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Further dynamics
Exercise A, Question 1

Question:

& particle F of mass 0.2 kg 1s moving on the x-azis. &t time £ seconds P is x metres
from the origin & The force acting on P has magnitude 2cozt N and actz in the
direction OF. When =0, F iz at rest at & Calculate

a the speed of P when =2,

b the speed of P when £ =3,

¢ the time when P first comes to instantaneous rest,

d the distance OF when £ =2,

e the distance OF when P first comes to instantanecus rest.

Solution:
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—— el
‘ 02kg 5
0 xm o 2 cost N
a F=ma
Zoogi =02

3

O.2E= Dcost &—— |
df

. . ) dy
Force 1z a function of time 50 use a = E :

2
v = chosz de —

Integrate to obtain an expression for v,

v = 10sint+e
t=0 v=0 \
Don't forget the constant,

D=0+c. ¢c=0
v=10zn{

t=2 v=10zn2=9092__
When £=2 the speed of Pis 9.09m s~

b i=3 v»=10zsn3=1411...

(3 5.£)

When =23 the speed of Pis 1.41ms™ (3 a.£)

C v=0 0=10sné =
sing =0

£=00

Froomestorest when v=10.

3

Ffirst comes to rest when £ = .

d  v=10zan!

=10sin¢

&l &

x=10!sinﬁdﬁ

Exact answers are best.

x=-10cosi+ & )
(=0 x=0 0=-=10+K" KE=10

x=—10cos:+10
=2 x=-10cosi+10=1416__.

When t=2 OP=14.2m (3 s.£)

e f=m; x=-10coss+10
=10+10=20
When F comes to rest OF=20m.
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Further dynamics
Exercise A, Question 2

Question:

A wan of mass 1200 kg moves along a horizontal straight road At time £ seconds, the
. . &0 000 . L
resultant force acting on the car has magmitude 57 I and acts in the direction of
VE+D0

motion of the van When £ =10, the van iz at rest. The speed of the van approaches a

limiting value " m 7. Find

a the value of F;

b the distance moved by the van in the first 4 seconds of its motion.

Solution:
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a 5 =ma
&0 000
(£+5)*

=1200z

50

e ——
(£+3)
e a0

dt (¢ +5)°
50

dv

Force 13 a function of time 50 use a = — .

.

50 D

v =- +c

(+3)

50

I
ik
=

—50la(+5)+108 + &

t=0x=0 0=-50ln5+K
K =50In5

C x=-501n(+5)+10¢ +501n 5

t=4 x=-50109+40+501n5

x=40+501n§
x=10061..

Integrate to obtain an expression
for v,

The van mowves 106 m in the first 4 seconds (3 2.£)
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Further dynamics
Exercise A, Question 3

Question:

A particle P of mass 0.8 kg 15 moving along the x-axis. Attime £=10, F passes
through the origin &, moving in the positive x direction. At time f seconds,
(OF=x metres and the velocity of P iz vm 57", The resultant force acting on 2 has

magnitude é- 15— x M, and acts in the positive x direction. The maximum speed of P
iz 12ms™.

a Ezplain why the maximum speed of F occurs when x =15,
b Find the speed of Pwhen : =0,

Solution:
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9 rm

Wlamimum speed = acceleration zero
= force iz zero

l(lﬁ—x}=0 Lox=15
£

= ma

é(lﬁ—x)=0.8a

1
a=—oiI15-x
4.8( )

vE =L(15—x} «— | Force is a function of x 50 use a=va.

4.5

dy

jv dv = ﬁj(lﬁ—x}dx \

separate the variables.

lv2=i[15x—lx2 ]—kc
2 4.8 2
x=15:v=12 *+— atells you the initial conditions.
Lo = L spqsal st fie
2 4.8 2
c =1><122—i)<l><152
2 48 2
c =48.5625
LA l[lﬁx— 12 ]+48_5625
2 4.8 2
(=0x=0 v =2x485625 *— Pz at 0 when £=10.

v =3.855

When =0 P'sspeedis 9.86m s (3 s.6)
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Further dynamics
Exercise A, Question 4

Question:

A particle P of mass 0.75 kg 1z moving in a straight line. At time £ seconds after it
passes through a fized point on the line, <, the distance OF i3 x metres and the force

acting on P has magnitude | 2e™ +2 |17 and acts in the direction OF Given that &

passes through O with speed 5m 57, calculate the speed of P when

a x=73,
b w=a
Solution:
0.75 ke
° i
) xm P (2ex+2)N
F=ma

(26 +2) = 0.75%

U.T"Svﬁ — . / Force is a function of x 5o use i=v% .
dx

D.?ﬁjv dv =I(2&'x+2}dx «

Separate the variables.

0.75 x%vg =2 +2x+0c
=0 v=5 U.?ﬁx%xﬁz = -J+4¢

e = O.?ﬁx%x 5 +2=11.375
L0375 = 22 4+ 22411375

a x=3
v =;(—23'3+6+]1.3?5)
0.375
v =6787...

When x=3 P'sspeedis 6.79ms™ (3 s.f)

b x=7 vﬂzL(—ze-”'+14+11.3?5)
0.375
= 82254

When x=7 Pzspeedis 823m s (3a.1D)
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Further dynamics
Exercise A, Question 5

Question:

A particle P ofmass 0.5 kg moves away from the origin O along the positive x-asxis.

M and iz directed

When OF=x metres the force acting on 2 has magnitude 5
T+

away from . When =0 the speed of P iz 1.5m s . Find the value of x when the
speed of Pis 2m s,

Pagel of 1

Solution:
P 0.5kg
0 i 3 X
N
(x+2)
A =mna < dv
7 Force 1z a function of x so use x=v—.
=05x
r+2
0.51)E = :
dx x+2
U.SIv dv = BJA 1 dx
xt+2
D.5x%v2 =3ln{x+21+c
r=0v =15
0.5x% lzx 1.5 =3n2+c¢
e
€ = e —3ln2 For the best final answer keep the exact
: . value as long as possible.
2

So=yt o= 31n(x+2)+£—31n 2
4 4

1 .4 1.5°
v=2 ZXZ =31n(x+2)+T—31n2

1.5°
3ln(x+2) =]—T+31n2

In(x+2) =0.8389...
x =¥ _0=03140__.

When P's speedis 2m s, x=0314 (3 s.D)
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Further dynamics
Exercise A, Question 6

Question:

Calculate the magnitude of the impulse of a force of magnitude F N acting from time
£ seconds to time £, seconds where

a F:B:f*—lz e
2

B P & ST ET,
-2

¢ F=Z2cosdt II=U,%=%,

d F=3+e™" 1=0,z=4

Solution:
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method.

b

Impulze =I Fdt orzee end for an alternative

1

The magnitude of the impulse 15 60 Ha.

2
b Impulse =I [Z+LJ&‘.
1 33_2

1 2
= [zf* +=In(% - 2)}
3 1
1 1
=4+-In(6—2)—| 1+=lIn1
3 3
1
=3+-In4
3
= 3462

The magnitude of the impulse 15 346 Ns (3 2.£)

7 > T
c Impulse=j 2c:os4zd£=|:asm4z}

0 b
L :
= —[sin s —sin 0]
2
=1
The magnitude of the impulse iz 1 Ms

4
d Impulse=j (T4 s
1}

~[-2e]
=12-2e* —(0-2x1)
=14-2¢7*
=392

The magnitude of the impulze 1s 1277 M (3 2.£)

Alternative method for a

Fzmﬂ +— USE
T
2 e

required times.

F =mu to find »ev at each of the

2
3 i
= —+4c =mv
Fl
t=0 wmw=c¢

t=4 6d-d+e=mmy

impulse = v, — g

=6&0+ec—c=60

Impulze = change in momentum,

The magnitude of the impulse 15 60 N,
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Further dynamics
Exercise A, Question 7

Question:

Calculate the work done by a force of magnitude # I directed along the x-axis which

moves aparticle from x=x metresto x=x, metres where
1
3 2

a F=2x'+-x" x=1x=4,

b F=2sinx+3 x =0, x2=%,

g F=Sriieed ap=diw—s

Solution:
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a work done=I 2rdy—x

4 1
1
1

¥

work done = I F ds or see for

¥

an alternative method.

= 19% (or 19.83..)

The work done 1z 19§I for 19 8T (3£

b work done = ! d (Z2sinx+3dx
n

= [—2 Cos x+3x]§

=-2 cos£+3£—(—2 cos 0+0)
A P

ive the exact answer unless
3 : ;
=__+2 / accuracy is specified.
2

The worl done is [3;+2] Tor671T(316)

3

¢ Work done = I (32 + e )dx

1

- |:x3_le—2x:|3
2 1

= 2?—1.3*5—[1—1.3'2]
2 2

=26.06_..
The work done 15 26 1T (3 s5.£)

PhysicsAndMathsTutor.com
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4
d Work done=! [E-I—i]dx
gihms e

=[3ln x+ 2 (x-1)];
= 3nd+2ln3- (3ln 2+21n 1)
=1n64+1n9-1n 8- 0

= ln[ 64; 9]=1n 7v.

The work done 1z In 72T or 4 28T (3 s1)

Alternative method for a
F=ma =

1
= 1 d
2x7 +=x° = s

2 dx
L 4
mjv dv = I[Exj +§ x de
1 1

3w % 3
—mv' =—xi+—x"+c
2 3 &
1 4 41 3
e e s T
2 36 2

1
r=4 —mv;" = —x8+—xbd+c
2 3

worls done =3—32+E—E:192

6 2 &
The work done 13 19%:[.
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TTze 7 =i with a =v% and integrate

s 5l
to obtain —#av for each value of x.

work done = changein E E.
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Further dynamics
Exercise A, Question 8

Question:

A particle F ofmaszs 1.5 kg 1s moving in a straight line. The particle iz initially at rest

at a point & on the line. At time £ seconds (where £ 2> 0) the force acting on F has

magnitude (3¢+8N and acts in the direction OF. When ¢ =T, P has speed 75m s~

Calculate

a the magnitude of the impulse exerted by the force between the times =1 and
=4,

b the speed of F when =3,

¢ the value of T

Solution:
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0 P
4

a hnpulse=j (= +8)de
1

q 4
=[3I—+85}
2 1

= (24+32)—[§+8]

(3r+ 8N

¥

Impulze =I Fdi or find velocities at

1

i=1and £t =4 and use
impulse = change in momentum.

=465
The impulse has magnitude 46 5 Ws
b F =
Gt+E3= 1%a
Eﬁ: i+
2 de
3
§v= (3t +3)ds
2
Ev = 3i+8£+-:
2 2
i=0v=0=e=0
I=32v= £ 24
2 2
2 73
v: _x_
a2
v= 25

2
c Ev—?)z—+8.t
2 2
v="T5t=T
Ex?"ﬁ =—+38T
2
3T 16T -225=10
7= —16 4 (167 +4x 3% 225)
&

= 6394, or—11.72...
T=0 » T =£639(3:f)
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Further dynamics
Exercise A, Question 9

Question:

A particle of mass 0.6 kg moves in a straight line through a fized point & At time
f seconds after passing through O the distance of F from & 13 x metres and the

. o1 =
acceleration of Pis =(x° +2x im s™.

a Write down, in termes of x, an expression for the force acting on P
b Calculate the wotlk done by the force in moeving P from 2=0to x=4.

Solution:
1
—— (X +2xms
0.6 kg
(& xm F
a F=rma | TTze 7 =pu.

F=06x %(xﬂ +22)

F=012(+27)
4

b Work_done=JA Fdx a :
) worlt done = j Adx

4
= j 0.12(x%+ 2x)dx 1

1]

3 4
= 0.12{x_+x2}
3 0
- 0_12[%+16—U}

=448

The work done 13 4.48 I

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 1

Question:

Above the Earth’s surface, the magnitude of the force on a particle due to the Earth’s
gravitational force 15 inversely proportional to the square of the distance of the particle
from the centre of the Earth. The acceleration due to gravity on the surface of the
Earth 15 g and the Earth can be modelled as a sphere of radius & A particle 7 of mass
m2 13 a distance (x— A) (where x2 &) above the surface of the Earth. Prove that the

. - . . mgR’
magnitude of the grawvitational force acting on F 15 mgg .
Solution:
i :
=d—2 where & =distance from centre
distanice (x— &) abowve surface
= distance x fom centre
i
F=—
x
On surface F=mgrx=K The magnitude of the gravitational
K force on a particle on the surface of
e = R the earth 1z the magnitude of the
k = mgk: weight of the particle.

1

. Magnitude of the gravitational force iz gz
x

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 2

Question:

The Earth canbe modelled as a sphere of radius B At a distance x (where x> &) from
the centre of the Earth the magnitude of the acceleration due to the Earth’s
gravitational force 13 A, Onthe surface of the Earth, the magnitude of the acceleration

L _ R
due to the Earth's gravitational force 13 g Prove that A= g_z
x

Solution:

For a particle of masz s, distance x from the centre of the earth:

Fo=ma
R Fr2dl :
Tg— + TTze the inverse square law.

Cn the surface of the earth, x=8 A=g

; _k
k = mgR*
mgRe
comd =
2
g’
e=a
2

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 3

Question:

A spacecraft & is fired vertically upwards from the surface of the Earth. When itis ata
height &, where & is the radius of the Earth, above the surface ofthe Earth its speed 13
yJgR . Modelthe spacecraft as a particle and the Earth as a sphere of radius & and

find, in terms of g and &, the speed with which 5 was fired. (You may assume that air

resistance can be ignored and that the rocket’s engine 1z turned off immediately after
the rocket fired.)

Solution:
F =
2
mag R - . .
gz = —pmx * 18 mowing away from the eatth, o the
S acceleration 15 in the direction of decreasing x.

where x 15 the distance of 5 from the centre of the Earth.

dv _ R " dv
e g? Tse #=v— asthe acceleration 15 a function
1
jv dv=-g Vi — dx of x.
x
p
lvg =g —+C
x
x=2R v=.,gR
2
2 2R
o
2
1a_g’
2 b
2
2 &
v =2g R
v = .J2gR

& was fired with speed f2gk

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 4

Question:

A rocket of mass w13 fired vertically upwards from the surface of the Earth with
initial speed U7 The Earth is modelled as a sphere of radius & and the rocket as a
patticle. Find an expression for the speed of the rocket when it has travelled a distance
Hmetres. (T ou may assume that air resistance can be ighored and that the rocket’s
engine iz turned oft immediately after the rocket iz fired)

Solution:
F=ma
mg R . N
) = —mx o The acceleration 1z 1n the direction of
decreasing x.

where x 15 the distance of the rocket from the centre of the Earth

dh R -
& =- gxg TTze f=vg as the acceleration 1z a
J‘v w=—g jolz dx function of x.
x
2
Yoo BR
2 oy
x =8, v=U + On the Earth's surface.
2
2 R
= %Uﬂ -gR
x=({X+H + After travelling a distance &, the rocket 12

2
lvz_ gR 1U:4_

= ER
2 T X+R 2 Earth

a distance (X + A) from the centre of the

2o le R+UMX+R-2g RIX+R)
(X +R)

Lo \/{UQX+UQR—2E RX}

(X +R)

X+ IR - 2g R}f}

WWhen it has travelled X metres, the speed of the rocket is
(X+ A

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 5

Question:

A particle is fired vertically upwards from the Earth’s surface. The initial speed of the

particle is u where 1° =3gR and R is the radius of the Earth. Find, in terms of g and
F, the speed of the particle when it i at a height 4% above the Earth’s surface. (Tou

may assumne that air resistance can be ignored.)

The acceleration 13 1n the direction of
decreasing x.

i dv L
Tse x=v— asthe accelerationis a

function of x.

At a height 4 8 abowe the Earth's surface,
x=35R.

Solution:
g &
A== <
x
2
Y
dx x \
jvdv——gﬂgjizdx
x
2
lv2=£+c
2 %
x=R v'=3gR
2
'. lx3gR=£+C
2 &
1
O =—gR
28
2
gl SR g op
x
When x=5R -
2
v2=2gR +g &
4R
vgz?gR
3

. The speed at a height 45 above the Earth's surface 15

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 6

Question:

A particle 158 moving in a straight line towards the centre of the Earth, which 1z

assumed to be a sphere of radius & The particle starts from rest when its distance from
the centre of the Earth 1z 38 Find the speed of the particle as it hits the surface of the

Earth. (¥ ou may assume that air resistance can be 1gnored. )

Solution:
. —mg B*
m¥ = m‘g’; =]
x
dv —gR*

The acceleration 13 1n the direction of
decreasing x.

" dy s
Tee x= va as the acceleration 1s a

function of x.

1a_88 -
2 x
x=3K, v=0
_—gR' _-gR
3R 3
1p_28 gR
2 x 3
2
x=p Lp_8R gk «
2 R 3
1 2
=g R
2 3g
4
vV =—_gR
38'
v=2£
3

x = F onthe surface of the
Earth.

it
The particle hitz the surface of the Earth with speed 2 g? :

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 1

Question:

A particle P is moving in a straight line with simple harmonic motion. The amplitude
of the oscillation 15 0.5 m and P passes through the centre of the oscillation O with

speed 2m s Calculate

a the pertod of the oscillation,
b the speed of P when OF =02m.

Solution:

a v =w'la’ -2

a=05 x=0 v=32

22 = % 0.5%

i
peﬁ0d=2_=2i_£
o 4 2

The period 13 %s :

b x=02m +* =4%0.5-02%
v=1833
When OP=0.2m the speed of Pis 1.83m s (3 5.f)
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Further dynamics
Exercise C, Question 2

Question:

A particle P is mowing in a straight line with simple harmonic motion The period 15
g - : . ” S
ES and P’z mazimum speed is 6 m 570, The centre of the oscillation is O, Calculate

a the amplitude of the motion,
b the speed of F 0. 35 after passing through &

Solution:

Mazimum speed occurs when
g =

x=10.
The amplitude 12 1 m.
b X = @sin ¥ + The speed 0.3 s after passing (1=
VYV = fcBcos el quUifEd.
=03 v =1xbcosbx U_;\
_ Differentiate the line abowve to
v=bhcosl3 ;
obtain v,
v =-1363
When £=0.3, Phas speed 1.36m 5™ (35.£) +— gpeed is positive.

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 3

Question:

A particle 15 mowing in a straight line with simple harmonic motion. Its maximum
speed iz 10ms™ and its maximum acceleration is 20m ™. Caleulate

a the amplitude of the motion,
b the period of the motion

Solution:

a v =t la? — x%)

=0, v=10m s’ 10°=w'a’ (0 *——— Mazimum speed occurs when

¥=—wix x=0.

x=—ag i=20ms>

20 = +ofa @
100 _  ofa’
D+ T +— *— Maximum acceleration occurs
i e when x=—a .
a =

The amplitude iz 5 m.

b Using @10 = qew
10 =Zen

=12

: 2
pericd = —=m
o

The period i3 7 5.

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 4

Question:

A particle 15 moving in a straight line with simple harmonic motion. The period of the

.. 3 . . .
motion is ?Hs and the amplitude iz 0.4 m. Calculate the maximum speed of the

patticle.
Solution:
penod = 2i=3£
) ]
10
3
Vv = (e - %)
1
2 10 2 .
vo= = (047 -0 4— Mazimum speed occurs when
10 4 =Y
v=—xl4==
3 3

The maximum speed 1z 3 ms.
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Further dynamics
Exercise C, Question 5

Question:

A particle 15 mowing in a straight line with simple harmonic motion. Its maximum
acceleration is 15m s™ and its mazimum speedis 18m s™ . Calculate the speed of the
patticle when it 15 2.5 m from the centre of the oscillation

Solution:

¥= -’z

i=15ms> z=a

15=cw'a
V= (et = 2
v=18mst x=0 18 = s
184 _wgaz
15 wia
=E=21.6
15

@+

Tsing @ gew =18
18

= ——=0.8333__
216

v2 s wﬂ(aﬂ_xﬂj

=i R3304 gl enaly

=
The speed is 17.9m s (3 s.£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 6

Question:

A particle P is moving in a straight line with simple harmonic motion. The centre of
the czcillation 15 & and the period is %s. When OFP=1.2m, P has speed 1.5m s

a Find the amplitude of the motion
Attime ¢ seconds the displacement of P from O 15 x metres. When =0, Fiz passing
threugh &

b Find an expression for x in terms of £

Solution:
; PF :
a pened= — = = +—— Tlze the period to find .
o =4
V= ala? - 5) :

Then uze v =o' (g — x*) with
x=12 and v=15 to find a.

x=12m v=15ms?

1.5° = 4a*-1.2H

15
ﬂ!g = 4—2'1'1.22
a=1257__.

The amplitude iz 1.26 m (3 2. £).

b x=sin o 4+ TTee x=asined as x=0 when
x=126zin 4¢ =0
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Further dynamics
Exercise C, Question 7

Question:

A particle 15 mowing in a straight line with simple harmonic motion. The particle
performs & complete oscillations per second and passes through the centre of the

oscillation, O, with speed Sm s, When P passes through the point A the magnitude
of P5 acceleration is 20 m 57 Caloulate

a the amplitude of the motion,
b the distance &4

Solution:
; 2 1
2 penod= . - 3 +— The period is the time for one
o complete oscillation
v o=t (o — 2)
2 =(l2m)i @’ -0)
i 2 0306,
T

The amplitude 12 0.133 m (3 5 £

b i=-w'x +—— Youare told the magnitude of
20 =|-12#° | x the acceleration at 4.
o 20
127
x =001407. .

0A=00141m (3s£)
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Further dynamics
Exercise C, Question 8

Question:

A particle P is moving on a straight line with simple harmonic motion between two

points A and B The mid-peint of A8 15 O When OF =046 m , the speed of P15

Zm s and when OP=0.2m the speed of Pis 6 m s~ Find

a the distance A5,
b the period of the motion.

Solution:

vﬂ it wﬂ(ﬂﬂ _xﬂj

x=06m,v=3ms"’
F=w@-067 D
x=02m v=~6ms"
6 =wfla® -0 @
3 D 68 _of(@®-02%
F o owta - 060
da?-06%) =a?-0.22
Za® = 4% 0.6° —0.2°
a2=4x0.62—0.22
3
a=0.6831._.

The distance A8 15 1.37 m (3 5.

Teing @ 9 = o (0.6831% - 0.6

(0.6821° — 0.6
o = 9187
Ses Sl BT sagicaag
w918

The period is 0.6.845 (=5af)

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 9

Question:

& particle 18 moving in a straight line with simple harmonic motion When the particle
is 1 m from the centre of the oscillation, O, its speed is 0. 1ms™. The period of the
motion iz 2x seconds Calculate

a the maxzimum speed of the particle,
b the speed of the particle when it 15 0.4 m from O,

Solution:
: 2m
a penod:; =2n *+— First find .
=1
2_ 2,1 1
V=l lx ) . Mow use v* =’ (" —2°) to
x=lm,v=01ms
find a.
017 =@~
a’ =01 +1
a=1004__
vmux = o
=1x1.004 +— Meazimum speed occurs when
x=0.

The mazimum speed is 1.00m 7 (3 .).

b v =1(1.004% - 0.4%)
v=05219
The speed is 0.922ms™ (3 a.£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 10

Question:

A piston of mass 1.2 kg 1z movwing with simple harmonic motion inside a cylinder. The
distance between the end points of the motion 12 2.5 m and the piston 15 performing 30
complete oscillations per minute. Calculate the maximum value of the kinetic energy
of the piston.

Solution:
a= E =125
2
; 2 6l — _
Pericd=— =—=2 +— 50 oczcillations per minute =
o 30 (e
2z for 1 ozcillation
W =5
Vg = OB

=125 w
maximum EE. = lmv:"

ik,

1

=§x1_2x1_253*m2

=8252...
The maximum E.E 13 2257 (3 2.1).
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Further dynamics
Exercise C, Question 11

Question:

A marker buoy 15 mowing in a vertical line with simple harmonic motion. The buoy
rises and falls through a distance of 0.8 m and takes 2 = for each complete oscillation.

Calculate
a the maximum speed of the buoy,
b the time taken for the buoy to fall a distance 0.6 m fom its highest point.

Solution:
a a=08+2=04m
: 2 \ ) .
period =— =2 The amplitude iz half the
o distance between the highest
=

and lowest points.

V= e (g - 2%

x=0 v=rim
v=mgxild
v=1256_.
The mazimum speed is 1.26m s™ (3 o).

b 0.6 m from highest point
= x=-02m <

The buoy is now below the

X =acosoal centre.
-02=04 cosm\

Touwant the time from the

cosme =—05 highest point.
i = l cos H{=0.5)
Fis
1 [ ??]
i=—x|m—=
T 3
2
f =
3

The buoy takes %s to fall 0.6 m

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 12

Question:

Points & A and B lie in that order in a straight line. & particle P 15 moving on the line
with simple harmonic motion The motion has period 2 5 and amplitude 0.5 m. The
point & 15 the centre of the oscillation, OA4A=02m and OF =03 m. Calculate the

titne talen by M to mowve directly from A te B

Solution:

0 02m A O0Ilm B

per‘iod=2£ =2

w
e =T
X =asin ek

x =0 5sin st

&

Tse x=asinewi to find the
x=02m 02 =05sinm time to go from O'to A and

I . afis the titne to go from O to 5.
mf, =8 | — |=sn | =
0.5 5

x=03 mz=sin'1[§]
5
time A= 8 =64
=—|sin | = |-sin | =
T 5 5

= 007284
The time to move directly from 4 to 513 00738 (3 s £
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Further dynamics
Exercise C, Question 13

Question:

A particle P is moving along the x-axis. At time ¢ seconds the displacement, x metres,
of F from the origin & iz given by x=4sin 2

a Prove that F 1z movwing with simple harmonic motion

b Write down the amplitude and period of the motion.

¢ Calculate the mamximum speed of F.

d Calculate the least value of £(¢£ = 0) for which P's speed is 4m 5.
e Calculate the least value of (£ > 0) for which x=2.

Solution:
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a x=4san2f

x = Broos 2 4— Infferentiate the given
F R T equation twice.
x=—4(dsin 28
i=—4x
B HM
b amplitude = 4m ™ Compare x =4 sin 2¢ with
per‘iod=gi=ﬂs / x=asinest to obtaina and
2 e
c v = w2’ —x)
r=: P E44tan
v=2
The mazimum speed is Sm s~
d x=4sanls
F=8cos +— Froma

i=dms?t 4=8cos

cos =105
I=lcos'10.5
2
1
fz_x_
2 3

The least value of £ 13 E.

e x=4dsin 2¢
x=2 2=4s5in2f
sin2 =05
= Lnos
2
1 =«
P=—w—
2 6

The least value of £ 13 E.
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Further dynamics
Exercise C, Question 14

Question:

A particle F iz moving along the x-axis. At time £ seconds the displacement, x metres,
. o 1
of F from the origin & 15 given by x= 33in[4£ +§]

Prowe that P 15 mowing with simple harmonic motion.

Write down the amplitude and period of the motion

Calculate the value of x when £=10.

d Calculate the value of (¢ > () the first time F passes through &

Lz -]

Solution:
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1
a x= 33in[4£+—]
2
] 1
i= ]2cos[4ﬁ+—]
2

r= —485in[4.ﬁ+lJ
2

r=-1éx

S HM

b amplitude =3m

c =10 x=35in[l]
2

=1438..
When i=0, x=144 (3:)

1
d x=0 U=35in[4.ﬁ+§]

1
sin[4z+—]= 0
2

4i+l= 0,7, ..
2

2oty

i = —%(not applicable)

£ =l[ﬁ—l]=0.6603...
4 2

The walue of £ 1z 0.660 (3 5.1

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 15

Question:

Cn a certain day, low tide in a harbour 1z at 10 am. and the depth of the water 1z 5 m.

High tide on the same day is at 4. 15 p.m. and the water 1z then 15 m deep. A ship

which needs a depth of water of 7 m needs to enter the harbour. Assuming that the

water can be modelled as rising and falling with simple harmonic motion, calculate

a the earliest time, to the nearest minute, after 10 a.m. at which the ship can enter the
harbour,

b the titne by which the ship must leave.

Solution:

PhysicsAndMathsTutor.com
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A5-5) _.
2

a amplitude =

period = (10am — 4. 15 pm)x 2

The difference between high and low tides is
twice the amplitude.

— 6.25% 2 hr i W

The time from low to high
tide iz half the period.

per‘iod=2£= 12.5

Tou can work through this question using
hours as the unit for time.

o
2
w: LDt LT 4
12.5

X=acosur +—| Start at low tide.

2
x=Scos| —¢
[12.5 ]

high tide .
O Dir The diagram shows
) [ _¥-1' 3= 5'305[_5] that when the water is
Sm iy A 5 Tmdeep, x=3.
3| = cos[ﬁz]=0.6
Sm I :

i = E|:-::us'1 0.6

2

§=1.5844  *— Time after 10 am.

The ship can enter the harbour at 11.51 am.
(nearest minute).

b The water iz once more 7 m deep at (12.5-1.844) hours

after 10 am
= 104656 hrs after 10 am

=10hr 39.3._ min.

+— Eemember to change the

decimal part of 1.844 into
minutes {0244 % 607

+— TTze the symmetry of
S HI to find the time

required,

" ship must leave by 8.3% pm (nearest minute).
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PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise C, Question 16

Question:

Points A, & and B lie in that order in a straight line. & particle P 15 moving on the line
with simple harmonic motion with centre & The period of the motion 15 4 5 and the
amplitude 1z 0.75 m. The distance &4 12 04 mand A8 15 0.9 m. Calculate the time
taken by P to move directly from & to A

Solution:
A 04m ) 0.5m B
penod=— =

by

':rt:l e
2

s +— Find the time taken from Oto B

s s il fusing x=05m) and from O to the

point where x=04m .

x=05m 0.5=075sin %z

it 0.5
n—=—
2 075

0
x=04m ¢= Esin_l[ﬂJ

Fid 075
Time B — A
2| . 05 tsin) 0.4 +— Adding these times will give
T S 075 R 075 the time te go directly from &
— 08996 ?éﬁ;e to the symmetry of
Ftakes 08235 to travel directly from Stod (3 s T

© Pearson Education Ltd 2C
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Further dynamics
Exercise D, Question 1

Question:

A particle P of mass 0.5 kg 15 attached to one end of a light elastic spring of natural
length 0.6 m and modulus of elasticity 60 M. The other end of the spring 15 fixed to a
point A on the smooth horizontal surface on which P rests. The particle 15 held at rest
with AF=079mandthenreleased

a Show that P moves with simple harmonic motion.

b Find the period and amplitude of the motion.

¢ Calculate the mazimum speed of F.

Solution:
A T P 05ke
i s A=60H
0.6m Py == §
a F=ma
-T=05%
Hooke's law: T = %
e %=100x
0.6
—100x = 0.5% 4+—— The equation of motion must
100 reduce to the form ¥ =—-w'x.
r=———1x
0.5
r=-200x

oS HM

b w® =200 w=v200=10+2
2 2 by

erigd = — = ——=—
. w1042 10

. period iz %425 (or 0.444e (2 2.£7)

amplitude =0.8-06=073 +— The amplitude iz the satne as
L amplitude 15 0.3 m the initial extension.

¢ vV =wila?-xh

Vo =ea =10¥2x0.3 «+— Use z=0 for the maximum

=30 speed.
The maximum speedis 3¥2m s or 424 ms™ (328

© Pearson Education Ltd 2C
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Further dynamics
Exercise D, Question 2

Question:

A particle F of mass 0.8 kg 15 attached to one end of a light elastic string of natural

length 1.6 m and modulus of elasticity 20 M. The other end of the string 15 fized to a

point & on the smooth horizontal surface on which P rests. The patticle iz held at rest

with OF =26 m andthenreleased.

a Show that, while the string 13 taut, © moves with simple harmonic motion.

b Calculate the time from the instant of release until F returns to its starting point for
the first titme.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3

T P 08kg
0 - &
1.6 m Y ——p
a F=ma
T =08%
Ax
Hooke's Law: T = T
T=Ex
1.6
—Ex=0.8x
1.6
__ dbx _ 10x
16x08 08
= HIW
1, 10
0.a
08 lém

: 2
Copened = —=2px—=_—"——
R & V10 V10
amplitude = 26-16=1m
vﬂ =m2|:a2_x2)

v =an =k ——

o 0.8

total distance at this speed =4x 1.6

A=201

The oscillation iz split into 2
patts which are twice the
natural length apart

=64dm
time = 6.4x L
10 +— Forthe middle section the
B e E_'_E =32908 patticle moves at a constant
{10 410 speed (= the maximum speed
the total time 18 3218 (3 s1f) of the S H MW

© Pearson Education Ltd 2C
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Further dynamics
Exercise D, Question 3

Question:

A particle P of mass 0.4 kg 15 attached to one end of a light elastic string of modulus

of elasticity 24 M and natural length 1.2 m. The other end of the string 15 fizedto a

point A on the smooth horizontal table on which P rests. Initially F is at rest with

AF=1m. The particle receives an impulse of magnitude 1.8 17 ¢ in the direction AF.

a Show that, while the string 1z taut, P moves with simple harmonic motion

b Calculate the time that elapses between the moment P receives the impulse and the
next time the string becomes slack.

The particle comes to instantaneous rest for the first time at the point 5.
¢ Calculate the distance A5

Solution:

PhysicsAndMathsTutor.com
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A 1.2m *

A=241H

a F=ma
-T=04x
Ax
Hooke's Law: T = T
_Ax
!
1.2
So—20x=04%
20
=——_x
04
r=-50x
v S HM
b Forthe impact = e — s
18 =04dv
i ;-_3=4_5 «—
2 2

Thiz iz the speed of P while the string is

slack. It iz also the maxzimum speed for
the SHM.

The required time includes half a period

. time for half an oscillation = T g
542
time at constant speed
4.5 45
total time = — " +-> —0.4887

Ftravel: 0.2 m before the string becomes
taut.

542
time 15 0459 5 (3s.1)

c VSt at)

s -1
Ve =4 2mz

+— o and the maximum speed are known 5o
the atmplitude can be found.

LA S =am
—
542
AR = 1.2+£ +— APFis the natural length of the string plus
52 the amplitude ofthe 5. LM
=1.836

Distance AF 15 1.8 m (551
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Further dynamics
Exercise D, Question 4

Question:

A particle F of maszs 0.8 kg is attached to one end of a light elastic spring of natural
length 1.2 m and modulus of elasticity 80 1. The other end of the spring is fized to a
point O on the smooth horizontal surface on which P rests. The particle 1z held at rest
with OF=06m andthenreleased

a Show that F moves with simple harmenic motion

b Find the period and amplitude of the motion.

¢ Calculate the mazimum speed of P

Solution:

0 L
1.2 m Py " A=80H

a F=pmna

-T=08%
Hoolke's Law: = %
r 80
1.2
0.8)’5=—@x
1.2
100
Ii=——x
1.2
| SHM
100 10
IJ e d A g A S
PN Tz
peﬁodzzﬁ:z—”ﬂz
w10
= 06882

pertod 12 0688 5 (3 2.1
amplitude =1.2-06=06m

c v =t (at — )
Ve = XX
10
=——x &
1.2
=5477

The max speed is 5.48m s~ (3 s.£)
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Further dynamics
Exercise D, Question 5

Question:

A particle F of mass 0.6 kg is attached to one end of a light elastic spring of modulus
of elasticity 72 I and natural length 1.2 m. The other end of the spring iz fized to a
point A on the stnooth horizontal table on which F rests. Initially F iz at rest with
AF=12m The particle receives an impulze of magnitude 2 I ¢ in the direction AF.
Ziven that £ seconds after the impulse the displacement of F from its initial position 13
X metres

a find an equation for x in terms of',

b calculate the mazimum magnitude of the acceleration of P

Solution:
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T P 06ke
A .’_‘ . 1 K
1.2m - R A=72H
a f=ma S
i Tse F =ma and Hooke's Law to obtain
the walue of .
Hooke's Law: T = %
Tr= ?2_?{ =hllx
12
So=60x =0.6%
60
==
0.&
x=-100x

Lt =100, =10

For the impact: [ = moe— pau

3=06v-10
v==s
. maximum speed is Sm s
Vo=t (a? - 1)
Vo = G
5 =10a
s =3=0.5
10
X =asn o
L& =0 50an 10¢

*+— Fiz atthe centre of the oszcillation when

b #=—100x
|| =100 x|
| 5 |y = 100% 0.5= 50

The maximum magnitude of the

© Pearson Education Ltd 2C
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obtain the maximum speed.

+— Mow the amplitude can be obtained.

£=0.

+— The amplitude gives the maximum value
of | x].
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acceleration 13 S0m 57
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Further dynamics
Exercise D, Question 6

Question:

A particle of mass 0.9 kg rests on a smooth horizontal surface attached to one end of a
light elastic string of natural length 1.5 m and modulus of elasticity 24 M. The other
end of the string 1z attached to a point on the surface. The particle 15 pulled so that the
string measures 2 m and released from rest.

a State the amplitude ofthe resulting oscillation

b Calculate the speed of the particle when the string becomes slack.

Before the string becomes taut again the particle hits a vertical surface which iz at
right angles to the particle's direction of motion. The coefficient of restitution between

. . .3
the particle and the vertical surface 1z e

¢ Calculate i the period and i the amplitude of the oscillation which takes place when
the string becomes taut once tnote,

Solution:
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E o oPlanine
0 T 0.9 kg

1.5m X e ¥ A=24 1N

a amplitude=(2-15m=05m

- 1 4 2
b energy: K.E gained = EW = Ex 0.3v" 4——— b can be solved by using conservation of

energy of by 5. H. I methods, finding the
EPE lost = /12—);2 =2‘¢21x—?:|2 maxigmyum sieed for the oscillation. :
®1.

Ly 0.9v* = 24x 0.5
2 2x1.5

e 2x 24x%0.5°

0.8x 2x1.5
v=2108...

The speed is 2.11m 57! (3 a.£)

¢ Impact with the wall:

Newten's law of impact, su=v

T Ex 2.108 ..
5
=1.264..,
', maximum speed for the new oscillation is 1,264 m 5™
F = ma -
_ L +— S HM methods essential
—I'=09z for this part.
. Ax
Heooke's Law: T = =
= E:Jr:= lé6x
So—16x =0.9%
18
=——x
089
4
= —
0.9
period = 2—H= 2#“—'9=1.490...
-:::u 4
The period iz 1.4%s (3 2.£)
v = (@ - x%) | Now w iz known vou can
Vo = 86 find the amplitude using
4 v =’ (@ — 2%) with the
1.264 = 2 D.?a maximum speed,
TP
a = 02997

The amplitude 15 0,300 m (3 5.£)
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Further dynamics
Exercise D, Question 7

Question:

A smooth cylinder 15 fized with its axis horizontal A piston of mass 2.0 kg 15 inside
the cylinder, attached to one end of the cylinder by a spring of modulus of elasticity
400 M and natural length 50 cm. The piston 15 held at rest in the cylinder with the
spring comnpressed to a length of 42 cm. The piston 15 then released. The spring can be

modelled as a light elastic spring and the piston can be modelled as a particle.
a Find the period of the resulting oscillations.

b Find the mazimum value of the kinetic energy of the piston

Solution:
T P 25k
0.5m ¥ i ¢ A=4001H
a M =ma
-T =25
: Ax
Hooke's Law: T = T
e 1000 SEEL
05
—B00x = 2.5%
200
=——x
25
¥=-320x
8 = 4320
sppgpetite U sgaogs
P w4320

The peried 12 0.351 2 (3 3.£)

b amplitude = (50— 42)cm

=0.08m

vﬂ - mﬁ (ﬂ_ﬁ _xﬁj

Vg — O

=+ 320% (.08

1
mazimum KE = 7% 2.5% (4 320% 0.08)°
=2.56

The maximum E.E 1z 2.56 1.
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Further dynamics
Exercise D, Question 8

Question:

A particle F of mass 0.5 kg 15 attached to one end of a light elastic string of natural
length 0.4 m and modulus of elasticity 20 M. The other end of the string i1z attached to
a point on the stnooth horizontal surface on which F rests. The particle is pulled until
the string measures 0.6 m and then releazed from rest.

a Calculate the speed of P when the string becomes slack for the first time.

When M has travelled a distance 0.3 m from the point of release the surface becomes
rough The coefficient of friction between P and the surface 12 025 The particle
comes to rest T seconds after it was released.

b Find the value of T

Solution:
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P 05kg
4 : S -
(0.4 m P 5
a F=ma +— acanbe done by
N 2 conservation of energy but
o the period of the
Hooke's Law: T = E oscillation iz needed for b
{
T = Ex=7"5x
0.4
SR N
75
=-—x
0.5
¥=-150x
Soen = Af150

amplitude = 06-04=02m

vﬂ = mﬂ(aﬁ_xﬂj

Vo = @8
=f150x 0.2
= 2449 ..

When the string becomes slack P's speed iz 245 ms™ (3 2.£).

b pEI’iOd:z—ﬂ-:i PEEE.

w150 The first part of the motion iz % of

an oscillation.

Oin the smooth floor:

: 0.1
titne = ———

4— Forthe first 0.2 m the string is taut

2449

Cmn the rough floor:
a

PhysicsAndMathsTutor.com
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—-F =05
F=uR=025x005g
S 05a =-025x05g

Find the acceleration.

Tze v=p+ai with & = 2449 and
a=—023g to find the time taken

to come to rest

a=-025g
V=1 +
0=2449-025g¢ 4« —
= 2449
0.25x 98
. 1 2 0.1 2.449
total timne = —x + +
474150 2449 0.25% 98
=1.168_..
LT =117(5:1)

© Pearson Education Ltd 2C
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Further dynamics
Exercise D, Question 9

Question:

A particle F of mass 0.4 kg 15 attached to two 1dentical light elastic springs each of
natural length 1.2 m and modulus of elasticity 12 W, The free ends of the strings are
attached to points 4 and B which are 4 m apart on a smooth horizontal surface. The
point O lies between 4 and B with AC=14m and CTF =26 m. The particle 15 held at
' and released from rest.

a Show that P moves with simple harmonic motion.

b Caleulate the mazimum value of the kinetic energy of 2

Solution:
1, iPioidke
A {hin T = Tr— B 4 The centre of the oscillation
=M josmixi ¢ 78 12m 1=1217 | is at the mid-point of A2
a F=pma : y
e 4—— The tensions in the two
Tp—T,=04x parts of the string are

Hooke's Law: T = % different.

AP extenzion = (08 +x)

T, = @ﬂo(o_sﬂj
BE: extensic;n =(0E-x)
T, = w= 10(0.8- x)
- 10(0.8— 2)—10(0.8 + 1) = 0. 4%
—20x=04x
20

I=——x=-50x
0.4
L FPmoves with 3 HM

b e’ =50

amplitude = 0.6 w2

V2 =Cﬂ2(ﬂ2_x2)

-

= 50x 0.6?

maximum K E. = %m o

= %x 0.4x% 50% 0.6°

=36
The mazimum E.E 1367

© Pearson Education Ltd 2C
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Further dynamics
Exercise D, Question 10

Question:

A particle P of mass a2 15 attached to two identical light strings of natural length § and
modulus of elasticity 3mg. The free ends of the strings are attached to fized points A
and & which are 5/ apart on a smooth horizontal surface. The particle 15 held at the
point O, where AT =/ and A, B and T lie on a straight line, and is then released from
rest.

a show that & moves with simple harmonic motion.

b Find the pericd of the motion,

¢ Write dewn the amplitude of the motion.

d Find the speed of P when AF=731

Solution:

PhysicsAndMathsTutor.com
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H . .r-[ ‘” l‘IHI
A e - B #+—— The centre of the oscillation
F RS S 1 is at the mid-point of 45
: : ! A=3mg
|
a F=ma
Ty— Ty = mx

Hooke's Law: T = %

extension = 1.5 +x

AP Zamg (130 + %)
i o i
i
FEB extension =15/ —x
T, = ?mg(lff —
. Smg(l.ol-x) 3mg(l.5/+x) _ i
h i ;
3 femgx — i
!
_» 6g
!
= HIA
b 1 bg 1 bg
== w ==
! !
period = — = i
3 bg

!
2
!4
Ve=12g1

When AF=3, F'z speed iz 1,‘12g§ {or 243280

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise D, Question 11

Question:

A light elastic string has natural length 2.5 m and modulus of elasticity 12N A
patticle & of mass 0.5 kg 15 attached to the string at the point & where & divides the
unstretched string in the ratio 2 03 The ends of the string are then attached to the
points A and & which are 5 m apart on a smooth horizontal surface. The particle 1z
then pulled aside and held at rest in contact with the surface at the point & where
AT =3m and ATE is a straight line. The particle 15 then released from rest

a show that & moves with simple harmonic motion of period %\E

b Find the amplitude of the motion,

Solution:
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a When P 15 in equilibrium: i}

AP=§x5=2m

BF=3m
Matural lengths: AP =1m
BFP=15m
Im : Im ; x igs-» 15m
X
Foo=ma
Ty=T,=05%
Ax

Hooke's Law: T= T

AP extension =1+ x

T, = 1501+ )
1
BF: extension =1.5—x
i =M=1g(l_5_xj
1:5
S0 -0-150+x) =0.5x
—-25x=05x%
¥=-50x
= HMW

w50 54z 5

b Amplinde=(:cG-2m=1m.

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 1

Question:

A particle P of mass 0,75 kg 1z hanging in equilibrium attached to one end of a light

elastic spring of natural length 1.5 m and modulus of elasticity 80 M. The other end of
the spring is attached to a fixed point 4 wvertically abowe F.
a Calculate the length of the spring.

The particle 1z pulled downwards and held at a point & which 15 vertically below A.
The particle is then released from rest.

b Show that P mowves with sitmple harmonic motion,

¢ Calculate the period of the cscillations.

The particle passes through its equilibrium pesition with speed 2.5m s
d Calculate the amplitude of the ozcillations.

Solution:
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A a In equilibrium:
.*
- 1=80N R(TjT =075g Resolvp and use Hgol«;e's
Law with the equilibrium
extension (2).
+- ------- Hoole's Law: T=E (©)
!
+ e i
' pg p o0
1 1.5
{]'._.I'ﬁll,' N U?ﬁg e %
1.5
2= U.?ﬁx?.BxE
a0
=0.1378...
e+i =1637... 4 The total length of the spring iz
required.
The length of the spring iz 1.64 m (3 2. )
o -
T y N F o=
A=80 .
075g-T =075x #*— xis measured from the
1.5 m equilibrium lewvel, and * is 1in

the direction of increasing x.

"""""" Hoolee's Law:
¢ t *+— To avoid decimals use
"""""" T B0(x+e {e+ x) for the extension
_rt L T 15 20e
....... ]‘.”....... 80(I+é‘) Wherﬁ _=0?5g
El e S AL =
{from a)
0.75g N
X
froma 075g= &
1.5
D.?ﬁir':—@x ¢ of the form ¥=-w'x
1.5
20
=——— %
1.5 075
OB HM
5 20
(‘ w e
1.5x075
Feriod= 2;;? = 2 —1.5x il
3] 20

=0.7450...

The period 12 07455 (3 5.£)
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d v =wla’ - x%) *+— x=10 atthe equilibrium level.
Gt 1S 3
10w 075
i 2.5%051,5%0.75
20
a =0.2964 .

The amplitude iz 0.2% m (2:f)

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 2

Question:

A particle P of mass 0.5 kg 15 attached to the free end of a light elastic spring of
natural length 0.5 m and modulus of elasticity 50 M. The other end of the spring 1=
attached to a fized point A and P hangs in equilibrium vertically below A

a Calculate the extension of the spring,

The particle is now pulled vertically down a further 0.2 m and released from rest.
b Calculate the period of the resulting ozcillations,

¢ Calculate the maximum speed of the particle,

Solution:
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a A
) EMT=05g
c A=50N
0.5m e Hooke's Law: T = E
{ i
S e 208
‘:+ P 0.5
"""""""" T =100e
0.5¢ N s 1002 = 0.5g
sl 8 g
The extension iz 0.049 m (or 4.9 cm)
s -
4 ) P
05 m A=50N Rl ) Tee F=ma and Hocke's Law
| 05g-T=05x% to find .
Et ------ Y Hooke's Law: =
u: p I !
'“I r_ S0+
* 0.5¢ N 0.5
i =100z +x)

S 0Sg=100(e+2) =05%
froma 100z =0 5g

So=100x=05%
x=-200x
w' = 200 *—| Compare previous line with ¥=—-ew"x.

2 2T Fry

ﬂ- —
w200 1042 10
The peried iz %N[ 25 {or0.444s (32 £0)

¢ amplitude =02m

V= wi(a? - 2%

Vom = X < The maximum speed occurs at the

=+200x0.2 equilibrium level (1.e. when x=0).
=242

The mazimum speed is 24 2m s (or 2.8%3m s (3 .00,

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 3

Question:

A particle F of mass 2 kg 1s hanging in equilibrium attached to the free end of a light
elastic spring of natural length 1.5 m and modulus of elasticity A, The other end of

the spring 15 fized to a point A vertically abowe F. The particle receives an impulse of
magnitude 3 Is in the direction AF.

a Find the speed of P immediately after the impact.
b Show that P mowves with simple harmonic motion,

The period of the oscillations 15 gs :

¢ Find the value of 1.
d Find the amplitude of the ozcillations.

Solution:

PhysicsAndMathsTutor.com
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a Forthe impact: [ = poo— pm

b

3I=Zv
v=135
The speed immediately after the impactis 1.5m s™.
jii s In equilibrium
1 R T=2g
f AT Hoolke's Law: T = %
e
1 Pe 2
2¢ N 15
Ae
i P
1.5

A 1z unknown so will remain in this
EXprESS10N.

When ozcillating:

*+— Maximum speed ocours when x =10,

F=ma
............. e Do T= D
z Ax
P Heooke's Law: T=T
2g N e MEEE)
b
Ale+x) .
= =2
2 15
From abowe: A—é=2g
15
; —E= 2x
1.5
.. A
I =——x
3
as A =0, this 1z 3 HIi
w2
=4
From x=—-—=x, =£
3
3
A =48
mazimum speed=1.5m 57
V= wta? — 2%
Vi = X
15 =4a
1.5
=—=0373
4

The peyssAndatath&Tor.com
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Further dynamics
Exercise E, Question 4

Question:

A light elastic spring has one end A fized and hangs vertically with a particle F of
maszs 0.6 kg attached to its free end. Initially P iz hanging freely in equilibrium. The
patticle 1z then pulled vertically downwards and released from rest.

a Show that F moves with simple harmonic motion.

: .o . . :
The peried of the motion s ES and the mazimum and minimum distances of P below

Aare 1.2 mand 0.8 m respectively. Calculate

b the amplitude of the oscillation,

¢ the mammum speed of P,

d the maximum magnitude of the acceleration of F.

Solution:

PhysicsAndMathsTutor.com
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In equilibrium:

a A
EMT=0¢6g
{ Hoolee's Law: T = E
* i
.................. Ae
{'-'+ lh r ‘_r T = T
e N 3
I L—;=Dﬁg
0.6g N
For the oscillation:
t
f F =
i Deg-T=06X
Ax

"""""""" Hooke's Law:. T = =

N aden
§
W G

0.6 N

from above % =0btg

L lex= —E
! +— The equation of motion must reduce to
it Ax the form #=—e"x but co° can be
06! expreseed algebraically,
Az fand A are both positive this 18 S H M

b amplitude = 1(1_2 —0.8) 4+— The difference between the maximum
2 and minimum distances below 4 12
=02 twice the amplitude £,

The amplitude 12 0.2 m,

c I::-er"i-::u:i=2ir=E
w5
o =10
Vo=’ - 2%
Vi = G
=10x02=2

The mazimum speed is 2m 7.

d i=-w'x H_'_.___.___.___-—-—-'-' Take mazimum value of x.
F=-100x

-2

. mazimum maghitude of the acceleration =100x0 2 m s
=20ms™

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 5

Question:

A piston of mass 2 kg moves inside a smooth cylinder which 15 fized with its axis
vertical The piston 15 attached to the base of the cylinder by a spring of natural length
12 cm and modulus of elasticity 200 W, The piston is released from rest at a point
where the spring is compressed to a length of B cm. Assuming that the spring can be
modelled az a light elastic spring and the piston as a patticle, calculate

a the period of the resulting oscillations,

b the maximum speed of the piston

Solution:

PhysicsAndMathsTutor.com
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In equilibrium:

EMT=2g
Hooke's Law: T = %

T S00e
A=5001 ‘
5002
T 01z ¥ | Changecmtom
For the oscillations:
F =
2g-T=2x
, Ax
Heooke's Law T = =
5000+ x)
01z
; 2g_500(€+x} —oi
0.1z
From abowe: ':[;ODE =
" S00x _oy
012
250
=———x
0.1z
5 230 : .
= ——— 4— Compare line above with
0.1z o el
I::-neri-::-d:z—}T =2 %
) 250
=0.1376 ..
The peried 12 0138 2 (3£
¥ G 2gx 012
S00
. amplitude = 0.04 —2
e # . wz(az - xz)

Vg = @08

0.12m
0.08 m

= 1||@){(0.04—é‘:|
0.1z

+— Maxzimum speed ccours
when x=10.

_ [250 :{0.04— 2gx0.12]
0.12 500

=1611...

The mazimum speed is 1.61ms™ (3 s.6).

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 6

Question:

& light elastic string of natural length 40 cm has one end A attached to a fized point. A
patticle & of mass 0.4 kg is attached to the free end of the string and hangs freely in
equilibrium vertically below A, The distance AP 1245 cm.

a Find the modulus of elasticity of the string.

The particle is now pulled vertically downwards until AF measures 52 cm and then
released from rest

b Show that, while the string is taut,  moves with simple harmonic motion

¢ Find the period and amplitude of the motion.

d Find the greatest speed of P during the motion.

e Find the time taken by P to rize 11 cm from the point of release.

Solution:

PhysicsAndMathsTutor.com
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a A In equilibrium:
EMT=04g
, P
0.40 m Hooke's Law: T = 7,
7o A0.05
(.05 m T
R .'.Ax@=0.4g
0.4
0.4%
0.4g N A= 0058

A=32g=3136

The moduluz of elasticity 12 314 W (3 2.1

b A For oscillations:
A F =
04g-T=04x
0.40 m Hooke's Law: T = %
l 7= 31.36(x+0.03)
.................. 04
0.05 m § 0.4 - 2136 +0.05)
"thf 0.4
Caskeseans Pg.... sy SRIBE
i=-—x
& v 0.4
O.4g N S s HIL
x
¢ From ——Bl'iﬁx
0.4
J31.36
w purey
0.4

pnari-::u::l=2—?r =Zm¥ 94

3] +31.36

The period 12 0,449,
ammplitude = 52— 45="T(cm)
The amplitude 15 0.07 m.

=0.4487_..

d V=@ -1

me =0
_ 431.36){00?
=093

The mazimum speed is 0.98m s

PhysicsAndMathsTutor.com
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e 11 cm from the lowe st point
= AF =41lcm.

Cx=—decm=-004m

X =acoswi +— Fstarts from an end point

=004 =0.07 cos e

4 004 o 4

rEfE = Cos —— |=LC08 e

007 )
1 _1[ 4] 04 _1[ 4]
E=—cos | —— |& cos | ——=
@ ) aEias 7

Ftakes 0156z to rize 11 cm (3 2.£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 7

Question:

A particle F of mass 0.4 kg 1s attached to one end of a light elastic string of natural

length 0.5 m and modulus of elasticity 10 M. The other end of the string is attached to

afized point 4 and P i1z initially hanging freely in equilibrium vertically below 4. The

patticle 1z then pulled vertically downwards a further 0.2 m and releazed from rest.

a Calculate the titne from release until the string becomes slack for the first time.

b Calculate the time between the string first becoming slack and the next time it
becomes taut

Solution:
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a A
b In equilibrinm:
0.5m A=10N RT=0 e
*‘ Hooke's Law: T = %
J T
i * p i ey
................... [:]5
Co20e=04g
O4dg N
) For the oscillations:
0.5 m A=10N g
I Ndg-T=04zx
i ----------------------- Hooke's Law:. T = %
e
PR & L i 100z + %)
+' ........ y: :.I ......... 05
! G T
0.4g N
From abowve 04z = E
0.5
_m_x =04zx
0.5
i= i e =50z
0.4

. SHM with »® =50

amplitude = 0.2 m

I =@Ccosox

x=02cos Jﬁz
string becomes slack when x=—¢
_04g

= 0.2 cos 50¢
20

Selsope 28w & _ongng
50 10

A 508 = cos™H{—0.98)

1 £y
= ——ros (—0.93
450 ( ;

¢ =0415%
The string becomes slack after 04165 (3 5.

PhysicsAndMathsTutor.com
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b v =wila’ —xY

Find the speed when the string
becommes slack,

The particle mowes freely under
gravity while the string 15 slack.

_ __a4g '
20
04 Y
v2=50[0.22—[;g] ]
20
v = 007592
V= tal
J0.0792 = —.f0.0792 + 9.8
¢ =2—‘0;;92=0_05?43__

The string 13 slan:llr_ for 00574 s (3£

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 8

Question:

& particle F of mass 1.5 kg 15 hanging freely attached to one end of a light elastic
string of natural length 1 m and modulus of elasticity 40 I, The other end ofthe string
iz attached to a fized point A on a ceiling. The particle is pulled vertically downwards
until AF iz 1.8 tn and released frotm rest. "When P has risen a distance 0.4 tn the string
iz cut.

a Calculate the greatest height P reaches abowe itz equilibrium position,

b Caleulate the time talcen from release to reach that greatest height,

Solution:
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Heinemann Solutionbank: Mechanics 3

a 1
In equilibrium:
T A=40N RMT=15z <— acanbe done by using
I m o . ma conservation of energy
Hooke's Law: T==" | bt b needs SHM So
T A0 = HIL has been used
ol el g tor beth parts.
I’t P 1
.......... | TP 15
, e=-"8 —03675m
40
1.5g N
A
For the ozcillation:
| 'm L5g- T=1.5%
L Hooke's Law: T = %
ey AT 40(x +&)
J!'-- ____F:'_ e =i P R R
[ 1
X L log—-40ix+e)=150%
1.5g N
From above 1.5g = 40e
o 15F =-40x
. 80
¥=——=x
3
20
m = —
3
amplitude = 0 8-03675=04325m
v o=t (af - 2
When the string 1s cut: x = 04325-04
= 00325
and v = @(0.43252 - 0.0325%) 4—— Find the speed when the string is
3 cut.
=496

motion under gravity:

W =u? +2a5 -

0=496-2x3 8¢

g = i g 0.2530...

2x 9.8
height above equilibrium position
=0.2530-0.0325=0.2205
Height is 0.221 m.

TTze motion under gravity.

PhysicsAndMathsTutor.com
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b For2HM.

X=qCcosolf #4—

x =04325¢ces %ﬁ.

x=00325 00325=04325cos %ﬁ
a0 0.0325
cos  |—E =
3 04325

3 (00325
= _|l—rtos E—
50 0.4325

Particle starts from an end-point.

= (.2896

Meotion under gravity:
v =i t+al
O = af4.56 -9 5

496
F =

9.8
total time = 0.2895...+—”:'§6 =0.5168...

The time taken to reach the highest point 15 0.517: (3 5.1

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 9

Question:

A particle P of mass 1.5 kg 15 attached to the mid-point of a light elastic string of
natural length 1.2 m and modulus of elasticity 15 M. The ends of the string are fized to
the points A and B where A 1z vertically above H and A8 =2 8m.

a Oiven that F i in equilibrium calculate the length AF.

The particle 18 now pulled downwards a distance 015 m from its equilibrinm position
and released from rest

b Prowe that  mowes with simple harmonic motion

T seconds after being released P is 0.1 m above itz equilibrium position.
¢ Find the value of T

Solution:
a
A In equilibrium
X : RMT,=15g+T,
0.6 ml A=1ISN . :
Hoolke's Law:
............... I
vi A Ty = T
------ JF0 150 Tou must consider Pto
l6—e |.5g N = 06 =25 be attached to two
--------- 1 'l, : stringz. The tenzions in
0.6 mI 1 L= M:zm_gjg the two parts will be
0.6 different.
so2he =15 +40- 2%
e 502 =15g +40
1
g=—1i(l5g+40)=110%4
50( g +40)
In equilibrium, AP =162m (21
b A For the oscillations:
T = 15(e +x)
0.6 m A=15N 06
S E— TB=]5(1.6—(€+X:I)
0.é
e F=wma
___________ R 1.554_15(1.6—(:34—:{}}_15(e+x} _155
2 * 0.6 0.6
------- ol W 1.0 +40- 250z +x)-25e+x)=15%
L6 =g+ 1)
""""" ’1‘5:3]‘\.’ 15g+40-50e-50x=15%
0.6m 17T, froma 50 =15g+40
15 E=-50x
2 a0 100
— —_x e i
1.5 3

S F omoves with 5 H I
PhysicsAndMathsTutor.com
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¢ amplitude =0 15m

x=acoswi=015cos E
{3

When x=-01 4+— The equilibrium position 15 the centre
of the oscillation

—0.1=015 EOS[ET]
{3

L T=0398 (3:f)
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Further dynamics
Exercise E, Question 10

Question:

A rock climber of mass 70 kg iz attached to one end of a rope. He falls from a ledge
which 15 8 m vertically below the point to which the other end of the rope 15 fixed. The
climb er falls vertically without hitting the rock face. Assuming that the climber can be
modelled as a particle and the rope as a light elastic string of natural length 16 m and
modulus of elasticity 40 000 I, calculate

a the climbet's speed at the instant when the rope becomes taut,

b the mazimum distance of the climber below the ledge,

¢ the time from falling from the ledge to reaching his lowest point.

Solution:

PhysicsAndMathsTutor.com
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a Until rope 15 taut: -

v = + Zas

Vo= 0+2x9.8x 8
w=12352._

Climber falling freely under
aravity.

When the rope becomes taut the climber's speed is 12.5m 7' (3 5.£)

b At the equilibrium lewvel:
T Hooke's Law: T=E 4— b can be solved by using
! conservation of energy.
T 40 000e Howewver ¢ involves time, so
"""""""" 16 = HIL methods are needed.
N RMT =70g It is more efficient to use
" \ T 40 000s = HM for both parts,
LT — s lg =
P 16
' $ 16xT0g  Tg
e o=t il v by
70g ¥ 40000 250
For the oscillation:
F=ma
Mg-T="70x
Hooke's Law: T = W
16
Froma: 70g = ==
4000 250
— o =< il
16x7 7
5 230
w s ik i
s
Vv =t (a2 - xz) < Tze the result from part a, 1e the
2 conee o T
isgige 2l aﬂ—[T_EJ speed when x—e{—ﬁ]-
s 250
2. 1568x7 (g Y
250 250
a =44656.
a=2113...
' . +e+
e dance =il f;.- ¢ +— The amplitude iz the greatest
=2, 113+2—5i]+3 distance below the equilibrium

=1038...

lewel

The total distance fallen is 104 m (3£

PhysicsAndMathsTutor.com
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€ X =@cos ok

x=21153cos Jﬁf

When x =g

TE s fzmz
250 i
7 _1[ 7% 9.8 J
i = |—rcos e
250 250% 2.113

2 7
period = 27 2, |—
) 250

Time while the rope 15 taut:

[ Tx 5.8
ﬁ25 \.lzi 250% 2.113

= 02846

While moving under gravity:

[
& =uf+—af
2

—lx9 8¢
2
. 16

9.8
; 4
total ime = ——+ 0 2846
9.8
=1362. .
The total time 12 1.562 (3 2.1

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

EBecause of the symmetry of
=2 HM there are several methods
available for c.

This method assumes the
oscillation 15 complete and finds
the time from the highest point
(x=a) to the equilibrium lewel
(x=e). This time will be
subtracted from half the period.
o it does not matter that this part
of the escillation does not exist.

] +— Time frotmn highest point to lowest

point of a complete oscillation is
half the period. Subtract the time
for the mizsing part (before the
rope 15 taut) to obtain the time
while the rope i3 taut,

The time before the rope becomes
taut 15 also needed.
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Further dynamics
Exercise F, Question 1

Question:

& particle F iz moving with simple harmonic motion between two points 4 and B
which are 0.4 m apart on a horizontal line. The mid-point of A5 12 O At time £=0, F

passes through O, moving towards 4, with speed wm s The next time P passes
through & is when £ =255,
a Find the value ofu.

b Find the speed of P when £=35.
¢ Find the distance of P from A when : =332

Solution:

PhysicsAndMathsTutor.com
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T 1
A 02m O 02m B

a amplitude=04+2=02m
period = 2% 2.5 =1z

:7

Find @ and o from the given
mnformation.

i 2T
. o

o= 2—Hx0.2=4j(0r 025157
5 a0

4
e 5—’3 (or 0.251(3 s £

b x=sin oy

]

Mow use v* = e’ (2° —2°) to find u.

+— Fis atthe centre of oscillation

T= U.Zsin[ziz]
3

x =zix0.2cos[ziz]
5 5

0.4 G

i=3 x= cos?=—0.2033

When £=3 P'sspeedis 0.203m™ (3 s.£).

C X = sin o

r= U.23in[zi.ﬁJ
5

t=3 x= U.25in[%]=—0.11?5...

. Distance from.d iz 0.24+01175. . +—m— |

=0318m (3¢£)

© Pearson Education Ltd 2C
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when i =0,

+— Dufferentiate x with respect to £ to

find x.

— Speed s positive.

Fiz moving towards A when

£ =10 sox 15 negative hetween &
and 5.
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Further dynamics
Exercise F, Question 2

Question:

A particle P of mass 1.2 kg moves along the x-axis. At time £ =0, F passes through
the origin &, moving in the positive x-direction. At time £ seconds, the velocity of F s

vm s and OF = x metres. The resultant force acting on 2 has magnitude
6(2.5—x N and acts in the positive x-direction. The mazimum speed of Pis Bm 5.
a Write down the value of x when the speed of Pis 8m 5.

b Find an expression for v° in terms of x.

Solution:
Fo12kg
; . = 6(25-x)N
5 . — W v) N
a x=25 #— The acceleration {(and therefore
the resultant force) are zero when
b F = the speed is mazimutn.
E(250—x)=12a
B ch _ i
6(2.5=x)= ]-zva *— "When the force 12 a function of x
e use a —vdv
v— =5(2.5-x) '
dx
Iv dv = IS(E.S—x)dx +— Zeparate the variables.
1, o
Ev = 2.53’—? +C +—— Integrate. Don't forget the
constant|
x=25v=4 *+— a gives the initial conditions.

2
lx82=5 2.5:.<2.5—£ i
2 5
v
C=32—5x%=16.3?5

2
X

¥ =10[2_5x—?J+2x16_3?5
v = 2525 +32.75

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 3

Question:

& particle F of mass 0.6 kg moves along the positive x-axis under the action of a

N
(z+2]

single force which is directed towards the origin O and has magnitude

where OF = x metres and iz a constant. Initially P iz mowing away from O At x=2
the speed of Pis 8m s and at x=10 the speed of Pis 2m s,
a Find the value of &

The particle first comes to instantaneous rest at the point &,
b Find the distance OF8

Solution:

PhysicsAndMathsTutor.com
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a F = ma
_L;- =0 g +— The force iz a function of x 20 use
(x+2) v
g=v—.
0 B dx
dx (x+2)
U.6Iv dvw = —I k = dx +— Separate the variahbles and
(x+2) integrate.
03P =—" 4o
(x+2)
x=2v=8 03x8’= E+.: TTze the given information to
. obtain a pair of simultaneous
B, [T U.3x22=%+c equations in & and ¢
Subtract: 0.3(8°-2%) = S
4 12
0.3 60 =% 1 Solve to find &
=023x60x6=108

b From abowe 0.3x 4 = £+c

g =1.2—E =-78 +— Find ¢ to complete the expression
12 e for v*.
L 0.3 = -
(x+2)

v=0 0= i -7.8

x+2
T.8{x+2) =108

_ 108

r=—-—2=1184 .
R
The distance D8 iz 118 m (3 2.£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 4

Question:

A particle F moves along the x-ais in such a way that at tine £ seconds its distance
o — .| A

x metres from the origin & 15 given by x = 35111[?].

a Prove that F mowes with simple harmonic motion.

b Write down the amplitude and the period of the motion.
¢ Find the maximum speed of F.

The points A and & are on the same side of & with Q4=12m and 08=2m.
d Find the time taken by P to travel directly from A to B

Solution:

PhysicsAndMathsTutor.com
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a x= BSiH[E.ﬁ]
4

. A [?r ]
Xr=—cos| —1&
4 4

; Differentiate = 35in[%5 ] twice.

Aol

+—
F=—w'x

={5):

S HM

Chtain an equation of the form

b amplitude = 3w

period=zi=2ﬂxi =Hs
] Fid

T2 [?T]
¢ Froma x="rcos| —¢
4 4

— Cruse v, =daw.

. 3?'{ =
— 101 I SpEEdz ?ﬂl ]

for 236m s (3 L))

d

(¥ 1.2 m A 08m B

= ESiH[Eﬁ]
4

A4 x=1212= 3sm[%ﬂ]

At B, x=2 ¢, =—sin_1[§]
T

Time 4 —+ B = 2 sin"l[g]—sin‘l[g] e
Fid 3 3

Leave calculator work as late as
possible.

= 04051
The time to go directly from Ato 51z 04052 (3 1)

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 5

Question:

A particle F of mass 0.5 kg 1s attached to one end of a light elastic string of natural
length 1.2 m and modulus of elasticity A . The other end of the string 15 attached to a
fized point A. The particle 15 hanging in equilibrium at the point &, which iz 1.4 m
vertically below 4.

a Find the value of 4.

The particle iz now dizsplaced to apoint B, 1.75 m vertically below A, and released
from rest.

b Prowe that while the string is taut P tmowes with simple harmonic motion

¢ Find the period of the simple harmonic motion

d Calculate the speed of P at the first instant when the string becomes slack.

e Find the greatest height reached by P abowe O

Solution:

PhysicsAndMathsTutor.com
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In equilibrium:

. RMT=05¢
P Hoolee's Law: T=%
Ax 0.2
05¢ 0.5g = 15
1.2
A =05gx —
5 0.z
LA =3g (or 294
b
For oscillations;
1.2 m F =
05g-T=05Xx
j nnnnnnnnnnn i:a-ua I : _ Ax
02m &1 Hoole's Law: T = i
X P
................. - 39(0.2+ %)
05g L2
glsg_w= 0.5
12
S | Ofform i=w’
0 5% 12 orm X =ex.
S HM
c w® = 5g
5 5 | From ¥=-5gx.
T T
period = — =——==08%75__

w oz

The period 12 0,828 (3 o.£),

d String becomes slack when x=-02m

amplitude =0.35m

v = (2% - 2%)

v =5g(0.35"-0.2%)
v=2.010..,

‘- |

Use the exact value for @,

The speed is 2.01m s (3 5.£).

e v =u?+2a5
0=2010°=2x9.8s

2
&= I e 0.2061..

Once the string is slack the
particle mowves freely under

aravity.

2% 98

Distance above & =02+02061. -

= 0,406 m (35.£)

The particle is 0.2 m above O

when the string becomes slack.

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 6

Question:

& spacecraft 5 of mass #2 12 moving in a straight line towards the centre of the Earth.
When the distance of 5 from the centre of the Earth iz x metres, the force exerted by

) k : ¢ o
the Earth on &' has magnitude — , where & 1z a constant, and 13 directed towards the
x

centre of the Earth.

a By modelling the Erth as a sphere of radius & and 5 as a particle, show that

k=mgR*.

The spacecraft starts from rest when x =58,

b Assuming that air resistance can be ignored find the speed of 5 as 1t crashes onto

the Earth’s surface.

Solution:

a —

'.%=mg k=mg R*
2
b Force=— g;’?
x
F=ma
mg R dv
2
2
—ji = |vdv
x
2
lv2 i +c
2 x
wipd
x=5Rv = c= gk
SR
v2=EgR—2—2gR2
x AR
When x=& v =2 R_ﬂ_gggz'
o
v2=SRE
5,

The speed of the spacecraft is
2R
_g] SF 09 %]
3 3

© Pearson Education Ltd 2C
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When x= &, 513 onthe surface
of the Earth and the force exerted
by the Earth on 5 15 meg.

The force 15 in the direction of
decreasing x.

The force 15 a function of x 50 use

a=v—.
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Further dynamics
Exercise F, Question 7

Question:

A particle P of mass #2 15 attached to the mid-point of a light elastic string of natural
length 4 and modulus of elasticity Smg. One end of the string 15 attached to a fixed
point A and the other end to a fized point B, where 4 and B lie on a smooth horizontal
surface and A& =& The particle 15 held at the point © where 4, C and £ are collinear

and AT =i—j , and released from rest.

a Prove that P moves with simple harmonic motion.
Find, in terms of g and J,

b the period of the motion,

¢ the maximum speed of F.

Solution:

PhysicsAndMathsTutor.com
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| P
Ty i i iTp Smg
A P} B A=5mg
X g ————
a Hooke's Law: = %
e Semgil — x) Consider the particle to ke
4 2 attached to two strings, AF and
Smg(l+x) FE both with natural length 27
I T d modulus 5
of and modulus 5 mg.
Fo=pa
T—Ty=mx
Smgil—x)  Smg(l+zx) -
) 2
_ Smgx _
{
g 28%
{

oS HIL

b m2=5—g pEI‘iOd=2—H=2)‘T i
{ o g

The period 1z 2x i]
'l,I[ g

+— Find the amplitude from the given

: 3
¢ amplitude = — : :
4 information.

v =wlla® -2

Vg = 0@ = 5—gx£=éqjﬁgf +— Mamimum speed when x=10.

The maximum speed 13 ; ol

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 8

Question:

A particle P of mass 0.5 kg 15 moving along the x-axis, in the positive x-direction. At
time ¢ seconds (where £ = 0 the resultant force acting on P has magnitude

5
—.—{33 5 I and 1z directed towards the origin & When ¢ =0, iz mowing threugh O
+

with speed 12ms™.

a Find an expression for the welocity of P at time £ seconds.
b Find the distance of P from & when F i3 instantaneously at rest.

Solution:

PhysicsAndMathsTutor.com
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=

5
\f{31+4}N P “q k1

Yo
"

0

F =ma
5
- =045%
4(3£+4)

1
i=-10(3+4) 2

10 L
x=——(3+4d)? +c
1
—x 3
2

£=0 =12 12=—2—;N[4+c

c=1242-00
2 I3

1
: i=—§(33+4)§ 1 18
3 3

20

b x=- 3

3
(3¢ +)3 +EE+A *+—| Integrate line above.

2w —x 3
2

3
27 27

20 :
(3t +4)° o=

Th
Fatrest= — = —
3 3

Tsing result from a.

2
[E] =3+4
20

4T

£ =348

Whent=348 _  _—— |

3
x=—£ E +Ex3.48+@
274 20 3 21

2
35+4=[%J , 5o use the exact

value here.

x=1872
FPis 187 m from & (3£

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise F, Question 9

Question:

A particle P of maszsz 0.6 kg 15 attached to one end of a light elastic spring of natural
length 2.5 m and modulus of elasticity 25 . The other end of the spring is attached to
afized point A on the smooth horizontal table on which F lies. The particle 15 held at
the point & where A8=4 m and released from rest.

a Prove that P moves with simple harmonic motion.

b Find the period and amplitude of the motion.

¢ Find the time taken for P to move 2 m from 5.

Solution:

: ¥
A i I P 06ke

25m 5 x i A=25W

a F=pu

-T=06%
, Ax
Hooke's Law: T = T
= EXZ 10x
2.5
Né6x=-10x
_ 10
0.6
S HM
b 3:2
6

period = 2—” =2 f% =1:53%9..
w 10

period =154 3 (3s1)
amplitude = (4-25m=15m

€ X=acoscE *+— Fiz an end-point.

flCl
x=15ces| |—:
0&
10 . .
r=-0%m —-05=15c0s| (— £z on the other side of the
0.6 centre from O so x 15 negative.
£= 28 o[- 22 |=0.4630...
10 15

Ftakes 0468z to mowe 2 m from & (3 2.1).

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise F, Question 10

Question:

A particle F of mass 0.4 kg 15 attached to the mid-point of a light elastic string of
natural length 1.2 m and modulus of elasticity 2.5 . The ends of the string are
attached to pointz A and 5 on a smooth horizontal table where A8 =2m . The particle

F iz released from rest at the point O on the table, where A, O and £ lie 1n a straight
line and AZ =07m.

a Show that P mowves with simple harmonic motion.
b Find the period of the motion.
The point 2 lies between A and B and AD=0585m .

¢ Find the timne taken by P to reach D for the first time,

Solution:

PhysicsAndMathsTutor.com
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P
A : ';‘ “i“‘ k— A B
06m 04mi x . i 06m A=25N
—_— _'!-'
a F=ma
T-T,=04%
Hooke's Law: T = %
T, = 2.5(04+x)
0.6
2.5(04-x) ;
Ty = 08 Consider P to be attached to twe
' :’ strings, each of natural length
23(04-x) 2504+x) =043 0.6 m and modulus 2.5 17
0.6 0.6
2w 2% 204
it 2% 2.5
i=- x
0.6x04
o2 HM
gy Bl D D)
D6x04 024
2 0.24
period =28 = ox 27 1376
e 3
The period i 1.38: (2 2.1
= oot
B +— For time from 5 {an end-point)

ArD x=1-085=0.15

0,15 =073cos iﬁ
|| 3 POR o Dand T are on1_:he sarne side of
024 the centre, so % 15 positive.

0.24

2= cosl0s

£ =102294 .
Ftakes 0229 (3 5.£) to reach I
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