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Statics of rigid bodies
Exercise A, Question 1

Question:

Find, by integration, the centre of mass of the uniform triangular lamina enclosed by
the lines y=6—-3x,x=0 and y=10.

Solution:

1 : .
Mazszs=M = - pr2xb6="6p, where p i3 the mass per unit area.

2 L]
ME=J px(6—3x) dx ME=J p§(6—3x)3dx
] 1]
2 1 2 )
= r':"J‘ Gx—3x% dx o= Epj 6 -36x+9x" dx
0 i}
_ 2 e Ot a 3
=p[3-2] = 5,-_-[36.7{—18;{ +x E
=pla-0] 1
=4p _Er"-\lzq'_ljl
— 4p 4p =12p
'1x for g —
M 6p = 12,'_"_12,'_'!'
K ~¥ 7 5
3 =2

The centre of mass i3 at the point with coordinates (% 2 )
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Exercise A, Question 2

Question:

Tze integration to find the centre of mass of the uniform lamina occupying the finite
region bounded by the curve with equation y = 3x* | the x-axis and the line x=2.

Solution:

:8;_'\
a 2
ME=J e M?—J Ly
1]
1] ; 1 .
=p| 34 dx =—pj 9x" dx
0 2 0
= P\[Exl‘f :E )} x_j
4 275
=12r'.“-‘
__12p_12p :9']’032 .
e = -
M Ep
- F 144
=2=15 5
z o _l44p_
..}3 SM
=

The centre of mass iz at the point with coordinates (1.5, 3.6),
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Exercise A, Question 3

Question:

Tse integration to find the centre of mass of the uniform lamina occupying the finite

region bounded by the curve with equation ¥ = J;_r . the x-axis and the line x=4.

Solution:

=_JT 4
M=pJ‘ ydx
i}
*
Lol zp' xgdx
0
37t
=|:Er|\_'\x§i|
3 0
16;_'?
3
Mot 40 1y
ME:”‘J‘D At My=1p |x§ | dx
2
4 E 0
=p| =*dx it
r-v[:l =1§,_‘ xdx
i 4 I-_D ’
= _'\.xﬂ -1 XZ
5 0 :_r_'\ —
2
_ 64p -
5 =
s 4D __4p
= y=—
SAf M
_64p _16p _ 4160
] 3 3
:64,'&’/ 3 = 4px 3
5 16p 16p
i =2 o5
5 4

The centre of mass iz at the point with coordinates (2.4, 0773,
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Exercise A, Question 4

Question:

TTze integration to find the centre of tnass of the uniform lamina occupying the finite
region bounded by the curve with equation y= x° +1, the x-axis and the line x=1.

Solution:

=
]
I
el
P
&
&
=

Il
T.n-'
|
-
Ln
+
| —
ey
[ %]
E———

=
I

1

pj (x> +Tdx
1}

,L{l 2+ XI
4

w1
pl| 2 +17 dx
0
w1

pl 2 +223+1dx

23p 4
= s

28 5p
_23p 23

35p 35

(14 23)

The centre of mass 13 at the point with coordinates | —  —
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Exercise A, Question 5

Question:

TTze integration to find the centre of tnass of the uniform lamina occupying the finite
region bounded by the curve with equation y* =4ax, and the line x=a, where @ is a

positive constant.

Solution:

1 572
= -;/4@:5 |:Ex§]
% by
— 8['-1"@3
3
s
% =3P .y
5
_ 8;a3__8,}a2
5 3
3
=—a
5

From symmetry ¥=10.

. . , : (3 )
o The centre of mass 15 at the point with coordinates | Ea, 0 |
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Exercise A, Question 6

Question:

Find the centre of mass of the uniform lamina occupying the finite region bounded by

the curve with equation y=sin x,{0= x = 1) and the line y=0.

Solution:
VoA
¥ =snx
M=pJ‘ sin x dx
0
0 = & =p —n:osx|;
:2[._1_-
From symmetry f=%
B 1 n -
My==p| s=sn”xdx
2 Jo
=l,-:.~,/l'|‘"1—|:052xdx
2 2Ja
=l,-_‘r|:x—lsin2x}
4 o a
_1 YT
i
‘F—I\T_'M— 17_'2'\.
i P P+ 21
_1-|-
5"

F PR |
The centre of mass iz at the point with coordinates | = |
V2 B
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Exercise A, Question 7

Question:

Find the centre of tnasz of the uniform lamina occupying the finite region bounded by

the curve with equation y=%,(0ﬂ:xﬁil) and the lines x=0,x=1and y=10
+ X

Solution:

M=p| ydx
0
— : ]
. F.;,1+x

|

T_"_,
=3
—
—
+
A

—

= pln 2
B by o M__] \J‘l 1 dx
M""”'Lmdx 27 Jo (2
1 gl o 1R
- o[ 1 =Pl
] X
:1.'\|:__1+1i|
= plx-ta(t+x) | nl
=pli-n2] KN
- M ~ _] .
- \Il—lnzl 11_:13—3['\_—M
" pln? 1=
_1-In2 _ 40
" Tz pln 2
1
41n2
(1-1n2 1

The centre of mass 15 at the point with coordinates

ln2 "4in2
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Exercise A, Question 8

Question:

o~
o
-

Find, by integration, the centre of mass of a uniform lamina in the shape of a quadrant
of a circle of radius # as shown

Solution:

pre” as this is a quatter of a circle.

Lo | —

0

Mx = .L*J4 %rj /%r cosH di

& im
Alze ¥=10 from symmetry.

: : ; . NI
The centre of mass 15 at the point with coordinates ‘ 2 0 ‘
m
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Exercise A, Question 9

Question:

The figure shows a uniform lamina bounded by the curve ¥y =x" and the line with
equation ¥ =4x, where x = 0. Find the coordinates of the centre of mass of the

lamina.

Solution:
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y=z" meetzs y=4x when x° =4z ie x=12.

- : Sowhen x 0 x=2

- The small strip shown has dimengions (3, —») by

i A
dx and centre of mass at | x,%(y1+y2) ‘
o2
M=p| (4x-xHdx
0
- 2
1
= ,J_sz—zx“l
:4[._1_
-2 ] ]
Mz=p| xidz—x")dx M‘=Ep Qo 000 — iy )dx
0 # 0
w2 ] o2 5 3
=p| 42 —x* dx =—p| Ex+x3dx—xdx
v i 2 Jo
e 2 ]
s ix3_lxﬁ} bl Toxteitiy
3 5 I} 2 W0
2
:r.\_'\_u- E_E =IL Ex3—lx?
2 5 21 3 71
_b4p _ ,-:.[128_128}
15 2l 3 7
K =64P—M=64p_4p = 256 I
15 15 S
_1& _ 256 256
y=—psM=—p+d4p
15 21 21
—
21

i
The centre of mass iz at the point with coordinates | T
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Exercise A, Question 10

Question:

The figure shows abadge cut from a uniform sheet of fabric. The badge 15 formed
from one semi-circle of radiug 1 cm and a semi-circle of radiuz 3 cm joined as shown
in the figure to make a plane lamina. Both semi-circles have the same centre &
Determine, in terms, of p1, the distance from & of the centre of mass.

VA

Solution:

This question may be answered using M2 techniques. List the shapes with
their masses in a table.

=hape Idass Posttion of centre of
mass
Qmp ( A
Large semi-circle 2r ‘ D |
. . —4 \
Small semi-circle - | 0, =
Total Smp (0, 7)

From symmetry, the centre of mass lies on the axis of symmetry, talcen as the y-axis.
The common diameter is taken as the x-axis.

Then use ZP?zz.yi =j‘2n§ to give

rp 4 +,¢r i —spo%
g bR

: 2
te. 18——=5a¥

2 iy
Le 2 =3
~ 15m

: : : 52

The centre of mass 13 on the axis of symmetry at a distance by o abowe the comtmon
diameter.
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Exercise A, Question 11

Question:

The figure shows a uniform lamina made from a sector of a circle with radiuz 5 cm
from which a similar sector of radiug 2.5 cm has been remowed. The sector 15 three
quarters of the original circle in each case, and both circles have the same centre &
Find the distance of the centre of mass of the lamina from the point &

Solution:

The centre of mass lies an the axis of symmetry.

. drsmnc :
Centre of mass of a sector 15 & . where the angle of the sector 15 Zor .
s
] am am .
In the given shape 2 =? = =— and centre of mass of the sectors iz ata
1

2 /E B 4:“\-5

distance from the centre & of =
sm am~f2  9m

4
Shape Mass Distance from & of centre
of mass
3
Large sector —x25mp 20v2
g Sm
3
Small sector —x6.25mp 1042
4 9r
: 3 a
Eemainder Z < 18.75mp ¥
From the motments equation
E/ 25mp /M - E/ 6. 2500 /M e 2/18.?5,-'.1937
4 Sr Sr 4
20442 10442 -
Soadx ;F —1x ;1"_ =3y Divide each term by ; 6.25mp

7042
Ly = =12

7 T
The distance of the centre of mass from 15 1.2 cm (2 2L,
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Exercise A, Question 12

Question:

The figure shows a uniform lamina occupying the finite region bounded by the x-amis,

the curve p=./(24 —4x), where 2 <x <6, and the line with equation y = 2x , where

0 <x=2. Find the coordinates of the centre of mass of the lamina.

v = vizd —dx)

)

) ]

Solution:

PhysicsAndMathsTutor.com

Pagel of 3



Heinemann Solutionbank: Mechanics 3

ol Y1 2 X2 6

4
TTzing M= pj (7, — =y

0
&4 Iy 1 u}f 5
JM=p| |6-=y'-< |d
| e i

Plose 8 wa el
:."_\-6—_ —_——
r_.J"lz}’ 4}’}0

.M—E—ﬂ

o

3

a4

=

2

4

Tsing My = j (x5
i}

-

4 .1 y;}
My = P-J by——y S

o 4

1
:'\32__ 4—_
f-{}’ 16}” 6}"
=g{48—16—§i}
&4
=_r|\_'b
3
_-_}:ﬁ;_w;_M:ﬁ/i
3 344
ued
11
=15(2sf)
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Divide the region into horizontal strips of
dimensions (x,—x) by dy.
The centre of mass of such strips lies at

{ B
I1+I2 ¥ |
3 e

24 — y*

where x =§ and x, =
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4

-

Using My =— |{x + x,0(x, +x)dy

.t

(x3 — 13 )dy
# 0

o (1 1 2"2_1 2:|d
a.u[‘._ﬁ ridl il i

-t
o 1 1
L e Ol T T
2 ), WV 16.}"‘ 4.}’ v

=4

o 8. T
=B 36-252 1y g
5 e Ty
alse 035 1 ﬁ
=Plzg, 25,
2177 127 ao
=P 144—2/64+—1024}
AT 80
zﬁml}

21715
21/871—:ﬁ

e T
.54

55
=30(2sf)

The centre of mass 12 at the point with coordinates | 22— 1
\ 55
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Exercise B, Question 1

Question:

TTze symmetry to find the coordinates of the centre of mass of the solid.
The finite region bounded by the curve y= x* — 4z and the x-axis is rotated through

360" about the x-axis to form a solid of revelution. Find the coordinates of its centre
of mass.

Solution:

o < .

From symmetry the centre of mass lies an the x-amis,

As y=z° —4x meets the x axis when

P-4z =0
1e xix—4) =0
Lx=0and x=4

Again from symmetry the centre of mass lies at x=2.

The coordinates of the centre of mass are (2, 0.
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Exercise B, Question 2

Question:

TTze symmetry to find the coordinates of the centre of mass of the solid.
The finite region bounded by the curve (x—17 +3* =1 is rotated through 180" about
the x-amis to form a solid of revelution. Find the coordinates of its centre of mass.

Solution:

The curve with equation
(x=17% +3* =1

1z a circle, centre {1, 0 radius 1.
It 1z rotated about the x-axis to form a sphere — centre (1, O}

The centre of mass 15 at {1, 0
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Exercise B, Question 3

Question:

TTze symmetry to find the coordinates of the centre of mass of the solid

; : il 3 .
The finite region bounded by the curve y=rcosx 7y =x= Ex , and the x-axis, iz

rotated threugh 2607 about the x-axis to form a solid of revolution. Find the
coordinates of its centre of mass.

Solution:

QO

STE]
2|

From symmetry the centre of mass of the solid of revolution is at the point with
coordinates (m,0)

-] +
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Exercise B, Question 4

Question:

TTse symmetry to find the coordinates of the centre of mass of the solid
The finite region bounded by the curve 3 + 6y = x and the y-axis, is rotated through

360° about the y-axis to form a solid of revolution. Find the coordinates of its centre
of mass.

Solution:

The curve with equation y° +6y = x meets the x-axis at x =0, and meets the y-axis

when ¥ +6y=0

teyly+61=10
Ly=0or -6
The curve 15 shown in the diagram, and 1z rotated about the y-axis through 2607

Vi
(4]

—(u—"

From symmetry the centre of mass lies at the point {0,-3) .
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Exercise B, Question 5

Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mass of the solid formed when

the finite region bounded by the curve y =32, the line x=1 and the x-axis is rotated

through 260° about the x-amis,

Solution:

The centre of mass lies on the x-axiz, from symmetry.

TTzing the formula

J.-Tyz xdx

f——,asy=3x2
'[Wyzdx
1
J Tx9x dx
=0
J mxaxt dx
0

i 5 M
o The centre of mass lies at the point | o ] |

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise B, Question 6

Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of maszs of the solid formed when

the finite region bounded by the curve y= JJ_'.' .the line x=494 and the x-axis 15 rotated
through 260° about the x-asis.

Solution:

The centre of mass lies an the x-as, from symmetry.

J‘,-Tyzx dx
L with y=a/x,

TTzing the formula ¥ =
I,Tyz dx
4 4
J Txxxdx J mx dx
0 — w0
7 7
J nxdx J mxdx
0 0

X =

i A
- The centre of mass lies at the point | 22, 0 |
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Exercise B, Question 7

Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mass of the solid formed when

the finite region bounded by the curve y=3x" +1, the lines x=0, x=1 and the x-axis
1z rotated through 3607 about the x-asis,

Solution:

PhysicsAndMathsTutor.com
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¥ 1/

0 P

=y

The centre of mass lies on the x-amis from symmetry.

J,Tygx dx
TTzing the formula ¥ = cas y=3x"+1,
l,-'ry2 dx

1
J mGx + 1 x dx
_Jo

S

1
J 732 +17 dx
i}

1
"J Ox +6x +x dx
_ _Ju

1
"J 9xtroxt+1dx
0

9 6 1 1

Z+—+- 3=
L

ENCRE !

5 3 ]
35

48

i N
.~ The centre of mass lies at the point | %,D |
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Exercise B, Question 8

Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mass of the solid formed when

: : 3 : w
the finite region bounded by the curve y=— the lines x=1, x =3 and the x-axiz 1z
x

rotated through 260° about the x-axis.

Solution:

The centre of maszs lies an the x-axis from symmetry.

J.-.ygxdx 3
TTzing the formula = .with y==— then
i 2 x
Tyt dx

=
I

i )
o The centre of mass lies at the point | gln 3,0 |= (165 0 (31
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Exercise B, Question 9

Question:

TTze integration to the find the position of the centre of mass of the solid
Find, by integration, the coordinates of the centre of mass of the solid formed when

the finite region bounded by the curve y=2e% , the lines x =0, x =1 and the x-amxis is

rotated through 260° about the x-axis,

Solution:

The centre of mass lies on the x-axiz from symmetry.

myixdx
TTzing the formula = cwith y=2e", then

et ——ef+—
i 2 2
ef -1
14D
2t -1
{ 1 2 41 3
.~ The centre of mass lies at the point | — (Eg ) NIRN
| 2(e"-1) )
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Exercise B, Question 10

Question:
TTse inte gration to the find the position of the centre of mass of the solid.

Find, by integration, the coordinates of the centre of mass of the solid formed when
the finite region bounded by the curve y =32, the lines x=0,x=2 and the x-axis is

rotated through 3607 about the x-axis.
Solution:

The centre of mass lies an the x-axis from symmetry.

Jﬁyzx dx
Tze the formula 7= Lwith y=3"".
Iﬂy2 dx

=$ or '34—5=0_46 (25 f)
Bl 2(e* — 1)

i 4 "
. g ; [ etz o)
. The centre of mass lies at the point with coordinates ‘ |

— 0.
L2 -1" )
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Exercise B, Question 11

Question:

Tou tnay quote results for the centres of mass of cones and hemispheres ohtained
earlier.

A unmiform solid right corcular cone of height 10 cm and base radius 5 cm 15 joined at
itz base to the base of a uniform selid hemisphere. The centres of their bases coincide
and their axzes are collinear. The radius of the hemisphere 15 also 5 cm. Find the
posttion of the centre of mass of the composite body,

a whenboth the cone and the hemisphere have the same density,

b when the hemisphere has density twice that of the cone.

Solution:

a Let O bethe point at the centre of the plane circular face of the cone and of the
hemisphere. Let positive displacement be towards the wertex of the cone

Shape Fofiaiss T Distance from O to
centre of mass

1 10

Cone —mpx 2510 1 i

3 4
2 15
Hemizphere Zapx 5 1 S
3 8

250 250
Composite body ?Hp + ?Hp o i

Tale moments about O

I/E+1/|r£\"=27
4 L8 )

2
16

LX =
. . .5
The centre of mass lies an the axis of symmetry at a point e cm from O towards

the vertex of the cone.

b Ifthe hemisphere has twice the density of the cone then the ratic of the masses
becomes cone 1, hemisphere 2, composite body 3 so the moments equation

becomes
1 E+2 « _—15 =3x
4 3
_ —15
mix=
12

; . -
The centre of mass lies on the axis of symmetry at a point E cm from O towards

the rim of the hemisphere.
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Exercise B, Question 12

Question:

Tou may quote results for the centres of mass of cones and hemizspheres obtained
eatlier.

A solid s composed of a uniform selid right circular cylinder of height 10 cm and
base radius & cm joined at its top plane face to the base of a uniform hemisphere of the
same radius. The centres of their adjoining circular faces coincide at point & and their
axes are collinear. The radiuz of the hemisphere 15 also & cm. Find the position of the
centre of mass of the composite body,

a if the cylinder and hemisphere are of the same density,

b if the hemisphere has three times the density of the cylinder.

Solution:

PhysicsAndMathsTutor.com
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Let p bethe mass per unit volume of the cylinder,

a The centre of tnass lies an the axis of symmetry.

Units of Distance of centre of mass
=hape lazs from O ( +we towards top
mass :
of hemisphere)
Cylinder prx36x10 5 -5
; 2 3 3
Hemisphere p—mxh 2 — 6
3 8
Composite body 360rp +144mp 7 x

Take moments about .
Sx—=54+2x 18_8 =7x
1.e.9=50 =147

Al
14

; ; : 13
s Centre of mass 15 an axis of symmetry at a distance 2 Y cm away from base of

hetnisphere.

b Eedraw the table noting that the masses of the hemisphere and of the composite
body have changed.

Distance of centre
whape Idass Tnits of mass of mass from &
{+ve as before)
Cylinder prx 36x10 5 -5
_ 2 3 3
Hemisphere 3px—mxé & — 6
3 8
Composite body 360mp +4327p 11 x

Talke moments about &
—254 6 g =11x

-3
ek =

22
. . . 1
oo Centre of mass 15 on the axis of symmetry at a distance IE ot away from the

base of the hemisphere.
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Exercise B, Question 13

Question:

Tou tmay quote results for the centres of mass of cones and hemispheres obtained
eatlier.

Find the position of the centre of mass of the frustum of a right circular uniform solid
cone, where the frustum has end radin 2 cm and 5 cm, and has height 4 cm.

Solution:

A Fustum of a cone iz obtained by removing a small cone from a large cone.

Draw a diagram, showing the cones and the frustum and let the height of the small
cone be & cm.

TTzing similar triangles:
o2
+d 5

LSk =20+
3k =8

S [T .
3

The centre of mass lies an the axis of symmetry. Let the centre of the baze of the large
cone be O

: Distance of centre
=hape Mazs TTnits of mass of mmass from O

1 20 5
Large cone PX—mX5ix = 00 g
3 3 3

1 2 2

=mall cone X —T > D ) 44+=

3 3 3

a00m 32m

Frustum 3 Q- 3 [l 468 X

Talke moments about &

500/5—32/[ 14 '|=468f
3 3 )
&;2 — 4687

=10 146 (3545
13
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Statics of rigid bodies
Exercise B, Question 14

Question:

You may quote results for the centres of mass of cones and hemispheres obtained

earlier.

a Find the position of the centre of mass of the frustum of a right circular uniform
solid cone, where the frustum has end radu 2 cm and 4 cm, and has height & cm.

b A cylindrical hole of radius 1 cm with the same axiz as that of the fustum is now
drilled through the frustum, Find the distance of the new centre of mass from the
larger face of the frustum.

Solution:
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a From similar triangles:
A I
B+3 4
n Sdk =2(h+8)

Page2 of 2

L2 =16
- =}
1e.h =8
. Distance of centre
=hape Mass TTnits of mass of mass from O
1
Large cone ol gT <416 8 4
1
small cone ,-J-*-g,-T X 2* %8 1 242=10
296 32m
Frustum p- ol 7 x
3 3
Take moments about &
Axd-1=10=7%
X % =314{3:1)
Eequired distance 15 3. 14 cm.
b
. Dizstance of centre
Shape Mdass Tnits of mass Ve e
Frustum G fa) 28 %
3 7
Cylindrical hole mxil XAp 3 4
200
Eemainder 3 fal 25 x

Take moments about O

28*%—3*4=25f

te BE-12 =25%
CEE 0 .04
25

Eequired distance 15 3.04 cm.
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Exercise B, Question 15

Question:

Tou tmay quote results for the centres of mass of cones and hemispheres obtained

earlier.
A thin uniform hemispherical shell has a circular base of the same material Find the
posttion of the centre of mass abowe the base in terms of its radius #

Solution:

Let the density of the materialbe p and its thickness be ¢

Then the mass will be proportional to the surface area
The centre of maszs will be an the axzis of symmetry

Diztance of centre
=hape lazs TTnits of mass of mass above
base
. . r
Hemispherical shell pt % 2mr? 2 5
Circular base pt xmr? 1 0
Composite body P 3mr? 3 x

Take moments about centre of base:

ol 4+0=3%
5

LE O ==r

L) | =

: ; r
o the centre of mass 15 at a distance § abowe the base.
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Exercise B, Question 16

Question:

Tou may quote results for the centres of mass of cones and hemispheres ohtained

earlier.

A thin uniform hollow cone has a circular base of the same material. Find the position
of the centre of mass abowe the base, given that the radius of the cone 15 3 cm and itz

height 15 4 cm.

Solution:

Let the density of the material be p and its thickness be £

Then the mass will be proportional to the surface area
The centre of mass will be on the axiz of symmetry

Distance of centre

=hape Ilass Thits of mass of mass above
baze
1
Hollow cone PEXATXRIXS 15 = <4
Circular base pt X %32 9 0
Composite body 15mp £ +9mpt 24 =

[The surface area of a cone 15 given by the formula 7+ where [ 15 the length of the
slant side. &5 » =3 and A =4 then /=5 from Pythagoras-Theorem ]

Take moments about centre of base:

,‘,]5-i+0=24f
3
__ 20 5
LEE—==
2 é

: . 5
=0 the centre of mass 15 at a distance g cin abowe the base.
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Statics of rigid bodies
Exercise B, Question 17

Question:

TTze calculus to obtain your answer,

A cap of height 3 cm iz cut from a uniform solid sphere of radiuz 6 cm. Using
caleulus, find the position of the centre of tass of the cap, giving the distance from
the plane circular surface,

Solution:

This cap 15 the solid of revelution obtained when the arc of the circle with equation
x* +y2 =6 3<x<6, isrotated through 180° about the x-amxis.

The centre of mass lies an the x-axis, from symmetry.
§ 8
J Ty xdx J (36— x")x dx
x="I ==
e J my? dx J (36— %) dx
3 3
5
J 36x—x dx
3

o T
J 36—x dx
3

1 6
{18:{2 ——x"l
_ 4
- . 6
[36x—lx3}
305k

1867 — L6t | [ 18x3* - L3t
| B |
| 36626 || 3653257 |
il @ |

324-14175 _182.25
14499 45

=4.05

o Distance from x=3 13 1.05 cm.
o The distance of the centre of mass from the plane circular face 12 1.05 cm.
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Exercise B, Question 18

Question:

Tse calculus to obtain your answer

=how that the centre of mass of a cap of height & of a sphere of radiug a 15 on its axis
. Blda —h) .

of symmetry at a distance —————— from the circular base of the cap.

41{3a—4)

Solution:

]

The arc of the circle x° +v* =a®,a—h < x<a is rotated about the x-axis.

n (a - x")x dx {la:“'x2 —lx“}
Ze _L2 L
J (& —x°) dx {azx—lxﬂ
3 -k

1—2 a(a »‘3}+(ak)

%f—a (a—ﬂs)+§(a—kj

S @ == Ay

1(242 -k +a-bY

_ 3 (2ak- ;g)

4 e
3 (2a—h)
4 (Ba—h)

. Distance of centre of mass from base of cap (1e. x=a—4) s

3(2a -k =i 32a -k —43a—Ma—-k
43— ) A3 — )
_ dak—i?
 A(%a—k)
1.e. required distance 13 M
43 — k)
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Exercise B, Question 19

Question:

TTze calculus to obtain your answer,
Tzing calculus, find the centre of mass of the uniform hemispherical shell with radius

R

Hint: Divide the shell into small elemental
cylindrical rings, centred on the x-asmis, with
radius Rsin @, and height R66, where 0 iz
the angle between the radiues £ and the x-amis,

|

R sin @

Solution:
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The curved surface area of the elemental disc is 27 MPR 860 =27 Rsin 0= 80

= & ! 2 ¥ -~ & [
. itz mass 158 200K 5in 806 |, where p iz the mass per unit area.
- F

Joosnce E o E = E mx,, where x; = Rcostl

and w1, =21 pR* sin 0 60 then

2 :
J 2npR* sin @ Reost d6
0

e

Jz 2mpR? sin 0 46
1]

Bl
RJ sin Boos @ d6
— Wi

7
J sin B 46
0

1([7 .
R/—J sin 26 dd
2Ja

|—cos ¥} r

P |—COjEHr

Ri-(-1]

Moy Blm e

This proof 1s not expected to be known for the examination.
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Exercise C, Question 1

Question:

A uniform solid right circular cone 15 suspended by a string attached to a point on the
rimm of its base. Given that the radius of the base 15 5 cm and the height of the cone 1z
8 cm, find the angle between the vertical and the axis of the cone when it 15 in
equilibrium.

Solution:

The diagratn shows the equilibrium position with the centre of
tnaszs (7, vertically below the point of suspension S

Az AG= %}'s for a cone

S AG=2cm

Also the radius AS=5cm .
B

Let the angle between the vertical and the axisbe 6.
Then from AASG, tan 6 = g

s = 68 (to the nearest degree)
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Exercise C, Question 2

Question:

A uniform solid right circular cylinder 15 suspended by a string attached to a point on
the rim of its base. Given that the radius of the base 15 & cm and the height of the
cylinder 1z 10 cm, find the angle between the vertical and the circular base of the
cylinder when it 12 in equilibrium.

Solution:

The diagram shows the equilibrivm position with the
centre of tasz & below the point of suspension &

Az AC= %?z for a uniform cylinder

S AF=5cm
Also the radius AS =6com .

The angle between the vertical and the circular base of
the cylinder iz 6.

From AASH tan @ = g

S =40 (to the nearest degree)
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Exercise C, Question 3

Question:

A uniform hemispherical shell is suspended by a string attached to a point on the rim
of its baze. Given that the radius of the base 15 4 cm, find the angle between the
vertical and the axis of the hemisphere when it iz in equilibrium.

Solution:

f The diagram shows the equilibrium position, with the
: centre of mass & below the point of suspension 5

bz AG= % # for an hemispherical shell

) LAG=2cem
B 4lso the radius AS=4cm
Let the angle between the vertical and the axis be 6.

Then from AASG tan ) = g

LB =65 (nearest degree)
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Exercise C, Question 4

Question:

a Find the position of the centre of tmasz of the frustum of a right circular uniform
solid cone, of end radit 4 cm and 5 cm and of height 6 cm. {(Give your answer to
3sf)

This frustum iz now suspended by a string attached to a point on the rim of its smaller

circular face.

b Find the angle between the vertical and the axis of the frustum when it 1z 1n
equilibrium. (Give your answer to the nearest degree)

Solution:
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a X
From zimilar triangles
o4
E+6 5
L0k =4h+ 24
1e =24
-—5+() Centre of mass lies at the axis of symmetry OX
. Posttion of centre of mass
whape Mass Ilazs ratios e
1 1 a0
Large cone —mp X 5° %30 125 —=75
3 4
1 24
cmall cone “apx4*x24 el =172
2 4
2501
Frustum 3 p—128mp 61 x
Take moments about &
1257 5-64%12=061%
~168.5=61x
339
L =278(3:8 .
x (3sf)(or 122}
b s
% In equilibrium the centre of mass & lies vertically below
the point of suspension &
Let the required angle be o
S A5 iz smaller radine =4 cm
AF=6-278=322cm (3:1)
4
tanof = —=——
AG 322

sof =571 (to the nearest degree)
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Exercise C, Question 5

Question:

A uniform solid cylinder of radiug » and height 4r rests in equilibrinm with itz base in

contact with a rough inclined plane, which 1s sufficiently rough to prevent sliding The
plane 1z inclined at an angle o to the horizontal Show that equilibrium 1s maintained

prowided that tan o =% and find the value of k.

Solution:

The diagram shows the limiting case when the point vertically below the centre of
mass (7 15 on the edge of the area of contact.

In this position angle AGC 15 also equal to o |, the angle of inclination of the plane to
the horizontal

From AAGD tanor =7 = l

2r 2
(=266 05:L)
For any larger angle tilting will occur

- Equilibrium 15 maintained provided
i 3
tan of = — | e k=—
2\
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Exercise C, Question 6

Question:

A uniform hollow cone of radiue » and height 4r rests in equilibrium with its base in
contact with a rough inclined plane, which 1s sufficiently rough to prevent sliding The
plane iz inclined at an angle o to the horizontal Show that equilibrium is maintained
provided that tan o =% and find the value of k.

Solution:

- i O

A\ o— yr —=

The diagram shows the limiting case where A, a point on the circumference of the
citcular base of the cone, 15 vertically below & —the centre of mass.

AGo =a
AQ=r
(_3‘G=lf-4r:i
3 3
F 3 ;
From AAGD tana =— == (o =37
dr 4
3

For any larger angle tilting will occur.

Equilibrium is maintained provided

3 3
tanr <= (1e k=1
4 ¢ 4:I
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Statics of rigid bodies
Exercise C, Question 7

Question:

A uniform zolid hemisphere of radius » rests in equilibrium with its curved surface in

contact with a rough inclined plane, which is sufficiently rough to prevent sliding The
plane iz inclined at an angle o to the horizontal, and the plane face of the hemisphere
1z in a vertical position. Find the value of o, giving your answer to the nearest degree.

Solution:

The diagram shows the centre of mass &F above the point of
contact &

G50 =
S0 =p

atid OG=§r.

S =227 (nearest degree)
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Exercise C, Question 8

Question:

A solid uniform hemisphere rests in equilibrium with its curved surface in contact with
oy : ; 3
arough plane inclined at o to the horizontal where sino = 6

Find the inclination of the axis of symmetry of the hemisphere to the vertical

Solution:

Touneed a good
diagram and use of
the sine rule.

The diagram shows the equilibrium position with the centre of mass & vertically
abowe the point of contact with the plane 5 & 13 the centre of the plane face of the
hemisphere.

Let the obtuse angle between the axs of symmetry and the vertical be 7. Let the
radius of the hemisphere be r.

In AOGE, 05G =wr
O =r

and DG = gr

TTaing the sine rule

my - 51;1” But sint.f=i
4 =r
]
i r
3 { '--f:i:l
CLEIn Y 3 :
—r
8

Sy =130 and the acute angle between the axis of the hemisphere and the vertical is
307
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Exercise C, Question 9

Question:

A zolid object is made up of a right circular uniferm solid cone joined to a uniform
solid hemisphere zo that the base of the cone coincides with the plane surface of the

: : 5 ; i
hemisphere. Their commeon radius is » and the height of the cone 15 — 7.

a Find the position of the centre of mass of the composite object giving the distance
of thiz centre of mass from the vertex of the cone.

b Show that the object will remain in equilibrium on a smooth horizontal plane, if it
1z placed with a curved surface of the cone in contact with the plane.

Solution:
a ¢ Let the wvertex of the cone be & and let the mass per unit volume be o .
i Distance of centre
Shape Mdass Ifass ratios -
1 2 B 1
Cone “aprixZr o T lp=_p
3 4 3 2
2 3 a2 250
Hemisphers — ,-Tpr3 & T4 lp="p
3 58 3 24
8
Compozite body 5.?;9?"3 ] I
Take moments about O
2/1r+6/Er= 8x
2 24
82X = r+£
4
pelF
4
T L
x e = ]
2
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¢ 15 the angle between the axis of
symmetry and the slant side of the cone

i

A=w—r—=

For equilibrium, the point vertically below &, 1e. point B, must lie between ' and
A, where 4 is a point on the common face ofthe cone and hemisphere,

]

A4 =slant side of cone = +|I %r | (from Pythagoras)
=_ fora=
3
OF = O cosar
29 2

1. 29

5 == — ~O0A=0F and equilibrium 15 maintained.
3 208
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Exercise C, Question 10

Question:

A uniform solid consizte of a hemisphere of radius » and a right circular uniform
cylinder of basze radius » and height & fized together so that their circular faces
cotncide. The solid can rest in equilibrium with any point of the curved surface of the
hemisphere in contact with a horizontal plane Find & in terms of #

Solution:

1 e

Shape Mlass Distance from O of centre
of rnass
: 2 k
Cylinder Tprth )
2 3
Hemisphere Znpr’ oo
3 8
; af , 2 _
Composite body Tor | B+ =" ‘

Az the solid can rest in equilibrium with any point of the curved surface in contact
with the horizontal plane, the centre of mass must be at the centre of the plane face of
the hemisphere.

te. x=0
oo Taking moments about O

r_'\'rrzk_%__ﬂ-pr3lgrz
2 3 B
232
2 4
ot =20t
lLe k= F or ﬂ
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Exercise C, Question 11

Question:

Tou tmay assume that the centre of masz of a uniform semi circular lamina of radiug a

: ' A
15 at a distance i from the centre.

A uniform solid right circular cylinder iz cut in half through itz azis to form two
prisme of semi-circular cross section One of these is placed with its curved surface in
contact with a rough inclined plane as shown inthe figure. The inclined plane makes

an angle of 207 with the horizontal Show that when the prism is in equilibrium, its
rectangular plane face makes an angle « with the horizontal, where o 13

approximately 54°

Solution:
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Draw a clear diagram showing equilibrium with the centre of mass & abowe the point
of contact 5.

Tdentif¥ the lengths of the sides and the angles in AQGY .

Tlze the sine rule in ADGES:
“ sin(180 —cr)  sin 20°

The > e
i

sn(l80—o)  sin 20°
s a e

T

SN = BL *sin 20
4

= 0.806
ot =53.6(35.£)
o= 54"
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Exercise C, Question 12

Question:

A hemispherical bowl, which may be modelled az a uniform hemispherical shell, has
tnasz 3 kg A weight of 2 kg iz placed on the rim and the bowl rests in equilibrium on a
smooth horizental plane. The plane surface of the bowl makes an angle o with the

horizontal. Show that tan o =% )

Solution:

Let the radius of the bowl be 7
The distance O = %

Talke moments about point 5 — the point of contact with the plane:
ro
CT- Esmtt =Z2gxrcosds
So3snoe =dcoso

4 ;
Stanod = = as recuired
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Exercise C, Question 13

Question:

A uniform solid right circular cone has basze radius », height 4 and mass . One end
of a light inextensible string is attached to the vertex ofthe cone and the other end iz
attached to a point on the rim of the baze. The string passes over a smooth peg and the
cone rests in equilibrinm with the axis horizontal, and with the strings equally inclined
to the horizontal at an angle @, as shown in the figure.

i

1

a Show that angle & satisfies the equation tan #=— .

2

b Find the tension in the string, giving your answer as an exact multiple of g,

Solution:
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In equilibrium the centre of mass & lies below the point of suspension s Let
distance ST =x.

iz the centre of the base of the cone and ¥ is its vertex

A and Bare shown onthe diagram.

tan 6 = — (from AFSTE)
ar

X—r

Alze tanf = (from AALS)
F
_m=p
3 F
x =3x-Gr
2x  =3r
) 3r
-x e
2
Stand = l
2

b Eesolve wertically for the forces acting an the cone:

2Tsn = mg E
sygpizs TR E
2einH 5
s tan @ = : sinf = : {from Pythagoras)
2! NG

N5 me

2

sidr=
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Exercise D, Question 1

Question:

A uniform solid right circular cylinder with base diameter 4 cm stands on a rough

plane inclined at 407 to the horizontal. What 15 the maximum height that such a
cylinder can have without toppling over?

Solution:
(s

I oem

3 2¢m X

Let the mazimum height be b cm. The cylinder is about to topple and so its centre of
tnasz (7 18 directly above the point 5 on the circumference of the base X iz the
mid-point of the base.

Ag o +40° =20" o =507

In AGEY 55 = 2 cm (radius)

5214 =g {position of centre of mass)
it
stan 50" =2
@
s =dtan 50°

k=477 e (35.8)
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Exercise D, Question 2

Question:

A uniform solid right corcular cylinder with base radius 3 cm and height 10 cm 15

placed with its circular plane base on a rough plane. The plane 15 gradually tilted.

a Find the angle which the plane makes with the horizontal if the cylinder topples
over before it slides.

b What can you deduce about the value of the coefficient of friction?

(s
A -
"}

Icm

Solution:

a When the cylinder is about to topple, & 15 vertically above point 5 X iz the
mid-point of the base.
Let o bethe angle which the plane malces with the horizontal.

In triangle GSX, SGX =«
iX = % #10cm=5cm  (position of centre of mass)
SX =3cm (radiug)
3
Stanol = —

te. of =31 (to the nearest degree)

b
RdA)
Fomgsna =1
L F = Meana
E(&)
R-Mgcozor=10
L R=Mgoosa

Az F=uR Mgano = Mecosorx 1

SOl E tan o

Le il ==
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Exercise D, Question 3

Question:

& uniform solid right circular cone with base radius 5 cm and height % cm 1: placed

with its circular plane base on arough plane. The coefficient of friction 1s = The

plane is gradually tilted.
a Find the angle which the plane makes with the honizontal if the cone 15 about to

b

shide and topple at the same time.
Calculate the value of the height of the cone, & cm.

Solution:

Mg

When the cone 15 about to slide F =uR
1e.fF = ?K L

E{7)
Then F—mgsino =0 -~ F=Mgzsinw &
RN
Then B—Mgeosar =0 - R=Mgcoosc )]

Substituting 7 and & into equation @
Then Mgsino = gﬂ{g COSCY

3

Stanc = —
S =500
From AGEY | where & i3 the centre of mass of the cone, X the centre of its base

and 5 a point an the circumference of the base about which topping 13 about to
OCour:

e B SO0
dfl f —E—I
4
20 3
nh= =20—:£=20J§=35 R
tan o 3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise D, Question 4

Question:

A uniform solid right circular cone of mass M with base radiug » and height 2# is
placed with its circular plane base on a rough horizontal plane. & force P is applied to
the vertex I ofthe cone at an angle of 607 abowe the horizontal as shown in the figure,
The cone beginz to topple and to slide at the same time.
a Find the magnitude of the force P in terms of AL

b Calculate the walue of the coefficient of friction

Solution:
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Mg
Let the point about which toppling occurs be A,
Take moments about point A

When toppling i about to occur, £ and 7 act through point 4.

wo Prosblxdr+ Fen 60xr = Mgxr

.‘.Pr+Pfr = Mgr
:,P‘ 1433 ‘=Mg
i\ 2 b
S0 p=_2ME
N
R{—)
Frosbl—F =10
F=_Me
2++03
R(TY

Psin 60" + R~ Mg=0
R MED _ 2Me

onf

Asthe cone 15 on the point of slipping, F=0R

;y=F+R=l
2
1e u,the coefficient of friction, = 12
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Exercise D, Question 5

Question:

A frustum of a right circular solid cone has two plane circular end faces with radii »
atied 2r respectively. The distance between the end faces iz 27

: : 11
a Show that the centre of mass of the frustum 1z at a distance £V from the larger

circular face.

b Find whether this solid can rest without toppling on a rough plane, inclined to the

horizontal at an angle of 40° | if the face in contact with the inclined plane 1s

1 the large circular end,
n the small circwlar end.

¢ Inorder to answer part b you assumed that slipping did not occur. What does this
imply about the coefficient of friction ¥

Solution:

Let the height of the small cone shown be j2

TTzing similar triangles
Ao or

h+2r  2r
ok =k 2
h=2r

. Distance of centre
=hape Idazs Eatio of masses of mass from X
1
Large cone ,-:-‘E,-T(Er)g 4r 2 P
1 2 5
Small cone pgfrz < 2 1 D i _Saf
1 3 _
Frustum Pgﬂ' < 14w 7 T

Take moments about X

83"—2:7?
-1
LE=—

14

PhysicsAndMathsTutor.com

Pagel of 2




Heinemann Solutionbank: Mechanics 3

b i "1‘ Let F be the position of the centre of mass.
Let Sbe the point an the plane vertically
below (3

Let Xbe the centre of the circular face with
radiuz 2r and A be the point about

which tilting would ocour,

Let SX =y,

Then tan 40° = =2~
i
1

.‘.y=%tan40" =0&ér (2sf)

Az SX =066r and AX =2r
S = AX and the solid rests without toppling

Thiz titne ¥ iz vertically below (3. £ iz the centre
of the circular face and & is the point about which
toppling would occur,

Let FE==
L, 2
Then tan 40" = E
14
17r

SLEz=—tandlt =1.02r
14

Ag FE=102r and BZ =r
Y2 = BZ and toppling would occour,

¢ Asthe angle of slope 13 40° limiting friction would imply o =tan 40",
Mo slipping itnplies p= 0839 (3a£)

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

A uniform cube with edges of length fa and weight W stands on a rough horizontal
plane. The coefficient of friction 15 p. A gradually increasing force &1z applied at

right angles to a vertical face of the cube at a point which i a distance @ above the
centre of that face.
a Show that equilibrium will be broken by sliding or toppling depending on whether

3 3
HEe— or U= —.
4

b If u= % and the cube iz about to 2lip, find the distance from the point where the

normal reaction acts, to the nearest vertical face of the cube.

Solution:

PhysicsAndMathsTutor.com
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l W AR

F
4 A

a Consider the cube in equilibrium, on the point of toppling, so B acts through the
cortier A
E{—=y.F-F =0_ F=F
R(Ty:R-W =0.R=W
UNCAY: Pxda = W = 3a

P=EW
4

If equilibrium is broken by toppling P=§W, so A= %W
But F<pR

;W = ulF s0 p P; 1z the condition for toppling.

If howewver, i = ; then the cuke will be on the point of slipping when F =&

1e. when FP= 0 the cube will start to slip.

b Let Ractat apointx from A

[,
W
F 4—1 I

A

Bl F-F=0"F=F
EME-W =0 E=W
When the cube 12 about to slip: F =0k

LP= ks W
4
MY Poeda + Rx = W < 3a (substitute for 2
%W 4+ KEx = W= 3a (substitute for &)

S =W« 2a
1e.x =2a

The required distance iz 2a.

© Pearson Education Ltd 2C
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Exercise D, Question 7

Question:

A apindle is formed by joining two solid right citcular cones so that their circular
bases coincide. The cones have the same base radius and have the same uniform
density. The heights of the two cones are & and 2% as shown in the figure.

- :.'i' - -h -

a Find the distance of the centre of mass of the spindle from the vertex of the larger
COneE.

The spindle 15 placed on horizontal ground with the sloping surface of the smaller

cone in contact with the ground. It rests in equilibrium but 15 on the point of toppling.

b Show that the radius of the common base of the two cones 18 %}'2.

Solution:

PhysicsAndMathsTutor.com
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a Let the point I be at the vertex of the large cone. The centre of mass liez an the axis
of symmetry. Let the radiug of the bases of the cones be #

. Distance of centre
=hape Idass Ifass ratios e
1 3
Large cone Zmprizh 2 %2k
3 4
1 a 1
=mall cone —mprt k 1 2h4—h
3 4
1
=pindle z aprih 3 X

UM 2 /3/2;3 +1 /|' oh +%;g | =37

,‘,3k+%=32
4
1e.x = 1}2
4

TWhen the spindle is on the point of toppling
the centre of mass & iz vertically abowve
point S, onthe rim of the common face,

In the figure let X50=o .
then SG0 = also

GO = 2;3—[ )
4
_k
4
O =rand OX =4k
From _".I:?n:fi'S,1:ant—f=L
1
—h
4
F
and from ASOX tano = —
r
R dr
r ok
e k=407
1
orr =—
2
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Exercise D, Question 8

Question:

A uniform zolid cylinder of baze radius » and height & has the same density as a
uniform solid hemisphere of radiug # The plane face of the hemisphere 12 joined to a
plane face of the cylinder to form the composite solid & shown The point & 15 the
centre of the plane base of 5

6 +8hr + 307

4(Gh+2r)

a how that the distance from & to the centre of mass of 515

)

Fy

- e

0

The solid 15 placed on a rough plane which iz inclined at an angle & to the horizontal
The plane base of 51z in contact with the inclined plane.

b Given that %= 3 and that .5 15 on the point of toppling, find a to the nearest

degree.
¢ (hiven that the solid did not slip before it toppled, find the range of possible values
for the coefficient of friction [E] [adapted]
Solution:
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. Distance of centre
shape Mass Mass ratios e
2 3
Hemisphere Zrps 2r h+=r

3 5
: 1 F
Cylinder mprth ik 5

jf 2 4

Composite solid mpr | gr +4 ‘ 2r+3k x

M 2r|' ;g+§r "+3;g /g =(2r +30)7

B R
ok +Zr2 +5;33 =(2r + 3%

Multiply both sides by 4
Sri+3r° +6k° =4(2r +3R)%
= 6h* + Bhar + 3
403k + 2

When the solid iz on the point of
toppling the centre of mass & iz
vertically above point 4 as shown

In AGOA,
SAGD =
Ol =r
2 2 2
< OG=6(3:~) +337 43
4(8r + 21
{1e. * with 2=3r)
2
hoE= s ol
d4r 44
R— P44
2 WL Edl OF —W—E
—r
44

s =25 (nearest degree)

B MF—meano =0 F=mgsn o
E(S)E—mgoosr =0, E=mgcosa
The zolid does not slip

LEEnR

Le, Mgeng = Mg cosl

SOH 2 tan o

Le: u= ; if the zolid did not zlip before it

toppled.

[If w =§ it slips and topples at the same time ]

© Pearson Education Ltd 2C
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Question:

& uniform zolid paperweight iz in the shape of a frustum of a cone. Ttis formed by
removwing a right citcular cone of height & from a right circular cone of height 24 and
base radius 2r.

a Show that the centre of mass of the paperweight lies at a height of %ﬁz from its

base.
When placed with itz curved surface on a horizontal plane, the paperweight is on the
point of toppling.
b Find #, the semi-wertical angle of the cone, to the nearest degree.

Solution:
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a Let the mass per unit volume be o

. Position of centre of mass
Shape Idass Ilass ratio _ distance from O
1 2 2k
L —mp2r2h 9 i
arge cone =¥ (2] )
1 A
Small cone —Eprg}'z 1 h4—
3 4
1
Fruztum g.-'.',-_‘- (8rh — k) 7 I

The centre of the bage iz the point &

The radius of the small cone is ohtained by sinular triangles.

OMO: 8% 12" = 7%
4 4

“% =77
4
& 11
1.E X - —
28
11k 11k

b As OG=— CGX=h——
28

28
_ Vi
28
From AS GXS and PXS shown:
17
tan @ =28 and tanf =L
r h
)
Eliminating », ktan & = _28
tan &
7%
tat &
stantl = .
28

S8 =38 (nearest degree)
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Question:

A child's toy is made from joining aright circular uniform solid cone, radiuz » and
height %, to a uniform solid hemisphere of the same material and radiug » They are
joined so that their plane faces coihcide as shown in the figure.

a Show that the distance of the centre of mass of the toy from the base of the cone iz
B —3r?
A{2r + k)

The toy iz placed with itz hemisphere in contact with a horizontal plane and with its
axiz wertical. It iz elightly displaced and released from rest.

b Given that the plane s sufficiently rough to prevent slipping, explain clearly, with
reasons, what will happen in each of the following cases:

i h>rf3
i her3
i h=ra3. [E]

Solution:
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a Let the mass per unit volume of the solids be p . Let O ke the centre of the plane

circilar faces which coincide.

: Dustance of centres
shape Mazs Ratio of masses of mass from O

1 Fi
Cone Znprikh Fi .
3 4

2 —Zr

Hemisphere — ,-Tpr3 O il
3 8

1

Toy gfp(rz}z +2r%) B2 T

UO(&+2r}f=}3/§+2r|l _?3’" '

_2_¥

4 4

2 2
om0

A+ 2r)

b1 Ifk= ru@ then ¥ =0 sothe centre of mass 15 in the cone — the cone will fall

OVEL.

n Ifk= r\-@ then X <0 sothe centre of mass 13 1n the hemisphere, the toy will
return to vertical position

m If A =ru"§, then ¥ =0 so the centre of mass 15 on the join at point & The toy
will stay still in equilibrinm.

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

The curve shows a sketch of the region R bounded by the curve with equation y* =4z

and the line with equation x =4 The unit of length on both the axes is the centimetre.
The region R iz rotated through 7 radians about the x-amis to form a solid &

A

a Show that the volume of the selid 51z
32mem?®
b Given that the solid 15 uniform, find the

distance of the centre of mass of 5 from &
[E]

Solution:

L
3 0
2mpE —E;‘rp
3
_ B
x _ —_
3

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

The region & iz bounded by the curve with equation y = l the lines x=1,x=2 and
x

the x-axis, as shown in the figure. The unit of length on both the axes is 1 m. A solid
plinth is made rotating & through 27 radians about the x-amis.

a  Show that the volume of the plinth 15 Em3
b Find the distance of the centre of mass of the plinth from its larger plane face,
giving your answer in cm to the nearest cm.

Solution:

I

=
[orm——
2| L
| P |
— )

|

=]

=1

| —
&

X =2lnZ
o the distance of the centre of mass from the plane face x=1 iz

2ln2-1=0386m (3 s.f)

1e. 39 cm to the nearest cm.

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

The figure shows a uniform zolid standing on horizontal ground. The solid consists of
auniform solid right circular cylinder, of diameter B0 cm and height 40 cm, joinedto a
uniform solid hemisphere of the same density. The circular base of the hemisphere
coincides with the upper circular end of the cylinder and has the same diameter az that
of the cylinder. Find the distance of the centre of mass of the solid from the ground.

Solution:

Let the density of the solids be p . Let & be the centre of the circular base of the solid

: Distance of centre
=hape Mass Eatio of masses TSNS g
Cylinder mx40% % 40p 1 20 cm
i 3 N
Hemizphere Eﬂp <40° E A0+ Z x40 |em
3 3 8
i 2 hl 5
Solid np> 403| 1+2 | i F
| "3} 3

OM(O) 2% =1/20+3/|' 40 +2 x40 |
3 31 8

.~ The centre of mass of the solid 15 at a height of 34 cm abowve the ground.

© Pearson Education Ltd 2C
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Exercise E, Question 4

Question:

A zimple wooden model of a rocket 15 made by talting a vniform cylinder, of radius »
and height 37, and carving away part of the top two thirds to form a uniform cone

of height 27 as shown in the figure. Find the distance of the centre of mass of the
model from itz plane face.

Solution:

Let the mass per unit wolume be g

Pagel of 1

Distance of | 4— Iote that the cylindrical base of
Shape Mass M?LSS centre of this rocket has height ».
ratios mass from
plane face
Cylinder ,-'T,-:rr"2 W F 1 %
Cone lT w2 E o+ 2_?“
3 3
2 2
Model mprixlZs 1— X
3 3
(U (plane face): lgf =1 /i+E /|I r+£ I
3 2 w3 ok 4 )
T L L
lg.—X =—+—+=r
3 2 3 3
y B I9p
e =x="—-
3 2
Gy
Bl i
1

: ; By
- The centre of mass 15 at a distance G from the plane face.
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Exercise E, Question 5

Question:

The figure shows a cross section containing the axis of symimetry of a uniform body
consisting of a selid right circular cylinder of base radius » and height kr surmounted
by a solid hemisphere of radius » Given that the centre of mass of the body 15 at the
centre & of the common face of the cylinder and the hemizphere, find the value of k,
giving vour answer to 2 significant figures.

Ezxplain briefly why the body remains at rest when it i3 placed with any part of 1ts
hemispherical surface in contact with a horizontal plane.

[E]

Solution:

Let the density of the zolidbe p

[

Shape Tlass Flissaiin Distance of O of
mass from O
: 2 fr
Cylinder Tpre ke i _E
2 2 3
Hetmisphere —apr = —r
3 3
3 2 ) 2
Composite body mpr | i+ 3 | i+ - 0
Ud{about &0 k& /|I LB | +E /Er =
\ 2] 3 8
kro
T2 4
C. B N (2sf)
k= = =— =] a2t
2 V2

The centre of mass of the body 15 at & which 15 always directly above the contact
point.
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Exercise E, Question 6

Question:

& unifort lamina cccupies the region & bounded by the x-amis and the curve with

equation y=£xl:4—x]0 =x =4, as shown in Figure 1.

. _ : W
a Show by integration that the y-coordinate of the centre of mass of the lamina is 5

Figure |

]
ad

Figure 2

A uniform pristm P has cross section & The prism 1s placed with its rectangular face
oft a slope inclined at an angle © to the horizontal. The cross section R liesina
vertical plane as shown in Figure 2. The surfaces are sufficiently rough to prevent &
from sliding.

b Find the angle 8, for which P iz about to topple.

Solution:
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1 2 ] 4x2 ]
ol=ydx =] —(lé-8x+x")dx
g 16

a y= " n
'r‘-'[ydx —J Ax—x* dx
4.J4

el 8 48 20" |,
339
3
=E{§i_ﬂ §i}
32| 3 5
:E-"_2
2015
_6_2
15 15

b From symmetry the x-coordinate of the centre of mass 13 2.

When 13 about to topple the centre of mass (& 15 directly abowe the lower edge of
the prism &

© Pearson Education Ltd 2C
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Exercise E, Question 7

Question:

L unifortm semi-circular lamina has rading 2a and the mid-point of the bounding
diameter A8 iz O
a TJsing integration, show that the centre of tnass of the lamina iz at a distance

S_a from O c
3

—

AR

A

cut away from the original lamina to leave the lamina AQ5C shown in the diagram,
where OC iz perpendicular to A8,

b Show that the centre of mass of the lamina AQECT iz at a distance 4_a from O

The lamina A OB iz of mass M and a particle of tnass M iz attached to the lamina at B
to form a composite body

The body 15 smoothly hinged at A to a fized point and rests in equilibrium in a
vertical plane.
d Calculate, to the nearest degree, the acute angle between A8 and the horizontal.

Solution:
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Tale the diameter as the y-axiz and the mid-point of the
diameter as the origin,

Then M x= ijyx dx where

0 H l '
L ,;,R/ M= % P (2a)® and where x° +y° =(2a)?
2a
L2pnait = g)—[ 2xfda’ — 2t dx
0
- 3 2o
;. [(442 — a2 ]
3 o
2pmait = E %8a’
= ch = ona’
_ Ba
am
b
=hape Ilazs Mazs ratios ( dgf;:; go?naﬁﬂj
8
Large setni-circle 2mpa’ 4 3_a:
Semi-circle l T 1 4_f1
diameter 47 o I
Semi-circle 1 il 1 &
darmeter 08 A am
Eemainder ,-'.fr-.‘-czt2 2 x
MO 4'r8—a—1 r_4_a_1_y4_a =2%
3n 3n am
C2a o
T
.
LE=E—

¢ The distance from OC 1z a

The distance from &5 15 2_a

i

d Let Mbe the foot of the perpendicular from F onto A5

In the diagram & is the angle between A8 and the vertical.

From AANG
e
e tanl=—— = &
AN Za+ta
=z
3

S8 =12" {to the nearest degree)
PhysicsAndMathsTutor.com
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Exercise E, Question 8

Question:

A uniform wooden “‘mushroom’, used in a game, 15 made by joining a solid cylinder to
a solid hemisphere. They are joined symmetrically, such that the centre & of the plane
face of the hemisphere coincides with the centre of one of the ends of the cylinder.
The diagratn shows the cross section through a plane of symmetry of the mushroom,
as it stands on a horizontal table,

The radius of the cylinder iz #, the radius of the hemisphere iz 37, and the centre of
mass of the mushroom iz at the point O

a1
a =how that the height of the cylinder 13 r\[; :

The table top, which iz rough encugh to prevent the mushroom from sliding, iz slowly

tilted until the mushroom 1z about to topple.

b Find, to the nearest degree, the angle with the horizontal through which the table
top has been tilted.

Solution:
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Shape Wass Mass ratio D;sft;nacsz ?foc;nge
Cylinder nprik A — g
Hemisphere % oo (3?"}3 19 g (3
Lushroom mor (h+187) h+18 0

MO — A /g+18r /% %3r =0

R,

i

kB8l
e

sh= r\li
2

When the mushroom 15 about to topple G55 18
vertical

From the diagram tan 8 =

o e
B

S8 =59" (nearest degree)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise E, Question 9

Question:

Figure 1 shows a finite region A which is bounded by the curve with equation
¥* =dax  the line x=a and the x-asis.

A uniform solid 5 is formed by rotating 4 through 27 radians about the x-axis.

I'I.':: dax

U Ir=a

a Show that the volume of 5 is 2ma’.

b Show that the centre of mass of 5] 15 a distance 2?4 from the origin

Figure 2

Figure 2 shows a cross section of a uniform selid 5 which has been obtained by
attaching the plane base of solid 5 to the plane base of a uniform hermisphere 5, of

the base radius 2a.

¢ (Given that the densities of solids 5 and &) are o and p, respectively, find the
ratie 0y : p, which ensures that the centre of mass of 5'lies in the common plane
face of &) and S,

d Given that py: p, =6, explain why the selid & may rest in equilibrivm with any

point of the curved surface of the hemisphere in contact with a herizontal plane.

Solution:
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The centre of mass of 5 15 ata
: [ 2a) .
distance ‘ a—? ‘ from its

plane face.

a = HJ}‘E dx
= *J Aax dx
0
=m [2&:{2 ]ﬂ
=ona’
HJA;]JE dx
h ¥=
T yz dx
T,[ dax® dx
— W
2ra’
{4ax3 T
ey
o2na’
_ indt
2na’
2
=—a
3
c
Distance of
Shape Ilazs Idass ratios centre of
mass from &
e
ot 2apa’ o) i
2 B 3
S E»'T'r"g (2a)’ g'r“‘z g(zﬂ)
Cotnbined 8
Solid 2;“!’@3(,'\.?1'*5 pﬂ) ll"-hl +_I\2 U
A 15 the centre of the common plane base.
2 MG
@ A B
M=t =, x— =10
Y337 g
1
L=p =2p
3 2
. r'“\1 — 6[.\_‘5.2

d Given that o0 o, =6:1, then as centre of mass 15 at centre of hemisphere thiz will

always be above the point of contact with the plane when a point of the curved
surface area of the hemisphere iz in contact with a horizontal plane.

{Tangent — radius propetrty)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Page3 of 3

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise E, Question 10

Question:

A mould for a right circular cone, base radiug # and height », iz produced by making a
conical hole in a uniform cylindrical block, base radius 27 and height 3» The axis of
symimetry of the conical hele coincides with that of the cylinder, and AF 12 a diameter
of the top of the cylinder, as shown in the figure.

21602 — i

a Show that the distance from A8 of the centre of mass of the mould s —
diZ6r -}

! ;1\"'*—-@;——"’/“ t

Pohagone g

The mould 1z suspended from the point A, and hangs freely in equilibrium.
b Inthe case & = Z2r, calculate, to the nearest degree, the angle between AR and the
downward vertical.

Solution:

PhysicsAndMathsTutor.com

Pagel of 2



Heinemann Solutionbank: Mechanics 3

: Distance of centre
=hape Mass Iass ratio of mass From AL
3
Cylinder TP (2r? % 3 12r E”
Cone l.-'.',-:-*rz <k lﬁs lﬁz
3 3 4
1 1
Eemainder .153(123"3—53"3}3} 12?"—5}3 T
{ 1.7 a1 1
O:| 12r- 2k |7 = 12r %~ Zhxh
3 ) 2 3 4

P IET | LY
‘ 12 1?3 |x 18r 1 k*
3 12

1

187° — — &
nFe—12
ler—=h
3
Multiply numerator and denominator by 12
= 2167 — b
U A36r—h)
h From the diagram
tan & = i,
2
T 2 2
hs h=2r 7= 2160 —(2r)° _ 21207 _ 53
4(36r — 21 126r
tan I‘-J'=E
68
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