient of friction between the cycle’s tyres and the track 1z 0.6, The cyclist
toves with constant speed in a horizontal circle of radius 40 m, without the tyres
slipping.

Find the mazimum speed of the cyclist [E]

Solution:

4+— Diraw a diagram showing the
weight sz, the normal reaction &
and the fiiction acting down the
slope for maximum speed.

R(T)

Frosl2s —Fain2s—mg=0 D

R(c) .
2 | _ oy
Rsin25"+Fc0525"=mv G Tee F =mua Witha—T ima
40 horizontal direction.
Also F=06R - ——
s, Blept o 0k Gn By = Thalr.na}.nmum friction 1z B for
no slipping.
e R= g
cos25 —0.6s5in 25 ‘\

Make & the subject of the formula

Also in equation .
.

Risin 25" +0.6cos20") = —
40

, mglsin 25 +0 6cos 25) _ mo
" cos 25 —0.6sin 25° 47

+— Substitute into equation @.

(210 20" + 0. 6cos 257

vt =40g :
{cos 25 — 0610 257
= 580
v =241or 24
2 } Y i o hﬁ\ Make v? the subject of the
So mazimum speed1s 24 m T (25£) Earnial s nd abtan

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:

A light inextensible string of length 8/ has its ends fixed to two points 4 and B, where
Atz vertically above B A small smooth ring of mass # 15 threaded on the string. The
ring is moving with constant speed in a horizontal circle with centre & and radius 3/, as
shown in the diagram. Find

a the tension in the string,

b the speed of the ring.

¢ State briefly in what way vour solutions might no longer be valid if the ring were
firmly attached to the string. [E]

Solution:

Draw a diagram showing the weight
of the ring and the tensions of equal
magnitude 7.

F Y

mg
R(D)
Tand—mg =10
rama 8
sind - _ )
Simg B 1z an angle in a 3-4-5 triangle.
S
Tse Mewton's 2nd Law with
b Rie) v
2 a = 7 v ig the speed of the ring
T+Tcosd =10
3
3 o
. S _ e wesou
"T[1+5] e cosd =§ from 3-4-3 triangle.
Smg 8 _ m”
N T R S S UL
V= gl ubstitute value for T from part a.
v =, bgl — | -
Wlalee v the subject of the formula.

¢ The tensions could not be assumed to have the same magnitude.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 6

Question:

A metal ball B of mass w12 attached to one end of a light inextensible string. The
other end of the string is attached to a fized point 4 The ball B mowes in a horizontal
circle with centre & vertically below A, as shown in the diagram. The string makes a

constant angle & with the downward wertical and B moves with constant angular
speed ,,p'(Egﬁ:) . where k 1z a constant. The tension in the string 1z 3mg. By modelling &
as a particle, find

a the value of =,
b the length ofthe string. [E]

Solution:

Draw a diagram showing the
forces acting on the metal ball,

mg

k(D)

Zmgoosa —mg =0

3

Eezolve vertically and make o
e l the subject of the equation.

La =T0T

b R(e)
2

Zmgeina = mro

TTee Mewton's 2nd Law & =ma

with @ =re” .

= mrx 2gk

But » =1 '
utr=isina 4 Tlee AADE to express the radius

S Zmg =mlw 2gk 7 in terms of the length of the
_ 3 string { and the angle «.
2k

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 7

Question:

A particle F of mass 0.5 kg 15 attached to one end of a light inextensible string of
length 1.5 m. The other end of the string 15 attached to a fized point A, The particle 13
toving, with the string taut, in a horizontal circle with centre & vertically below A4

The particle is moving with constant angular speed 2.7 rad 5™, Find

a the tension in the string,
b the angle, to the nearest degree, that A" makes with the downward vertical [E]

Solution:

4+— Draw a diagram. Let the tension
in the string be T and let the string
make an angle & with the
vertical

“‘_,‘; ¢

a r=15%:nn8
R (<) +— Let OF =r.

2

Tan8 = prew
=05%1 5508 %27

4+ Tlze Mewton's 2nd Law & =

with @ =re®

LT =546751

=55MN2:1)

L RCT) 4+—| Eesolve vertically.
Trosf-050g=10
L Teoosd =05g +— ZSubstitute the value for Tfound in
part a.
Socosd = 0.5g
54675
= [ 896

S8 = 26" (nearest degree)

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 8

Question:

& particle P of mass m moves on the smooth inner surface of a spherical bowl of
internal radius ». The particle moves with constant angular speed in a horizontal circle,

which 15 at a depth %r below the centre of the bowl.

a Find the normal reaction of the bowl on F.
b Find the time for P to complete one revelution of its circular path, [E]

Solution:

4+—| Draw a diagram showing the
forces acting an the patticle F.
& is the angle between the
normal reaction and the
horizontal.

*+— Find & and use this to find &

R()

e
E= =2m
sin & 5
b E(—)
Reosd = mxe’ *— TIse Mewton's 2nd Law * F =’
= mircos&)e’ S 2 G 4
B with a = xee x—?r ut you do
2mg cosd = mr cos e’ not need to find this.
L 2g =t
w — 2_g
V7 4+——| Youshould learn this formula.
. . 2 r
Time to complete one revolution = —=2x [—
w 2g

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 9

Question:

......

¥
B

A particle P of mass s is attached to two light inextensible strings. The other ends of
the string are attached to fized points A and B The point 4 i a distance & vertically
abowe B The system rotates about the line A8 with constant angular speed . Both
strings are taut and inclined at 607 to A8, as shown in the diagram. The particle moves
i a circle of radiusg »

a chow that » =§Fz.
b Find, in terms of a, 2. & and o, the tension in AP and the tension in 5P
The time taken for P to complete one circle 18 T

¢ Showthat T = %] . [E]
g

Solution:

PhysicsAndMathsTutor.com
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a i!
4+— Divide the equilateral triangle
into two right angled triangles.
i TIze trigonometry to express # in
) terms of f2.
5
p tan 607 = ¢
2
#
.o =—xtan &0°
2
A
i) LES = T

B

+— Draw another diagram showing
the forces acting on F.
Let 77 be the tension in AP and

T, be the tension in BF.

PhysicsAndMathsTutor.com
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R
Teosbl =L cosbl —mg =0
1 1
=h-=T=mg O
51T 5 =4
R«
T, sin 60° + T, sin 60° = mres’®

= i bt
a mzw

i.e.lﬂ+l?;=lmﬁzwg =
AR

4— TIze equation of motion & =ma

with a =re” .

Adding D and @ -

=olve the simultanecus equations
to find the two tensions.

T =wmg+ % b
Subtracting @ — @D
L= %mﬂzwz —mg

i
c Lell=w= f

2 h

=0 forall walues of oo so consider

the condition T, = 0.

b T=—""Ta«2x |—
73 2g

teT<m %
\ g

Tse T= 2—?? to find the time to
o

complete one circle.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 10

Question:

One end of a light inextensible string is attached to a fizxed point 4. The other end of
the string is attached to a fized point B, vertically below A4, where A8=4% A small
smaooth ring & of mass m is threaded on the string The ring & mowes in a horizontal
citcle with centre &, as shown in the diagram The upper section of the string makes a
constant angle & with the downward wertical and & mowves with constant angular
speed . The ring 15 modelled as a particle

a Show that o =§[1+51n5].

sin &

2g

b Deduce that w = ?

f3
Given that o= f g

¢ find, in terms of a2 and g, the tension in the string,

Solution:

PhysicsAndMathsTutor.com
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Draw a diagram showing the
forces acting on the ring.

Eesolve vertically.

Eesolve horizontally using
F =ma with a =re®, where
F=htan 8.

“Show each line of working as
there 1s a printed answer.

=1

a A
b -
I b
\'\

Y < \ R

B o T
E( «—
Tros8—mz =10

S Tees@=mg O PR
(<)
T+ Tsiné = mre’
EBut r=htan &
5 B oy B0 S

cosd cosd

qa g l+sinéd
e =2 _
Al san8
b As wf*=§[ : +1] and sind <1 so that —
sin & sin &

Lot w %xE P

2
S0 m i 5
h

Express o in this way, as it is
clear that when siné 15 a

maximum, ¢ 15 a minimum.

3
¢ Given o= -g
k

Then E[lfsmé‘]:B_g |
R\ =né h
Sol+snd =3anf = sinf =%

NG

L ocosd =—

and T =2—fmg orl 1omg

© Pearson Education Ltd 2C
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TTze the expression obtained in
patt a to find the angle &

From equation @ T = i

cosd
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Review Exercise 2
Exercise A, Question 11

Question:

e
& hollow cone, of base radivg 34 and height da, is fized with itz axzis vertical and

vertex I downwards, as shown in the diagram. A particle moves in a horizontal circle
with centre O, on the smooth inner surface of the cone with constant angular speed

fB
g_g . Find the height of T abowve I [E]
a

Solution:

PhysicsAndMathsTutor.com
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Draw a diagram showing angle
/ between the slant side and the axis of

the cone.

Also show the radius » and the height &

R(T)
Rena—mg =10

L Rsina=mg @O

R{<)
Reosa = mre’ 4————| Wse the equation of motion
F= ith & =re” .
Frosa =mrx8—g @ T
O
Divide equation (D by equation @
e call .
Then tana = mg + Srirg Use the result that tana = o |
Da COs
_ B
Br 3
9_‘1:E:>r=3_ / Tsze tan-:x=3 to obtain ».
B 4 2
s, f o DAL —] p |
tane 2 03 Tze tan-:x=§ to obtain A

The height of & abowe Fis 2a.

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

A particle P of mass #2 15 attached to one end of a light inextensible string of length
2. The other end of the string 1z fized to a point A which 1z vertically abowe the point
' on a smooth horizontal table. The particle & remains in contact with the surface of

the table and mowves in a circle with centre & and with angular speed 1’? . where k15
a

a constant. Throughout the motion the string remains taut and LAPD =307 |, as chown
in the diagram,

a Show that the tension in the string 1z g

b Find, in terms of a, g and &, the normal reaction between & and the table.
¢ Deduce the range of possible values of &

ﬁ 2
The angular speed of F 1z changed to _g] . The particle F now moves in a
a

horizontal circle abowe the table. The centre of this circle 15 X
d Show that X 15 the mid-point of G4 [E]

Solution:

PhysicsAndMathsTutor.com
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a E(«<)
TTze equation of motion
Teos30° = mi2a cos 30"}[E] +— Let the tension in the string be 7
3a Tse F =ma with @ =re”,
o\ T:mea_ XE nOting that r=2ﬂ COSBU“.
i
3
b BT
R+Tsin 30" —mg =0 #+— Let the normal reaction be & and
R=mg— Ebngx 1 resolve vertically.
3 2
k
- fte
”g[ 3J
s
c bz B=0, 1—550 *— TIze the condition R =0 to find &
b3
d

*+— Let the newtensionbe T' and let

AF malke an angle & with the
herizontal,

PX =2acos8
Ri{+)
T'cos8 =mx2a cosé‘x[z—g]
0 A TJze F =z forthe new

LT = dme herizontal circular motion.
R(T)
T'sind—mg =10 4+— Find the expression for &

s T B L

Todmg 4

Ae AY =Z2asnd

M=2axl=la +—]

But AD = 2asin 20" =4
AN = %AO as required

© Pearson Education Ltd 2C
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Find the length: AY and AJ to

show the result which 15 asked.
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Exercise A, Question 13

Question:

A particle P oof mass s 15 attached to the ends of twe light inestensible strings AF and
EP each of length /. The ends 4 and B are attached to fized points, with A4 vertically

abowe B and AR =§f, as shown in the diagram abowe The particle P mowes in a

horizontal circle with constant angular speed «o. The centre of the circle 12 the mid-
point of A5 and both strings remain taut.

a Show that the tension in AF is ém(ﬁmﬂ +4g1.

h Find, interms of w2, J, o0 and g, an expression for the tension in AP

¢ Deduce that o = 4_g [E]
3

Solution:

PhysicsAndMathsTutor.com
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4— Let the tension in AF be Tand in
EFbe 5

Draw a diagram showing the
forces acting

a R(T)
Trosf—Scosf—mg =10
mg _ dmg
cosd 3

LT=8=

Ir.l

I

From triangle AP cosd = E

4

Fie)
Teind +5sind = mres
= sl sin e

LT+ =i @

1 Alzo from triangle APO

, _ _ r=lsin8d.
Adding equations T and @ gives

Solve the simultanecus equation

2T = 4 g + il oo “
3 to obtain T first,

S %m(}?mz +4g)

b Subtracting (@ — (D gives

D8 — gl et _4m+g 4—— Alzo uge these equations to find &
1 3
LA = Em(?)fw —4g)
c As S0, 2 4_g as required. 4+— Asstring BF iz taut it 13 under
S tension and S =0

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 14

Question:

A rough disc rotates in a horizontal plane with constant angular velocity o about a

: : : : : : 4
fized vertical axiz. & patrticle P of mass a2 lies on the dizc at a distance ga from the

axis. The coefficient of friction between & and the disc 13 3 Given that P remains at

rest relative to the disc,
4

a prove that o < it
O

The particle iz now connected to the axis by a horizontal light elastic string of natural
length @ and modulus of elasticity 2mg The disc again rotates with constant angular

; ; : : : ; 4
velocity o about the axis and P remains at rest relative to the disc at a distance ga

from the amis,
b Find the greatest and least possible values of . [E]

Solution:

PhysicsAndMathsTutor.com
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R l
F -

i |

mg

R(T)

R—mg=0 . HE=mg
Eie)

F = mrep

5+

=m| —a jp

3

Az Fremains atrest F =y R

4 4 .3
LR —e BT R —m
[BJ 7] £

- g 59_8
20z

'

mg

o

]

Case 1 minimutmn value for e

T:2mg
a
Rl
T+F =mrod
dmg 3 da
L —— g = K —
3 s =4 3 e
1592
2 o SR
“HE T S
R
t
T —@—F

g

Case ii minimutm value for e

R

T-F =mrad,
2mg  dmg da .
'I PSS Y 2SS b me_ %
3 5 g fun
X 2 :i
T

© Pearson Education Ltd 2C
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; 2
Tse F =ma with a =rw” for
citcilar motion.

. ) "
The radius of the circular motion 18 —.

+— Fuhbstitute & =g and

s 4—._.__._____,___._———'—'_
xg da

F=m(§a]wﬂ inte FEuk.

Draw a diagram showing friction
acting towards the centre of the
tnotiet,

Casze 1 mazimum value for

Tse Hocke's Law T = % with
A=2mg, I=ua

and e=—-—a=

*
>

F=,uR=§mg, asin a.

Page2 of 3

This is the greatest possible value of .

Draw a diagram showing friction
acting away from the centre of the
citcular motion,

Thiz iz the least possible value of o’
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Review Exercise 2
Exercise A, Question 15

Question:

Oine end of a light inextensible string of length £ 15 attached to a particle P of maszs m.
The other end 1z attached to a fixed point 4. The particle 15 hanging freely at rest with

: . o . : _ fﬁ d
the string wertical when it 18 projected herizontally with speed ?g .

a Find the speed of P when the string 15 horizontal
When the string 15 horizontal it comes inte contact with a small smoeooth fixed peg
which iz at the point 5, where A5 1z horizontal, and AF <. Given that the particle

then describes a complete semi-circle with centre &,
b find the least possible value of the length AS. [E]

Solution:

PhysicsAndMathsTutor.com
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Conservation of energy:

1 =7
—m| = —u" |=mgl
2 [2 } ¢

-—(“—--

Conservation of energy
1
Em(uz —v*) = mgr

vi=uio2gr D

R T+mg= ﬂz
r

R ki 28
.

2
PRI

——Zmg
r
mgi
=—-3m
2 S

As Tzo:mé—g“?z Tng
P

Mg

e
&

2 least value of A8 15 -

o | e

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Let w be the speed of F when the
string is horizontal

TTzing loss of kinetic energy =
gain in potential energy.

Let the particle move in a
semi-circle of radius #.

WWrite down an equation of
motion & =ma when the particle
1z at the highest point.

Substitute from equation @

TTze the value of u from part a.

Asthe string does not go slack T =0,
TTse this condition to find the least

possible value of the length A8

o | N
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Review Exercise 2
Exercise A, Question 16

Question:

One end of a light inextensible string of length / is attached to a fized point 4, The
other end 1z attached to a particle P of mass # which 15 hanging freely at rest at point
B The particle F 15 projected horizontally from B with speed 32/ . When AP makes

at angle & with the downward vertical and the string remains taut, the tension in the
string 15 T

a Show that ¥ =mg(1+3cos &)

b Find the speed of P at the instant when the string becomes slack.

¢ Find the mazimum height above the level of B reached by P [E]

Solution:

— {3gl)

Tze conservation of energy:

%m@ﬂ _v3) = mgl(l—cos &) +— T:e loss in kinetic energy = gain

in potential energy.
vt =t = 2gi(l—cos ) P =

= gl -2gl+2gices 8

_ 4 hake v* the subject of the
ie v =gl+2gicosd @

formula.
Eesolve along the string
2
T—mgcosd = v 4+ Tlze Newton's 2nd Law ¥ =ma
2
: ¥
_mgj-'-zmgjcosg WlthfI:? aﬂd .?"Z.E.
{
LT =mgl+3c0: ) _ 2 _
¢ Substitute v* from equation @,
h Fut T=10
Then 1+3cosfd =0=rcosd =—l 4+— When the string becomes slack,
3 T=0.
) 2 = T
Y gj+2gj[ 3J *+— ZSolve to find cozd and substitute
gl into equation @ to give v,
3
. v = E‘J
3

PhysicsAndMathsTutor.com
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4+—| The particle now moves as a projectile,
under gravity. Maxzimum height iz
achieved when the wertical component of
the velocity 15 zero.

Consider wertical motion

u=v},,v=0,s=k,a=—g

use v' =u’—2gh

Vi g 8 1 . — This 15 the height abovwe the point at
e ) : :
2g 3 xg e °g which the string becomes slack.
te h = ﬁ
27
T e e T O,
27 3 2

1e. maximum height above B 13 ﬂ . | Youneedtoadd /{1-cos&) to
27 obtain the height abowe 8.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 17

Question:

i

AN

A particle of mass w2 i3 attached to one end of a light inextensible string of length /£
The other end of the string iz attached to a fized point & The particle is hanging at the
point A, which iz vertically below O, It iz projected horizontally with speed 1. When
the particle iz at the point P, Z4A0FP =8 | az shown in the diagram. The string

oscillates through an angle @« on either side of OA where cosa= %

a Finduinterms of g and [,
When £ACF =8 | the tension in the string 13 T

b Show that T=m+?;g(9cosﬂ—4).
¢ Find the range of values of T [E]

Solution:

PhysicsAndMathsTutor.com
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a Using conservation of energy

]

Em = mgl(l—cosa)
gl
2
3 2 2gl
=" ol andy = |25
i Bg i =

b Eesolve along the string
2
T—mgcosd =WT @

Conservation of energy:
lmz —lmvg =mgi(l-cosd) @
2 e
2
ST =mgroos 8 +?m% —z2mg(l—cosd)

2
=3mgcos€+$—2m‘g

=m;f(9cosa—4)

¢ Mamimum value of T1is when =10
o= Smg

ma 3

Minimum walue of T1s when

cosd ==
Eﬂ:%
3
2mg £T£5mg
3 3

© Pearson Education Ltd 2C
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*+— Usze loss ofkinetic energy = gain

| Use Mewton's 2nd Law 7 =

+—— | State the range of values of T, as

i potential energy and substitute

COsoE=—.
3

]

) v
with @ =— and r=/{.
r

+— Tselesz of KE = gainin P.E

Page2 of 2

«—| Eliminate v* from equations @ and @ and

substitute the value for & from parta.

When #=10, cesd=1 which 1=
the mazimum value that cos8
can tale.

2. .
cosd= 3 15 the minimum value that cos&

can tale.

requested.
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Review Exercise 2
Exercise A, Question 18

Question:

) ST r”l m
¥

A smooth selid hemisphere, of radius 0.8 m and centre O, 15 fizxed with its plane face
on a horizontal table. A particle of mass 0.5 kg 15 projected horizontally with speed

um s~ from the highest point A of the hemisphere. The partticle leaves the
hemisphere at the point B, which iz a vertical distance of 0.2 m below the level of 4.
The speed of the particle at Bis vm s~ and the angle between Od and OB is &, as

shown in the diagram.
a Find the value of cosé&.

b Show that v* =588,
¢ Find the value of . [E]

Solution:

PhysicsAndMathsTutor.com
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Draw a diagram indicating the
lengths given in the question,

As AT 1z aradius, A0 =08m

AN =02m
But.:, ON=08-02
LR +— Tdentifyy the lengths of sides of

AOEN where BN is

OF 15 aradius, D8=08m Aiade et O

3

L cosd =% =" or 075
ng 4

b g — <+— Asthe particle leaves the

' hemisphere at B the normal

e reaction £=0.
o
Eesclve along the radius O0F8:

i an — | Use Mewton's 2nd Law 7 =
mgrosd = —=—— .
0.8 with ¢ =— .
LV =08gcosd=06g !

=5.88(3:f) pape s

This iz the answer printed on the
1 1 fuestion o give 32 f
C me 9.RBE— Emug =mgx 02

st =588-04g
o dio oy 4+—| Use gain in kinetic energy = loss
' =B in potential energy.
w=14

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 19

Question:

A smooth selid sphere, with centre O and radius a, 15 fixed to the upper surface of a
horizontal table. & particle P is placed on the surface of the sphere at a point A, where

4 makes an angle o with the upward vertical, and 0 <o = % . The particle is

released from rest When OF malkes an angle & with the upward wertical, and & is still
on the surface of the sphere, the speed of P 15w,

a Show that v = 2ga(cosa —cos &1,
iven that cosa= ; find

b the walue of 8 when F loses contact with the sphere.
¢ the speed of F az it hits the table, [E]

Solution:

PhysicsAndMathsTutor.com
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a Emvz = mzigcosa—acosd)

SV = 2galcosa—cos &)

b Eesolve along the radius

2
v

mgeoosf—RE=——and R=10

@
Sogoosd = 2gicosa—cosd)

3
=Zg| ——cosd
g[4 Cos ]

Soagcosd =3—g:> cos.:?:l
2 2

1.e.8 =600

¢ FromAte B

%mwﬂ =mgla+acosa)

3
St =2ea| 142
g 4
1
aesf TREP
2

© Pearson Education Ltd 2C
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Draw a diagram.

TTze gain in kinetic energy =loss in
potential energy.

When & losses contact with the
sphere the normal reaction £ =10

TTze Mewton's 2nd Law.

Substitute cosa=§ and find the

value of cosd.

Tou may use gain in kinetic
energy =loss in potential energy.

There are alternative methods
invelving projectiles, but this is the
shortest method.
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Review Exercise 2
Exercise A, Question 20

Question:

The diagramn shows a fized hollow sphere of internal radiueg @ and centre & A partticle
Fof mass e 1s projected horizontally from the lowest point 4 of a sphere with speed

ﬁ 7 ) . . :
Eag] It mowes in a wertical circle, centre &, on the smooth inner surface of the

sphere. The particle passes through the point B, which iz in the same horizontal plane

as (7 Tt leawes the surface of the sphere at the point ©, where OO makes an angle &

with the upward wertical

a Find, in terms of 2 and g, the normal reaction between F and the surface of the
sphere at 5.

b Show that 8=060".

After leawing the surface of the sphere, P meets it again at the point 4

c Find, interms of @ and g, the time P takes to travel from C'to A [E]

Solution:

PhysicsAndMathsTutor.com
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a Conservation of energy:

Tse lossin EE =gan nPE

When the particle 15 at 5, the
radius 15 horizontal use & =wma .

Lossin EE =gainin P E.

Page2 of 2

The normal reaction 15 zero at this point )

lmz = lmvz = gt |
2 2
i.eémx %—mgﬂ = %mvz o v* = 5 ga
Eesolve along radius +—
2
- -
&
. E
ie R=—m
5 =
1 Tega 1 5
b 5 T——mV =mga(l+cosd) D *+—]
Eesolving along radius
2 ]
mgcosd = i @

a
Eliminate I from equations (D and @

agrosd = ?%— 2gall+cosd)

S 3gacos 8= BE:B cosd =l
2 2
S8 =60

Consider motion in horizontal dechion.
Distance = @ sin 60°

Vo= Foosél’
A Tlmez = M
Frosblr

But I = agcos60° =%

SE=atan 607 + 22
2

_ [ba

E

© Pearson Education Ltd 2C
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-—

as the particle leaves the sphere.

Solve to find cos8.

.

The particle mowves as a projectile,

This comes from equation @ in
patt b,
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Review Exercise 2
Exercise A, Question 21

Question:

A trapeze artiste of mass 60 kg iz attached to the end A of a light inextensible rope 04
of length 5 m. The artiste must swing in an arc of a wvertical circle, centre O, froma
platform P to another platform O, where P00 12 horizontal The other end of the rope iz
attached to the fized point O which lies in the vertical plane containing P, with

P00 =120" and OF =30 =35m , as shown in the diagram.

Az part of her act, the artiste projects herself from F with speed J]_S mstina
direction perpendicular to the rope O4 and in the plane P00 She mowves in a circular
arc towards () At the lowest point of her path she catches a ball of tnass s kg which is
travelling towards her with speed 3m 5™ and parallel to 0P, After catching the ball,
she comes to rest at the point O

Ew modelling the artiste and the ball as particles and 1gnoring her air resistance, find

a the speed of the artiste immediately before she catches the ball,

b the value of #,

¢ the tension in the rope immediately after she catches the ball, [E]

Solution:

PhysicsAndMathsTutor.com
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= o
2 lwg - lm(.\jﬁjg 4— (Gain in kinetic energy =loss in
b : 2 potential energy.
Ti8 i e 3 . =mg x 31— cos 607
—- ¢yms"
1
v2=15+10gx5 +— Speedis Sms.
1e.v =28
b Let her velocity after catching the ball +— Consider motion after catching
the ball.
%Mmﬂ —0= Mg5(1-cos607)
vt =49 *—— Lossmm EE =Gan nP E

1e.ew="7

Then use C. LM when she catches the ball:

4— TIze conservation of linear

Before impact Bl Ei) momentum at the instant when

she catches the ball.
After impact

]
—=7ms "

CoB0xE -G = (60+m)x’
1e 480 —3m =420+7m

The 3m s~ is in the opposite

direction from the 8m s, 50 use
a tinus sign.

te &0 =10z
lLem =6
c
* *— Tlze Mewton's 2nd Law 5 = ma
where a =v—2.
ibg £

R(T)
72
T—fbhg = 66)(?

ie. T=132g or 1300 M (2 6.£)

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 22

Question:

E
1l m
) rd n

»
<30

¢

The diagramn represents the path of a skier of mass 70 kg moving on a ski-slope
ABCD The path lies in a vertical plane. From A to B, the path iz modelled as a straight

line inclined at 60° to the horizontal From Bto [ the path 13 modelled as an arc of a
vertical circle of radius 50 m. The lowest point of the arc B0 15

At B, the skier is moving downwards with speed 20 m 57 At D, the path is inclined at

307 to the horizontal and the skier is moving upwards. By modelling the slope as
smooth and the skier as a particle, find

a the speed of the skier at T,

b the normal reaction of the slope on the skier at O,

¢ the speed of the skier at [,

d the change in the normal reaction of the slope on the skier as she passes 5.

The model 15 refined to allow for the influence of friction on the motion of the skier,
e State briefly, with a reason, how the answer to part b would be affected by using
such a model (o further calculations are expected.) [E]

Solution:

PhysicsAndMathsTutor.com
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a Let the speed at Cbe vim s~

1
P
v =20% +50g = v* =830

v =30(2s£) Speedis 30m s

i 390

50
. R=1900(25f)

Mormal reaction 15 1900 MNewtons.

b TatC:R-mg=

¢ Consider motion O to [ Let speed of skierat Dbe com 7.

Then %mx%ﬂ—%mwz =g 20(1—cos30") ] Use loss of EE.=gain 1n

et = 890-100g(1—cos 307)
=759
Soop = 28(to 280
", Speedof Dis 28m s,

d EBefore: (N R

mg
R=mgcosbll’
After:

2
R—mgcoosbl = il

50
2
1. R =mgcoosbl’ e =0
2

| Changein X 222 _seni

ZSo change in normal reaction iz 560 I

—mvz—%mxmg=mgx50(1—c0560"} +— Gain in KE =lozs of

PE

]

1
TTse F =mx where @ = — .
r

1

PE

Eesolve perpendicular to the
slope at B just before the circular
motion and just as circular motion
begins.

e Lower speed at C = the normal reaction 1s reduced. 4 Starting ‘lower speed’ gives

© Pearson Education Ltd 2C
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the reason for the reduction in
normal reaction.
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Review Exercise 2
Exercise A, Question 23

Question:

A Viag

A particle P of mazs w18 attached to one end of a light inextensible string of length o
The other end of the string is attached to a point & The point A 18 vertically below O,

and (/A =a . The particle 15 projected horizontally from A with speed (f(3ag) . When

OF makes an angle & with the upward vertical through O and the string iz still taut,

the tenzion in the string is T and the speed of F 12 v, as shown in the diagram.

a Find, interms of @, g and &, an expression for v°,

b Show that T =(1-3coz Fmg .

The string becomes slack when F 15 at the point 5.

¢ Find, in terms of @, the vertical height of 5 abowe A

Lfter the string becomes slack, the highest point reached by P iz O

d Find, in terms of @, the vertical height of C abowve B [E]

Solution:

PhysicsAndMathsTutor.com
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a Conservation of energy:

%m}zg - Emvz =mga(l+cos &)

TTze loss of EE =gan inPE
v =agll-2cosd)

b Resolve v~ along radius:

2
pav
T+mgoosf=—
i

ST ={1-5cos8img

¢ Jse T=10_ then |:035=]

3
S height above A=a +lcz

| =

d Atpeint B, v° =]§ag

Consider wertical motion
(vsin &)° = 2gh

As |:055'=%,|:0529 =la.nd sin25'=§ —

§ lagx— =Zgh

(]
W | &0

= ia: or 0. 1484
27

© Pearson Education Ltd 2C
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Tze Mewton's 2nd Law & = ma
2
with & =2
F

String becomes slack when =10

Substitute into A =a(l+cos &),

This method considers motion
under gravity but the solution
could ke found using energy.
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Review Exercise 2
Exercise A, Question 24

Question:

A particle P of mazss m 15 attached to one end of a light inextensible string of length a.
The other end of the string 1z fixed at a point & The particle 15 held with the string taut
and OF horizontal It 15 then projected vertically downwards with speed w, where
3 T

ut = 5 g . When OF has turned through an angle & and the string is still taut, the
speed of F 15 v and the tension in the string 15 T, as shown in the diagram above.
a Find an expression for v* in terms of 2, g and &.
b Find an expression for Tinterms of m, gand &,
¢ FProve that the string becomes slack when &=210".
d State, with areason, whether P would complete a vertical circle if the string were

replaced by a light red
Lfter the string becomes slack, P moves freely under gravity and iz at the same level
as P when it 12 at the point 4.

ﬁ 3
e Explain briefly why the speed of P at A 13 3 gcx] :

The direction of motion of P at 4 makes an angle @ with the horizontal.
f Find 4. [E]

Solution:

PhysicsAndMathsTutor.com
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lmvz —%muz = mga sin &

2

vi=ut+2gasind

ga+lgasingd @

2|

Gain in K E =loss in P E from
conservation of energy.

Eadial equation:

]

_ Y
T—mgsind =—— '
@

TTse Mewton's 2nd Law in the
direction of the radius.

3
T =mgsin5‘+5mg+2mgsin5'

_ Smg

1+2an8
5 ( )

Put T =0, then sin5‘=—% so & =210" +—

When the string 15 slack T=10.

Setv=0in @ -—

. 3 .
Then sin& = _E .sonota complete circle.

To complete the circle v# 0
before reaching the top point.

1.e. Fwould not complete vertical circle.

Consider motion at start and at A:
nie change in potential energy =
fio change in kinetic energy

The particle began its motion at
the same level as & and thus at
the same level as A

3
sov=u=,l—ga
28

TWhen the string becomes slack

g 4 o 1 1
V= —ga al —— [F—ga
23 g 5 28

Itz horizontal component of velocity

Substitute sinf =— 5 from c into

the equation obtained in part a.

||1
L 60"
18 - et Cos

. . L ||3
When P reaches point 4, herizontal component of velocity is 5 g Cosg

- —

1'% cosg = %gacosﬁﬂ"

L]
=y
%
1]

There are a number of pozsible
tnethods but conservation of
horizontal component of welocity
1z direct and short

ied =73.2°(3ef)

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 25

Question:

A particle 15 at the highest point A on the outer surface of a fixed smooth sphere of
radius @ and centre & The lowest point & of the sphere 15 fized to a horizontal plane.

The particle 1z projected horizontally from A with speed 2, where 2 < 1iIl'lic;tg) . The

particle leaves the sphere at the point O, where OC malkes an angle 8 with the upward
vertical, as shown in the diagram abowve.
a Find an expression for cosd in terms ofw, g and @

9
The particle strikes the plane with speed %J .
h Find, to the nearest degree, the value of & [E]
Solution:

PhysicsAndMathsTutor.com
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a lmvg —%mz =mgall—cozd)

Eeszolve in radical direction:
—R+mgrosd = ﬂz T

When particle leav{;s the sphere =10
Somgoosd = %%2+2mg(1— cosd)

2
S3cosd = u_+2
aE

2
: i
tecosd = —+—

dag

*— Jamnin EE =Loss nP.E

*— Mlake cosd the subject of the

4— TIze equation on motion & =

Put =0 and eliminate v*.

formula.

b Conservation of energy between C and the ground

1 (9 1
Em[%} —Emvg =mgail+cosd)

Putting &£ =0 into equation T gives
v =agcosé
9 1
5 Eag—gag cosd = ag+agcosd

: %ag =§agcos$‘

‘ cosd =—

S0 & =734 (nearest degree)

© Pearson Education Ltd 2C
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*+— Give & to the nearest degree.

+—| Energyis the most direct method,
though you could use projectiles,

T Findan expression for the velocity

when the patticle leaves the sphere.

g

Substitute v* into the energy
equation to find cosd .
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Review Exercise 2
Exercise A, Question 26

Question:

Part of a hollow spherical shell, centre & and radius a, s removed to form a bowl with
a plane circular ritn. The bowl 15 fized with the circular rim uppermost and horizontal
The point A 15 the lowest point of the bowl The point & 15 on the rim of the bowl and
LAOQE =120° | as shown in the diagram above. & smooth small marble of mass w2 12
placed inside the bowl at 4 and given an initial horizontal speed 1. The direction of
motion of the markle lies in the vertical plane AQE The marble stays in contact with
the bowl until it reaches B "When the marble reaches 5, its speed 13 v

a Find an expression for v°,

b For the case when u* =6ga , find the normal reaction of the bowl on the marble as
the marble reaches 5

¢ Find the least possible value of & for the marble to reach &

The point T 15 the other point on the rim of the bowl lying in the vertical plane 045

d Find the value of w which will enable the matble to leave the bowl at & and meet it
again at the point [E]

Solution:

PhysicsAndMathsTutor.com
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a lmug —%m'vg = mgall+cos 607) *+— Lossin EE =Gain inP.E

2

Vi=pi-3ga @

b Eesolve naradial dwection: |, R ___ B
180, -7 1\ 1 Use equation of motion: 7 =ma
a o mg | _ 2
R+mgc0560"=£ Z with @ =— .
a F
When u® =6ga. v =3ga 4\\
Use equation .
L R= 3mg—%
i . Substitute into equation @,
e R=—>=
2
4— The least value for u will enable
. g il particle to teach &, but to leave
c R=Uatp01ntB:>?=T the surface at B, s0 R=0.
=y = %
. * Tse equation (D,
2= =u*-3ga
2
=
2
d — : . i
/ N\ p +— Consider motion of a projectile
C 5 . I under gravity.
dd 2 a
Y 2

(=18 to Civeos 60" wi = a«ﬁ

g a3
Vv 4— First consider horizontal
component of motion

(MBto C:0 =vsin 60"1‘.—1562
2

_ 2vein 607 vﬁ *+— Then consider the vertical

componett.
g &
. Za«E = _v”‘E = =2ag +— Equate the two expressions for ¢
¥ £ and find v*.

', From @, 4* =lag , ie u=.0ag

© Pearson Education Ltd 2C
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Exercise A, Question 27

Question:

A uniform solid 13 formed by rotating the region enclosed between the curve with
equation ¥ = JJ_E the x-axis and the line x=4, through one complete revalution about
the x-axiz. Find the distance of the centre of tnass of the solid from the origin O [E]

Solution:
?r‘[ygx dx +— You should learn this formula
T=—%
2
wjy dx . Substitute y = fx into the

formula.

= +— Integrate the numerator and the
-ﬂ"[ x dx denominator.
0

|:1 3:|4 , 4+— Evaluate and simplify.
— X

. The centre of masgs of the solid iz at a distance § from O

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 28

Question:

A o ¥

A toy is formed by joining a uniform solid right circular cone, of base radius 37 and
height 47, to a utuform solid cylinder, alse of radius 3r and height 47 The cone and the
cylinder are made from the same material, and the plane face of the cone coincides
with a plane face of the cylinder, as shown in the diagram. The centre of this plane
face 15 O

a Find the distance of the centre of mass of the toy from O

The point A lies on the edge of the plane face of the cylinder which forms the base of
the toy. The toy 15 suspended from A and hangs in equilibrium

h Find, in degrees to one decimal place, the angle between the axis of symmetry of
the toy and the vertical.

The tov 1z placed with the curved surface of the cone on horizontal ground

¢ Determine whether the toy will topple. [E]

Solution:

PhysicsAndMathsTutor.com
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Page2 of 3

a
Distance )
of +—— Let p ke the mass per unit
=hape Mass Ma_ss centre volume.
rat1o
of tnass
from @ | «——— Set out table — downward from O
Cylinder | 36mpr’ 3 ar 13 positive here.
Cone 12mor —r
Toy 4 8mor’ 4 x
. s -—|
CHION BT TG~ Centre of mass 1s S_r below point
. 4
T4 * on the figure.
h A 4} . :
_/,/"-"x.r/' — Tn AACY | AX s the radius 3r of
/e i"x the cylinder and . is the centre of
i 3 the base of the cylinder.
A -
A tical
Sy . QX =0X -0G.
tand = —
24
tan 8 = iia —
Py
3
dr— 3
4
12
11
4+— The question asked for the angle

tan o = 2 from AFOR

A
tan ¢ = ﬁ =ﬁfrc-m AEOY
g 3r
OF 3 Gp

S = aor=2
> 4 4

But OG:ST: so Q0= OF

This means that the toy will not topple.
© Pearson Education Ltd 2C
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to 1 decimal place.

The toy will not topple if 7 (the
centre of masz) iz vertically abowe
apoint between B and I

Let ¥be the point directly above B
oty the axis of symmetry of the toy.

Then if FiF=FF toy will not
topple.
e, Q&= O0F —notoppling.
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Review Exercise 2
Exercise A, Question 29

Question:

@ "

A uniform selid cylinder has radius 24 and height Ecx. A hemisphere of radius a 13

removed from the cylinder. The plane face of the hemisphere coincides with the upper
plane face of the cylinder, and the centre & of the hemisphere iz also the center of this
plane face, as shown in the diagram abowe The rematning solid 15 .5

a Find the distance of the centre of mass of 5 from &

The lower plane face of S rests in equilibrium on a desk lid which 1z inclined at an
angle & to the horizontal. Assuming that the lid 15 sufficiently rough to prevent S from
slipping, and that 5 1z on the point of toppling when &=,

b find the value of .

iven instead that the coefficient of friction between 5 and the lid 15 0.8, and that & 13
ot the point of sliding down the slide when 8=7,

¢ findthe value of A4 [E]

Solution:

PhysicsAndMathsTutor.com
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a
Dnstance of
Shape Mass Mgss centre of
ratios mass from
i
' af 3 S sl
Cylinder mo(2a)| —a & —a raw a table giving
2 4 tmass ratios and
Hemi- 2 3 2 3 distances.
sphere = i 7 ga
2 16 7
Eemainder | mo |:6.:z3 _— 43:| 5 P

Tale moments and find x| the
distance of the centre of mass

from &,

HEa2P i (3£}
64

1 Draw a diagram showing &, the

position of the centre of mass,

above o

On the point of toppling: & 15 abowe 5 —
the lowest point on the bottorm circular face,

Let X be the centre of the base of
the cylinder.

Dyraw a diagram showing the
forces acting on the solid

Eesolve perpendicular to and
parallel to the plane

TTze the condition for sliding that

e P
tan o =—G—m=m +—
64
c g . |
B R—mgroos =10
SR =mgoos A
Bl F—mgsinf =10
L F = mgsin 8
Tsing F = uF mgsin f = 0 Bmgcos A
Sotan =08 "
S0 =287

F=uk.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 30

Question:

£ I

; : ; : 1
The shaded region X iz bounded by part of the curve with equation y= 5 (x—2)%, the
x-axis and the y-axis, as shown abowe. The unit of length onboth axis 1z 1 cm A
uniform solid & is made by rotating X through 3607 about the x-axis. Taing
inte gration,
a calculate the volume of the solid 5, leaving vour answer in terms of o,

s ol .
b show that the centre of masz of 512 = ot from its plane face.

Hem

4om I £

r k.
| B

A tool iz modelled as having two components, a solid uniform cylinder O and the solid
& The diameter of O 12 4 cm and the length of O iz B cm. One end of & coincides with
the plane face of 5 The components are made of different materials. The weight of &
1z 10/ newtons and the weight of 515 28 newtons. The tool lies in equilibrium with
itz axis of symmetry horizontal on two smooth supports A and B, which are at the ends
of the cylinder, as shown above.

¢ Find the magnitude of the force of the support A on the tool [E]

Solution:

PhysicsAndMathsTutor.com
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QM (E): AxE8+2W K% =100 x4

2
40——]w
_,_AJ 3)" _ 118w
8 24
s
12

© Pearson Education Ltd 2C
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-

Substitute y= 12 (x=2)° into

equation.

Use lirnits 0 and 2 as
y=0=x=2

Use the standard formula,

Tse a substitution

u=x—2,%=l and x=(u+2)

Change the limits of integration.

-

The centre of mass lies on the
axis of symmetry at a distance

%cm from the plane bagse.

Let the reaction at A be A, and at
Eke B

Take moments about B to
eliminate the force 5.

This 15 the force of the support A
on the tool

Page2 of 2
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Exercise A, Question 31

Question:

[ T,

h

[

A child's toy consiats of a uniform solid hemisphere attached to a uniform solid
cylinder. The plane face of the hemisphere coincides with the plane face of the
cylinder, as shown inthe diagram abowe. The cylinder and the hemisphere each hawve
radiuz » and the height of the cylinder is & The material of the hemizphere iz six times
as denze az the material of the cylinder. The toy rests in equilibrium on a horizontal
plane with the cylinder above the hemisphere and the axis of the cylinder vertical.

a Show that the distance o of the centre of mass of the toy from its lowest point & 13
i+ 20 457

20k +4r)
When the toy 12 placed with any point of the curved surface of the hemisphere resting
on the plane it will remain in equilibrium.

b Find % in terms of r [E]

givenby J =

Solution:

PhysicsAndMathsTutor.com
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Distance of

M (O 4rx%r+}z[g+r] = (dr+i)%

2

E:r"2+—+:r"}z
e 2
dr+k
2 2
Soai'=;g +2hr+or

20k +4r)

h Az x=r

B D507 = Ok Ar) e |

le h?+2hr+50% = 2rh + 877

b =3t

1e & =\.'§r

© Pearson Education Ltd 2C
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=hape Mazs Idass ratio | centre of mass
from O
Heinidnhirs Emj &5 47 5_’" + Diraw a table showing
3 d masses and position of
: 5 A centre of mass.
Cylinder mrihp o 5+r
Toy ardolde + k) dr+h x

Tse moments equation and make
% the subject of the formula.

The centre of mass must be at the centre
of the hemisphere, so X =r.

=Solve the resulting equation to
give k in terms of 7

Page2 of 2
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Exercise A, Question 32

Question:

h

A medel tree iz made by joining a uniform solid cylinder to a uniform zolid cone made
of the same material The centre O of the base of the cone iz alzo the centre of one end
of the cylinder, as shown in the diagram. The radius of the cylinder iz » and the radins
of the base of the cone 18 27 The height of the cone and the height of the cylinder are
each 4. The centre of mass of the model 15 at the point (7.

a Zhow that OCF=i}'e.
14

The model stands on a desk top with itz plane face in contact with the desk top. The
o o . . 7
desk top 15 tilted until it makes an angle o with the horizontal, where tan o= TS The

desk top 13 rough enough to prevent slipping and the model 15 about to topple.
b Find » interms of & [E]

Solution:

PhysicsAndMathsTutor.com
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a
Position — .
. +— The centre of mass lies
o M M . distance of b < of
ape ass ass ratio bR on the axis of symmetry.
from O
s
Cylinder prrih 3 +— «———| Draw atable showing masses
3 i and positions of centre of
Cone = pr(2rh 4 i tnass.

3 4

2 4 =

Tree Arrh 1+§ 7 x

A Fd i _
UM(U):BXE—éle:?x +—| Take moments and let 0F=%.
%—k =7%
2

.
7 x -
14

Draw a diagram showing &
directly abowe &) the lowest point
of the base of the cylinder.

Enlarge AGEY | where X is the
centre of the circular base.

; F 7
ah o = = —
k_i 26
14
T 13k
=i *— Tlze tan o to find 7 in terms of 4.
264 14
r=-h

© Pearson Education Ltd 2C
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Exercise A, Question 33

Question:

3
oy r X

The diagram shows the region & bounded by the curve with equation ¥* =rx, where »

1z a positive constant, the x-axis and the line x =7 A uniform solid of revalution 5 iz
formed by rotating & threugh one complete revolution about the x-amis,

a Show that the distance of the centre of mass of 5 from & 13 %r.

The solid is placed with its plane face on a plane which 1z inclined at an angle o to
the horizontal The plane is sufficiently rough to prevent 5 from sliding. Given that &
does not topple,

b find, to the nearest degree, the mazimum value of o, [E]

Solution:

PhysicsAndMathsTutor.com
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a The centre of mass lies on the axis of symmetry
A& Letthe distance of the centre of mass of &

from O'he X and let it be at point &

;r-[yg xdx 44— Tlze the standard formula.
Tse ¥ = ——=———
2
d Jy dax ¢ Substitute ¥* = rx into the
formula.
+—| Integrate numerator and
denominator,
4— Cubstitute the limits ¢ and #~
b G — Diraw a sketch showing (&
o ::r 3%‘] vertically abowe the lowest point
______ . of the plane face.
N -— - X

- Show an enlargement of AGEN
tat ot = —— GY =0X - 0F
i
=r- 2r
=r+lr 3
3
=3

S =12 (nearest degree)

© Pearson Education Ltd 2C
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Exercise A, Question 34

Question:
= -l — F -
# "
- )
b, [ RO I
/- Ty

An orI;;mﬁnt 15 formed by removwing a solid right circular cone, of radius » and
height %}3, from a solid uniform cylinder, of radius » and height », as shown in the
diagram.

a Show that the distance of the centre of mass &5 from its plane face 1z Ek.

The ornament 15 suspended from apoint on the circular rim of itz open end. It hangs in
equilibrium with itz axis of symmetry inclined at an angle « to the horizontal. Given
that A =4r,

b find, in degrees to one decimal place, the value of o [E]

Solution:

PhysicsAndMathsTutor.com
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a
Mass Distance of
=hape Ilass : centre of mass
ratios
frombase
Fi
Cylinder norh ! 2 < Draw atable showing masses and
i 4 [ P J ; i position of centre of mass on axis
Shor | = of symmetry,
c = ]2 yrametry
ofle 3 2 c 4[ 2]
3 4 5 o
Crmament —marth —
& 5 i
Take moments about <, centre of plane base:
k21 7k oS- =
k=¥ —=—x 4— Take moments and solve to find ¥,
2 6 B 6
5=k Th
R
& 2 48
17k
48
e AR S A3B 6 1R
W x = _+_=_x_=_

48 6 48 5 40

h o _ _
~ L 175 +—| Draw a diagram showing the
$ . : _ k_ﬁ centre of mags & below the peint
A halree = - of suspension.
h=17h
( 10 ) ofi  Alsok =4r
G 23 1 Use tana and inverse tan to find
—=x4r the angle o .
. tana =20 B
»
=273
o =660 (1dp)

© Pearson Education Ltd 2C
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Exercise A, Question 35

Question:

YA B

A child's tov consists of a uniform solid hemisphere, of mass M and base radius »,
joined to a uniform solid right circular cone of mass me, where 2m < M . The cone has
vertex O, base radius » and height 37 Its plane face, with diameter AF, coincides with
the plane face of the hemisphere, as shown in the diagram abowve,

300 — Zma) :
(M +m)
The toy iz placed with O4 on a horizontal surface. The toy is released from rest and
does not remain in equilibrium.

b Show that M = 26w [F]

a Show that the distance of the centre of mass of the toy from A5 15

Solution:
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a
Distance of centre
Shepe haas of mass from A8
2
Hemisphere A + gr
T 4+—— Draw atable showing mass and
Cone o ™ distance of centre of mass from
AE.
Toy pr 4 M %
LA AR
(s + M) T = +§Mr —%mr +— Take moments about A5
= %— {(2ez 4+ M)
T = M, +— Make X the subject of the
BM +m) formula.
where the centre of mass 15 on the azis of

symmetry at a distance ¥ from A8 in the
direction away fom O

*+— Draw a diagram with point 2 on the
axziz of symmetry above point B

*+— This 15 the condition for toppling.

Ezxpress O in terms of 7.

B ) ! 3r +— Substitute and express M in terns
Le 9(M — 2w = BM +m) of wz.
DM E2Em

© Pearson Education Ltd 2C
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Exercise A, Question 36

Question:

Tze integration to show that the centre of mass of a uniform semi-circular lamina, of

; . ; e : . : . w x
radius @, 15 a distance o from the mid-point of its straight edge, & A semi-circular
T

lamina, of radius & with £ as the mid-point of its straight edge, 1z removed from the
first lamina. Show that the centre of mass of the resulting lamina is at a distance x
4 (a* +ab+b*)

I (a+h)

Hence find the position of the centre of mass of a uniform semi-circular arc of

radius a. [E]

from & where T =

Solution:

PhysicsAndMathsTutor.com
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The centre of mass lies an the x-axiz from symmetry.

An elemental strip of area 15 2vdx
ijxp:Ex

T ijyEx

1
Substitute y="(a" —x*)? into the formula for T .

The boundary of the semi-circle has equation z° +3° =4 0<zx<a

1
pjﬂ2x(az — 97 dx 4+— The denominator 15 the area of semi-
;=L 3 . : ) ol
pxﬂ circle times o 1e. pr.
2
] (3
= iﬁ _E(aﬂ —xhH2
T 3 +— Integrate using the reverse of the
chain rule,
= E ¢ = I:a3:|=j—a, as recuured.
e Fig
. Distance of
=hape Mass et centre of mass
mass
from &
=emi-circle 1 4 5 4_a:
radiug a Egﬂa i 2 ¥ Draw a table and complete
S with mass ratios and distances
Semi-circle l 2 B2 ﬁ £ £ f 0
radius b 23"?3' i of centres of mass from &
Remainder | —mola® —&%) a’-b? x
UM(O):agxﬂ—ngﬁ=(ag—b2}f 4— Take moments to find x
A 2
4 [@=F] 4 (a-8)a* vab+id)
3 (ﬂz _592:' 3 (@ —E)a+b) 4—| Factorise numerator and
4 (a* +ab+b%) denominator to simplify the
= gw fraction.
As b— a, the area becomes a circular arc and
& g ixiﬂg _a *+— Let 2=« inthe formula and
Zr 2a 0w obtain the limiting value,

© Pearson Education Ltd 2C
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Exercise A, Question 37

Question:

A uniform triangular lamina ASC has ZABC =90" and AR =« Using integration

o ) 1
show that the centre of mass of the lamina 15 at a distance gc from &5C.

5 K

r Q

The diagram shows a uniform lamina in which PO = Fy=2a 5E=a.
The centre of mass of the lamina 15 &7

a Show that the distance of & from B8 15 %a.
b Find the distance of & from PO [E]

Solution:

PhysicsAndMathsTutor.com
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B! C

Let the equation of the line AT be y=c — .
)7 e
Then x= —5%——

e

Choose B as the origin.
The direction B4 18 the
y-azxis and the direction BC
1z the x-amis,

Le. ¥ = -
mc—mxdx - 3 _
; ¥=c—mx sowhen yv=0x=—_ which
. i
11 -1 3 gives the upper limit for the integral
—| =—le—mmi
2] G 5
-1 2 [m +— Integrate numerator and
—le—mm) :
ez . denominator,
1 L1 c
s O 4+— Substitute limats.
= lc as required.
z:
Posttion of .
Shape Wlaszs e +— Cotnplete a table with mass and
positions of centres of mass.
e
Rectangle | 2a 0 (E,Q:J
—— 3 [4:1 Za]
a ===
riangle 2 73
Lamina 3a2,-:} (%7
A
% iy 7
U2ato| 2 |+aip = 3&12,{?(_}
e ¥
o R
3
4 4+— TIze a wector equation an as in M2
a+—a (BEJ
2 +Ea 2
3
x= ! a,y= & a
g

a Distance of & from Pa is %cx

b Distance of & from PO s %a

PhysicsAndMathsTutor.com
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Give the answers clearly.
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Review Exercise 2
Exercise A, Question 38

Question:

A uniform triangular lamina A ¥Z has XY = XZ and the perpendicular distance of &
from FZ 15 & Provwe, by integration, that the centre of mass of the lamina s ata

distance % from A

B 8

A uniform triangular lamina A8C has A8 = AT = 5a, BT =Ba and ) 15 the centre of

mass of the lamina The triangle 800 iz removed from the lamina, leaving the plate

ABDC shown in the diagram.
a Show that the distance of the centre of mass of the plate from A is 5;.

The plate, which 15 of mass M, has a particle of mass M attached at 8 The loaded plate
1z suspended from O and hangs in equilibrium.

b Prove that in this position CF makes an angle of arn:tan% with the vertical [E]

Solution:

PhysicsAndMathsTutor.com
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', The centre of mass of the lamina 1s

2k

at a distance h— g =— from X

PhysicsAndMathsTutor.com

Let & be the mid-point of 2
Let OF be the x-aeic and OX the
y-ais

The triangle i 1sosceles and the
y-azis 15 the line of symmetry,

The equation describes X2 which
gives x in terms of y.

Integrate numerator and

denominator.

substitute limaits.

You obtained distance from &

Subtract to give distance from X

Page2 of 3
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Diraw atable completing masses
and positions of centres of mass.

Take moments and make x the
subject of the formula.

a
Distance of
shape Maszs | centre of mass
from A
ABC | 12pa’ Za
ABDT | 4pa® 2a+%“
Remainder | 8Boa® T
OM (A 1204° x2@—4pa2[8?a] =8natx ]
3200’
24,0@2 = ,;a: = Spa:" T
_ 40a  _ Sa
LRI E— = T=—
2 E

Draw a diagram showing 8, O
and & and X the mid-point of BC

MO Mg xBazand = Mg |:4?a cosd —4asin 9:|

L 12Megand = %Mgﬂ cos &
sind =i+12
cosd 3
1e tand =l
8

2o CF malkes an angle arctan[é] with the vertical

© Pearson Education Ltd 2C
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- —

The distance X =3a— S?a

~

-

OB makes angle & with vertical
Also X makes an angle & with
the horizontal

sin &

CoE

Divide by cosd as =tan & .

This is the required answer,
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Exercise A, Question 39

Question:

Vi

' Figure 1
R

i} r [y

A uniform lamina occupies the region & bounded by the x-axis and the curve
y=snx 0= x= 7 asshownin Figure 1.

a Show, by integration, that the y-coordinate of the centre of mass of the lamina is
Fid

3

Figure 2

e

(]

A uniform prism & has cross section & The prism 1z placed with itz rectangular face on
atable which 15 inclined at an angle & to the horizontal. The cross section 8 liesina

vertical plane as shown in Figure 2. The table 15 sufficiently rough to prevent 5 sliding.
iven that 5 does not topple,

b find the largest possible value of &. [E]

Solution:

PhysicsAndMathsTutor.com
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a
substitute ¥ =sin % into the
standard formula

+— Tlze double angle formula to
integrate sin® x.
+— Integrate and substitute limits,
b

<+— When & 13 on the point of
toppling, G 13 abowe O

Let A be the point mid-way along
the bage of &

4+ TIze triangle (FOA.

+— Giive your answerto 3o f or to
S8 =760 (Zaf)or 76 (nearest degree) the nearest degree.

© Pearson Education Ltd 2C
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Exercise A, Question 40

Question:

A clozed container O consists of a thin uniform hollow hemispherical bowl of radius a,
together with a lid The lid 15 a thin uniform circular disc, also of radius @, The centre
) ofthe disc coincides with the centre of the hemispherical bowl. The bowl and its lid
are made of the same material.

a Show that the centre of mass of O 15 at a distance %a from O

_ _ 1 . _
The container C has mass A A particle of mass EM 15 attached to the container ata

point £ on the circumference of the lid. The container 15 then placed with a point of its
curved surface in contact with a horizontal plane. The container rests in equilibrium
with &, & and the point of contact in the same vertical plane.

h Find, to the nearest degree, the angle made by the line PO with the horizontal [E]

Solution:

PhysicsAndMathsTutor.com
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Distance of centre
pliape Hlass of mass from &
Circular dise | ma’o 0 +— Draw atable with masses or mass
7 3 ratios and distances of centres of
Hemizpherical 2 1
2rat o —a mass from O
bowl ]
Closed 2 —
container S =
UM (O U+2?Tf12l,ﬂ)(i = B?Tcxgpf e I— ?ake moments and solve to find
2 %, the distance of the centre of
i gt masz of C from O,
' 3
R

l\_'.f_l,r
E +— Diraw a diagram showing & above
the point of contact with the
weight of F acting to one side and
the weight of O balancing on the
other side.
UM(A]:ngEsinE' =1ngacosﬂ Use e =tan &
3 o Cios
Sotand = E
+—— (Give your answet to the neatest
& =06 degree, az requested.

© Pearson Education Ltd 2C
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Exercise A, Question 41

Question:

Et.' _-;;
A body consists of a uniform solid circular cylinder &) together with a uniform solid
hemisphere & which is attached to O The plane face of A coincides with the upper
plane face of O, as shown in the diagram. The cylinder O has base radius », height &
atd mass 3 The masz of & 15 20 The point & 12 the centre of the base of O
14+ 3

20

The body 15 placed with its plane face on a rough plane which 15 inclined at an angle

a =Show that the distance of the centre of mass of the body from & 13

. 4 : e
o to the horizontal, where tan« =— . The plane is sufficiently rough to prevent

slipping. Given that the body 15 on the point of toppling,

b find % in terms of 7.

Solution:

PhysicsAndMathsTutor.com
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Distance of centre
Shape s of mass from &
H 20 h +E r
3

]
& 3N —
2
Total body S %

MO 2M[Eﬂ+§r]+3M>{g =:5M% A

Draw atable showing masses and
positions of centres of mass.

subiect of the formula

Take moments and malke x the

Page2 of 2

Diraw a diagram showing the centre of
mass & above the lowest point of the plane

circular base.

S =2k +Er +%
4
Tk 3
=§___SHrE
2 4
14k 43Es
i —
20
_‘_-——
F 207
taji ==
T 1dh43r
4
Ag tan o = —
3 |
20 4
B
SBDr = 5644+ 12r
S 48r = 56k
48 &
a6 7

© Pearson Education Ltd 2C
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TTze trigonometry on the triangle
shown in the figure to find ot

Ifake & the subject of the
formula.
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Exercise A, Question 42

Question:

A bowl consists of a uniform solid metal hemisphere, of radius @ and centre &, from

which iz removed the solid hemisphere of radius %a with the same centre O

a Show that the distance of the centre of mass of the bowl from & 13 %a.

The bowl is fized with its plane face uppermost and horizontal It is now filled with
liquid The mass of the bowl 12 M and the mass of the liquid iz £, where k iz a
constant. Given that the distance of the centre of mass of the bowl and ligquid together

from & 15 Ea:,
43

b findthe value of k. [E]

Solution:

PhysicsAndMathsTutor.com
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Page2 of 2
a
Distance of
=hape Ifass Ifass ratios | centre of mass
from O
L?IEE EWQE 7 Ea == Complet.e a table sh.o‘.wing the
hemusphere 3 B tnass ratios and positions of
o] 9 i ; ia the centres of mass.
hemisphere 3 9 16
Eemainder 2 p?i 7 T
3 8
3 3 -
MO Bx Za-1x—a =7%
8 16 +— Take moments and make X the
i Ea e subject of the formula.
16
o Aba
L E=
112
b
Ilass Distance of centre of
Rhpe ratios mass from O
a5 4+— Complete a second table,
Eowl M —
112
_ 3
Ligquid ot —
16
Bowl
| kM L
liquid 48
45a 3 17a
MO MKE+M{X—G =k +]}MXE +— Take motments and malke & the

subiject of the formula

[ﬂi]
112

1123
16
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Exercise A, Question 43

Question:

& uniform solid right circular cone has base radius @ and semi-vertical angle o, where

1 . . . .
tan o = 3 The cone 15 freely suspended by a string attached at a point A on the rim of

its base, and hangs in equilibrium with its axis of symmetry making an angle of &
with the upward vertical, as shown in the diagram. Find, to one decimal place, the
value of 8. [E]

Solution:

*+— Let " be the vertex of the cone
and ' be the centre of 1ts base.
Let & be the position of its centre

of mass.
Draw a diagram showing &
vertically below A.
v’
From AFAO tan a = ﬁ =2
0 i
where % 1z the height of the cone.
s B — )
ER) Tsing tan o = 3
L h=3a
i
0G = Ex a «———— | Use the known result for the
centre of mass of a solid cone.
_3
4
Then from AGAD
a4
4
L B=531(1dp) Cive your answer to 1 decimal

place as requested.
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Exercise A, Question 44

Question:

. + -
e 1 2 X

The shaded region & is bounded by the curve with equation y= 2—12 the x-ass and
x

the lines x=1 and x=2, as shown abowe. The unit of length on each axisis 1m. A
uniform solid 5 has the shape made by rotating & through 260° about the x-amis.

a Show that the centre of massz of 5z %m from ite larger plane face.

I

A sporting trophy Tis a uniform solid hemisphere & joined to the solid 5 The
hemisphere has radius %m and its plane face coincides with the larger plane face of S

as shown abowe. Both /7 and 5 are made of the same material.
h Find the distance of the centre of mass of T from 1tz plane face. [E]

Solution:
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a TJze the formula

Jﬂxyz dx =

=
‘[)T_}’z dx
2 +—| Integrate and use the limits x=1
?TJ xxlx"‘dx and x=2.
— W1 %

: 1 .
substitute ¥ = 5T into the standard formula,
x

-1 _2:|
—x
b8 1
===l
__1x_3:|
| 3 1
=] 1}
_+_
= —_81—? The centre of mass lies onthe axiz of
o §:| sytnmetry at a distance % from O

3

8 5 B

9 Subtract 1 to give the required
) / distance.

', The centre of mass 15 [%—]]:

%m from the larger plane face.

PhysicsAndMathsTutor.com
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b
Distance of centre
S Ll e Draw atable of masses and
common face 1
5 5 positions of centre of mass.
Solid & e =
i 9 " 7
Hetmisphere | 2 1y __3)(1 3 - -
e EHPX[E] 35 T;m mass of solid 3, 1.8,
7 1 %ﬂ;ﬂ 1z obtained from the
Trophy T —+— x
i % [ 96 ]2] 8 denorminator in part a.
M (common face):
s 2 1 3 e
— K= — — O K— = O K—ZX
56 0% T2t 0 32
1e 1 - L = A% 2 x
e TRy
L B =
192 2
piipe e L i i = L"——" This 15 the distance of the centre
192 32 320 of mass from the common face.
. Distance of centre of maszs from the plane
: Tt
face 15 1_ﬁ=ﬁ m or 0967 m, +— Asthe height of 515 1 m subtract

% from 1 m to give the required
ANEWEL.
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Exercise A, Question 45

Question:

A uniform solid hemisphere, of radius fa and centre &, has a solid hemisphere of
radius 2, and centre &, removed to form a bowl B as shown.

a Show that the centre of mass of 5 13 %cx Bom

) 2a
LAl [ e

2a

The bowl B is fized to a plane face of a uniform solid cylinder made from the same
material az 5. The cylinder has radivg 2o and height 62 and the combined solid 5 has
an axis of symmetry which pazses through O, as shown above,

b Show that the centre of mass of 513 %cx from &

The plane surface of the cylindrical base of 5 is placed on a rough plane inclined at
12 to the horizontal. The plane 12 sufficiently rough to prevent slipping.
¢ Determine whether or not & will topple. [E]

Solution:

PhysicsAndMathsTutor.com
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a
Distance of
=hape Mazz Wazs ratio | centre of mass
from O
*+— Complete a table of
Li - 3 8
hemifgere Enp(ﬁaf 27 g)( ba tnass and positions of
Sl > 3 centres of mass.
TT1E 3
hemisphere §Kp(2“) 1 éx 2a
2
Eemainder Ej'rp(t? -2 26 7

M (O): 26% = 2?><§><6a—1><§>< 24

- —

Talke moments and make x the
subiject of the formula

Cotmplete a second table

of maze and positions of
centres of mass,

ey =E0%.0
4
= fla
_ 30z
13
b
Distance of
Shape Idazs Wlazs ratio | centre of mass
fram O
416 30
Bowl B | ——mpa® 52 1—;
Cylinder 24 moa’ 9 6+ 3a
Combined | 488 3 =
wlia; || TgRe o o
30

VM (0): 52 -+ 9% a

=61y

1200 +8la =61y

201

N X

531

OX =12a ———a=—aua
61

&1

CNX = GX tan 120 =185 (3s.£)
Az MY < Z2a, Swill not topple.

© Pearson Education Ltd 2C
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Draw a clear diagram showing
position of centre of mass 3.

Let AMbe the point on the plane
vertically below &, and let X be
the centre of the cylindrical base
of &

S will topple when point M is
outside the base circle.




Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 46

Question:

L
()

The diagram shows a cross section of a solid formed by the removal of a right circular
cone, of base radiuz @ and height @, from a uniform solid hemisphere of base radiuz a.
The plane bases of the cone and the hemisphere are coincident, both having centre O,

S ; a
Show that F, the centre of mass of the solid, 15 at a distance 3 from O

The second diagram shows a cross section of the solid resting in equilibrium with a
point of its curved surface in contact with a rough inclined plane of inclination o .
Given that O and &F are in the same vertical plane through a line of greatest slope of

the inclined plane, and that O 1z horizontal, show that &« = %. Given that o = %,

find the smallest possible value of the coefficient of friction between the selid and the
plane. [E]

Solution:
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*+— Draw atable.

4+——| Take moments.

4+—| Draw a figure with the centre of mass
F abowe the point of contact A7

Distance from
shape Mlaszs Maszs ratio | O of centre of
mass
3
Hemizphere Eﬂpcx; 2 —ct
k] 8
@
Cone ~moa’ 1 o
3 = 4
Eemainder 5 Fifa, & 1 X
3 @ _
SN 2xla-1x—=1%
n 4
ol
x et
2
From ADGN sina === l
2 =

s =

=S I VI PR

TTze trigonometry to find

For limiting equilibrium, when the solid is
aboutto slip F=gRk

E{MF =mgana
En)E=mgrosax

4+— Draw another figure showing the
normal reaction force & and the
friction force &

Faul = mgsina = ymgcosa

= u=

sl o

CoOscE

= 4 =tan

Eid
=== U

&

© Pearson Education Ltd 2C
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]

s

1z the smallest value of 4
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st ex
=tan e
CoS e
a 1
Tse tan — = —.
& \E
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Review Exercise 2
Exercise A, Question 47

Question:

i

An experimental plastic traffic bollard & 13 made by joining a uniform solid cylinder to
a utuform solid right circular cone of the same density. They are joined to form a
symimetrical solid, in such a way that the centre ofthe plane face of the cone coincides
with the centre of one of the plane faces of the cylinder, as shown in the diagram.

The cylinder has radiug 4r and height ». The cone has vertex &, base radius 3r and
height /.

3277 + 6drh + 90
A(167 +3k)

The bollard is placed on a rough plane which iz inclined at an angle < to the
herizontal The circular base of B 12 ih contact with the inclined plane. Given that
B =4r and that B iz on the point of toppling,

b find &, to the nearest degree. [E]

a Show that the distance from & of the centre of mass of B 1s

Solution:
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Heinemann Solutionbank: Mechanics 3

Page2 of 2

3 b

Complete the table showing mass
and positions of centre of mass,

a
Distance from &
=hape lazs Eatio of mass of centre of
trass
1 2
(2 — w3t h 2k —h
one 3 p(3r) "

Cylinder m(ﬂrr]zr 16r ] +%
Bollard | mo(16r+3k)r? 167 + 3k X

3k

MO 3k x?+16r [}2 +%J = (16r+3k)x  + | Take moments about £

30 2 e
e +1brk +87° = (16r +30)%

2202 + Bdrh + 90
A(16r +3k)

LE=

b Y 4«—— Drawa diagram showing the

centre of mase & above M a point
on the plane which is the lowest
point on the base of the bollard.

N —gr— X

Let X be the centre point of the base

OX=0X-%
Alse A=4r, O =5r and
2 2 2
T = 32r” +256," +144r substitute b =4r into the expression
4(28r) for ¥ and evaluate b+r—x .
432y 2r
112 7
_'_GX:Sr—z?_rzg_r — .
¥ ki TTze trigonometry to find angle o

From AGMY  tan o :;1_?" =E

= 8

T

=35

S =714 (nearest degree)

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 48

Question:

a Show, by integration, that the centre of mazs of a uniform solid hemisphere, of

_ . _ 3 _
radius &, 15 at a distance éR from its plane face.

The diagram shows a uniform solid top made from a right circular cone of base radius
¢ and height e and a hemisphere of radius @ The circular plane faces of the cone and
hemisphere are coincident.

b Show that the distance of the centre of mass of the top from the vertex I of the
(3 +8k+3a

i+ 2y
The manufacturer requires the top to have its centre of mass situated at the centre of

the coincident plane faces,
¢ Find the value of & for this requirement. [E]

COne 18

Solution:

PhysicsAndMathsTutor.com
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R
) 4 _ pjﬂxyz dx
a . Use x= E- T A hemisphere 15 generated when
(7] R gnﬂ 2 a semicircle 13 notated through
180" about the x-axis.
B
J. wx(R —x*) dx . Substitute ¥* = &% — 2 into the
ie T =0 standard equation,
ZnR
3
= |:j']_jﬁ‘2 x_z_j]:_);":| +EIL'R3
2 4 ] 3 «— Integrate and substitute the limits.
_ER, B
4 omR
=
8
b
Shape lazs Idass ratio Ll e
of mass
5 lmazm g2 E;m “ Draw a table with
] 4 component masses and
: 2T i k! positions of centres of
Hemisphere Enrpa z a+§a tnass, measured from
1
Top gxpa3(k+2} k+2 x
3 =
M) k(zkﬂ]*‘z[kﬂ +E] = e +2)% 4— Take moments about ¥
. (E+2)%
4 4
2
. (3" +8k4+3a
4k +2)
c 18 X=ka
3K +8k+3
Ak +2)
Le 3 +8k+3 =4 +8k
e +— Put ¥ =kz and solve resulting
Ai=3s0k =43

© Pearson Education Ltd 2C
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equation to find k.
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Review Exercise 2
Exercise A, Question 49

Question:

a A uniform solid hemisphere & has base radius a and the centre of its plane circular

face 15
The plane face of a second hemisphere £, of radius %, and made of the same

material az &, is stuck to the plane face of A, 2o that the centres of the two plane
faces coincide at &) to form a uniform composite body 5 Given that the mass of &
15 M, show that the mass of 515 20, and find, in terms of @, the distance of the
centre of mass of the body 5 from O

b A particle P, of mass M, 1z attached to a point on the edge of the circular face of
of the body 5. The body 5 with P attached is placed with a point of the curved
surface of the part & in contact with a horizontal plane and restz in equilibrium,
Find the tangent of the acute angle made by the line PC with the horizontal  [E]

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3

The hemisphere & has mass M
H iz a similar figure with double
the radiuz zo 1t has 3 times the
volume and mass 234

Shas mazs M +EM =540

a
Shape | Mass Drstance of & of
.‘_——
mass from O
H B B
&
& M —3a
16
S M+EM | X
3a 2a
MO BMx —— M x — =907
() 8M > o= Mx 8 LW
Voda-—a=9%
16
16
Sa
16
b

Draw a table listing masses and
positions of centres of mass.

Take moments and malke X the
subiect of the formula

+— Draw a diagram showing the

UM Mgxacosa = 9Mgxsina

&
|otan =

16

45

© Pearson Education Ltd 2C
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T

o sin o

4—— Take moments about X

with the plane, X

composite body with particle P
attached resting in equilibrium
with & above the point of contact

Tse tan o =

Cos &

Page2 of 2
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Review Exercise 2
Exercise A, Question 50

Question:

a Prove, by integration, that the position of the centre of mass of a uniform selid right
circular cone 15 one quarter of the way up the axis from the base.

b From a uniform selid right circular cone of height A 15 removed a cone with the
same base and height %, the two azes coinciding Show that the centre of mass of

the remaining solid 5 iz a distance i(BH — &) fromthe vertex of the original cone,

¢ The solid 513 suspended by two vertical strings, one attached to the vertex and the
other attached to a point on the bounding circular base. Given that & 15 in
equilibrium, with itz axis of symmetry horizontal, find, in terms of & and %, the

ratio of the magnitude of the tension in the string attached to the wertex to that in
the other string. [E]

Solution:

PhysicsAndMathsTutor.com
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| : +— Draw a diagram and find the equation
,[. \ of the generator of the cone.
] s

The line shown 1z rotated around the x-axis.
The triangular region generates a solid cone.

The equation of the line iz y=»r —% x

J.Trxygdx
Tee ¥ =

i 2
Tpid / Substitute y= (r‘ - %] into the

: 2 rixt
j‘.L'J. x|t - —xt— |dx standard equation.
L ki k
—mrih
2 2 2 Expand.
= 335 xrz—Eix2+r—2x3dx k’f—f
ark J, P Fi
3 [ 2 2r2x3+r2 ¢ -
= - +— Integrat
mrih |l 2 3k 4k, AR
o[k 2B BN
. i o - 3% = 252 +—— Substitute limits.
3 R
ey e
ik 12
_k
4
h
Niass Distance from
Shape Ifass ; basze of centre
ratio
of mass
H
Large cone %j‘rprjﬂz M a
1 2 +— Zomplete the table.
=mall cone —morth & s
3 4
1
Femainder gj‘lgor:" (H -k H—k T
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il pdegma g =T |
By
. gomedis

Take moments.

Page3 of 3

Factorize, using difference of two
squares and simplify.

*— Calculate F—*.

Let the tension in the string
attached to the vertex be 7] and

tenzion in the other string be 75

DM T,x=T(H-%) *— Take moments about &7, the
T . position of the centre of mass.
T, H-%

1
Z(H +i - This 1z distance of & from wertesx
l(BH =k
4 4+— This 1z distance of & from base.

_ H+hk
AH -k

© Pearson Education Ltd 2C
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