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Exercise A, Question 1

Question:

List the valency of each vertex and hence determine if each of the graphs below are
1 Eulerian
1 semi-Eulerian

ii neither

For those that are Eulerian or semi-Eulerian, find a route that traverses each arc just

once.

a b c

L
H I
B |
R M
i %
P
k

. ¥ r Q N
Solution:
a

vertex |[A B C D E F
valency [2 3 2 3 3 3

There are 4 nodes with odd valency zo the graph iz #either Eulerian nor Semi-

Eulerian.
b

'JE!I’tE:X|G HI T K
valency [3 4 3 2 4

There are precisely 2 nodes of odd degree (G and T} so the graph is sern-Fulerian.
A possible route starting at G and finishing at T 1s:
G-H-E-I-J-E-G3-H-1

vertex | M N P Q E
valency [2 4 2 4 2 4

All wertices have even valency, so the graph is Bulerian.
A possible route starting and finishing at L s
L-M-WN-P-M-E-P-Q-E-L
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Exercise A, Question 2

Question:

a =how that each of the graphs below 1z Eulerian,
b In each case, find a route that starts and finishes at & and traverses each arc just

once.
1 il
E (s
B A H
c
H C E
A |
F [}
D
Solution:
a 1
vertex | A B C DD E F G H
valency |4 2 4 2 2 4 2 2
ii
vertex | A B C DD E F G
valency |4 4 2 4 2 4 4
b 1

A possbleroute 1s: A-B-C-4-F-C-E-G-H-F-D-4

A possbleroute 15: A-C-F-A-B-E-G-B-D-G-F-D-4A
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Question:

a =how that each of these graphs 13 semi-Eulerian.

b Ineach case, find a route, starting and finishing at different vertices, that traverses
each edge just once.

Solution:

vertex |[R. 8 T U V W
valency [2 2 3 3 2 2

Drecizely 2 vertices of odd valency (T and TT) o semi-Eulerian,

i
vertex | H

JJ EL M N
322 3 4 4

I
valency | 2 4
Precizely 2 nodes of odd degree (T and 1) so semi-Eulerian

b 1 A possible route starting of T and finishing at 1T 15
T-BE-5-U-W-V-T-T.

n A possible route starts at J and finishes at L:
J-E-L-M-J-I-M-MN-I-H-I-L.
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Exercise A, Question 4

Question:

Ezxplain why each of the graphs below 13 not traversable.

a b
B w X
\e—9p—oi
De—b-—a| v Y
Ge—a—wa |
H U s
Solution:

vertex | A B C D EF G H I
valency [1 3 1 1 4 1 1 3 1

There are more than 2 vertices of odd degree so the graph is not traversable.

vertex | V W X ¥ Z
32 5 2 3

valency | 3

There are more than 2 nodes of odd degree so the graph 15 not traversable.
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Exercise A, Question 5

Question:
Considering the valencies of each vertex in Questions 1 to 4, verify the hand-shaking
lemna,

Solution:

In each case there are either zero, or an even number of, vertices with odd valency.
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Question:

Ezxplain why a traversable graph has either
a all of its vertices with even valency or
b precisely two vertices of odd valency, these being the start and finish points.

Solution:

If a graph 15 traversable we will approach each vertez on one edge and must leave on
a different one,
‘in” edge

i L T
out n.d;p.

a This means that the edges must be in pairs at each vertex, an ‘out’ edge for each
‘in’ edge, and since the graph is traversable there will be no edges left ower. So
the walency of each vertex will be even if we return to the start.

b For routes that start and finizsh at different vertices there will be an unpaired “out’
edge from the start vertex which will be balanced by an unpaired “in’ edge at the
finish wertex So these two vertices will have odd walency, but all others will be
EVELL
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Exercise A, Question 7

Question:

The diagram represents the city of Eénigsbherg (Prussia, now Ealiningrad, Fussia).
The Pregel river runs through the city and creates two large islands in the centre. The
two islands (T and I were linked to each other and the mainland (& and B) by seven
bridges.

The problem for the citizens of Kénigsherg was to decide
whether or not it was possible to walk a route that crossed
each bridge just once and returned to its starting point

This iz the famous
Bridges of
Esnigsherg problem.

a Using four vertices &, B, C and D to represent the four parts of the city, and seven
arcs to represent the bridges, draw a graph to model the problem.

b Show that the graph 15 not traversable.

There iz a continuation of the problem Johannes works at &, Gregor works at B and
Peter works at D. There 15 a hotel at C.

¢ Johannes builds an eighth bridge so that he can start at A and finish at hizs home at
. crossing each bridge once. Howewer, he does not want Gregor to be able to
find a similar route from B to C. Where should Johannes build his eighth bridge?

d  Gregor decides to build a ninth bridge so that he can start at B and finish at his
home near ), crossing each bridge once. He does not want Johannes to be able to
find a similar route from A to C. Where should Gregor build his ninth bridge?

e Peter decides to build a tenth bridge, so that every person in the city can cross all
the bridges in turn and return to ther starting point. Where should Peter buald the
tenth bridge?

Solution:
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A
C D
B
b
vertex |4 B 2 D
valency | 3 3 5 3
There are more than two odd nodes, so the graph 15 #of traversable.
c
A
C D
" 8th bridge
B
We will start of & and finish at © so these still need to have odd valency. We can
only have two odd walencies so B and I must have even valencies (see table).
We need to change the valency of B and of D, 5o we build a bridge from B to D
vertex | s B i D
valency with 7 bridges | odd odd  odd odd
valency wanted | odd even odd even
d

D

9th bridge

B

We will start at B and finish at © 5o these vertices need to be the twe wertices with
odd valency, We need & and D to have even valency (zee table),

We need to change the valency of node & and of node B

sowe build abridge from A to B

wertex | A E D
valency with 8 bridges | add  even odd even
valency wanted | gvan odd  odd even
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10ih bridge

All vertices now need to have even valency,

Thiz means we need to change the valencies of nodes B and .

So the 10th bridge needs to be built from B to C,

vertes | & E Z D
valency with 9 bridges | even add add  even
valency wanted | even  even  even  even
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Exercise B, Question 1

Question:

Solve the route inspection problem for each of the networks below. In each case, state
wour minimal route and its length.

C d
i) 53 B
o 115
i) 18 E
y 47
C D 120 52
140 ;
110 S F
65
G 70 H ;
Solution:
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a All valencies are even, so the netweorls 13 traversable and can return to 1ts start.

A

D

A possible route 15
LA-B-C-D-B-G-D-E-G-A-E-F-4A
length of route = weight of networlk

= 285

b The walencies of I and E are odd, the rest are even

We must repeat the shortest path between I and E, which 1z the direct path DE.
We add this extra arc to the diagram.

A B C

A possible route is:

4£-B-C-D-E-D-E-E-4

length of reute = weight of netwotlk +arc DE
=61+11

=72

¢ The degreez of B and E are odd, the rest are even
We must repeat the shortest path from B to E
Ew inspection this 1s BCE, length 260
We add these extra arcs to the diagram.

A possible route 1s;

A-B-C-D-E-C-B-F-C-E-F-G-A4.

length of route = weight of network +BCE
=1055+ 260

=1315

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Decision Mathematics Page3 of 3

d The order of B and G are odd, the rest are even.
We must repeat the shortest path from B to G
By inspection this 1s BDHG, length 183
We add these arcs to the diagram.

A

A possible route 1s:
A-B-E-F-D-B-D-A-G-H-F-H-D-H-G-C-A
length of route = weight of network + BDHG

=995 +183

=1178
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Question:

Each of the diagrams below show a network of roads that need to be inspected. In
each case, find the length of the shortest route that traverses each arc at least once and
returns to the start wvertes State your routes.

A 110 1] 10K} C

125 130
110

a0

F B3 E 93 By
(Weight of network 908)

(Weight of network 938)

{Weight of network 326)

Solution:
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a

Odd wvalencies at B, D, Eand F.
Considering all possible pairings and their weights,

BD4+EF = 130485 = 215 < least weight

BE4+DEF=1104+173=288 *— Zhortest route Do F, 15 DEF.

BF+DE=125+93=218
“We need to repeat arcs BD and EF.

The length of the shortest route = weight of networle +215

=908+215
=1123
Adding BD and EF to the diagram gives.
A B {Z
F > D

A possible route 1s;

LA-B-C-D-E-E-D-E-F-E-F-4A

Odd valencies at C, D, E and &
Considering all possible pairings and their weights

CD+EG=130+75=205

*— Zhortest route from C to E 15 CGE.

CEA+Diz =157 +592=248

CGE4DE = 824120 =202 < least weight

We need to repeat arcs CG and DE.

The length of the shortest route = weight of networle + 202
= 938+ 202

=1140
Adding CF and DE to the diagram gives.
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A possible route 15

A-B-C-G53-D-C-G-E-D-E-F-G-BE-F-4A

¢ Odddegrees at B, D, GandL
Conzidering all possible pairings and their weight
BD4GL=22430=52

BG+DI=37+42="78

BI+ DG = 32418 = 50« least weight
Weneed to repeat arce Bl and DG

*+— EZhortest routes

BEG=EEG
I'T = DEI

The length of the shortest route = weight of network +350
= 326430
= 376

Adding BT and DG to the diagram gives.

A

A possible route ig
L£H-B-C-D-B-I-E-B-I-G-D-F-G-E-D-G-H-I-4A
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Question:

The diagram shews the paths in a patk. The number on each arc gives the length, in
metres, of that path. The vertices show the patk entrances, &, B, C, D, Eand F.

E 180 D

A gardener needs to inspect each path for weeds.
che will walk along each path once and wishes to minimise her route.

a  ze the route inspection algorithm to find a minimum route, starting and finishing
at entrance & State the length of vour route.

Griven that it i1z now permitted to start and finish at two different entrances,
b find the start and finizh points that would give shertest route, and state the length

of the route.

Solution:
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a Odddegrees are B, D, Eand F.
Conszidering all possible pairings and their weight
ED4+EF = 2504200 = 450 ¢ least weight

BE +DF = 350+ 330 =730

BF+DE = 300+180 =480

Weneed to repeat arce BD and EF.
Adding these to the diagram gives

A possible route 13
A-B-C-D-BE-D-E-F-B-E-F-A4
length=1910+450=2360.

b We will still have two odd valencies.
We need to select the pair that gives the least path.
From part a our 1% choices are
ED (25m, EF (2000, BE (350), DF (3200, BF (200% and DE {1807,
The shortest is DE (1800 s0 we chooze to repeat this,
It iz the other tweo vertices (B and F) that will be our start and finish,
For example, start at B, finish at F
length of route =19104180 = 2090
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Exercise B, Question 4

Question:

The diagram represents a system of roads.

The number on each arc gives the distance, in kilometres, of that road.
The town council need to renew the road matkings.,
Cherry will be renewing the kerbaide markings and IMac will renew the centre road

matkings.

Cherry needs to travel along each road twice, once on each side of the road.

a Explain how this differs from the standard route inspection problem and find the
length of Cherrv's route.

Wfac must travel along each road once.
b TIze the route inspection algorithm to find a minimal route. You should state the

roads he will traverse twice and the length of his route.

Eoad EG 15 being resurfaced soon and it 15 decided not to renew its road markings
until after the resuwrfacing.

Given that EG may be omitted from his route,
¢ findthe length of Mac's minimal route.

Solution:
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a Each arc must be traversed twice, whereas inthe standard problem each arc need
anly be wisited once.

This has the same effect as doubling up all the edges
The length of the route = 2x weight of network
=2x89=178 km
b Oddnodes O T E, G

Conzider all possible pairings.
TD4+EG =1345=1% *+— Shortest routes

CE4DG =1542=18 D 12 CGD

CE 15 CGE
CE4+DE =1047 =17 < least weight

We need to repeat arcs CGF and DE
Adding these to the networl

D
A possible route 15
A-B-C-G-D-C-G-E-D-E-F-G-B-F-4A,
Length =89 +17 =106 km

¢ IfEGis omitted E and G become even and the only odd valencies are at C and T
We must repeat the shortest path between C and I, CGD.
The new length =89412 =102 lom
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Exercise C, Question 1

Question:

The network of paths in a garden 15 shown below. The numbers on the paths give
their lengths in metres. The gardener wishes to inspect each of the paths to check for
broken paving slabs so that they can be repared before the garden iz opened to the
public. The gardener has to walk along each of the paths at least once.

a Write down the degree (valency) of each of the ten vertices A B, T,

b Hence find a route of minimum length. You should clearly state, with reasons,
which, if any, paths will be covered twice.

¢ otate the total length of your shortest route. E

Solution:
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vertex | A E e JB E

degree | 2 2 2 5 4

b DF+HI=1%+36=55

DHA4FI =224 27=49 < least weight

DI+HF =46+41=87
Eepeat DH and FI
Add these to the network to get

A possible route 15

A-B-F-1-J-G-E-J-H-D-F-I-H-D-C-E-D-A

¢ length=7254+49=774

© Pearson Education Ltd 2C
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Exercise C, Question 2

Question:

starting and finishing at P, solve the route inspection (Chinese postman) problem for the
networl shown above. Tou must make your method and worlung clear.
State:

a  your route, using vertices to describe the arcs

b the total length of vour route. E

Solution:

Odd vertices Q, B, T, V.

Considering all possible pairings and their weight
QR A+TV =104 +189 =293 b S ?horteg%route from Q) to
OTHRV =1534115= 263 ¢ Lesst weight i Q5T.

OWH+ET =163+123= 286

Eepeat arcs QF, 2T and BV,
Add these to the network

u
L possible route 13
P-Q-3-T-Q-3-T-E-Q-V-E-V-T-T-V-F
length of route = 18%0 + 268

= 2158
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Exercise C, Question 3

Question:

B——@©
_ 72 13

10 I
/ !

\\\/Z// ’

©;

16

The diagram shows the netwotl of paths in a garden to be opened to the public. The

number on each path gives its length in metres. The gardener wizhes to inspect each

of the paths to check for broken pawving slabs, so that they can be repaired before the

garden 15 opened.

a  Write down the degree (wvalency) of'the seven vertices A, B, C, D, E, F and G.

b Tze an appropriate algorithm to find a route of minimum length which starts and
finizhes at A and which traverzes each path at least once. Write down which

paths, if any, will be traversed twice,

¢ Calculate the total length of your shortest route. K

Solution:
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vertex | A E C D E

E

3 Oddvalencies at B, C, D and G.

degree | 4 3 3 3 4

4

3

b Considering all possible pairings and their weight

EC+DG=7+15wviaF=22
ED+CG=20+18=38

BEG+CD =16+13=2%

BC, DF and FG should be repeated,
Adding these arcs to the network gives

A possible route 15

—

Shortest routes
DGisDEG
ED 1: BCD
315 CEFG
EGi1: BAG

FBe@BaeE - G- Ea PG aGniive Pl

¢ Length=1084+22=130
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Exercise C, Question 4

Question:

The network shows the major roads that are to be gritted by a council in bad weather.
The number on each arc 15 the length of the road in kilometres,

a Listthe valency of each of the vertices,

b Starting and finishing at &, vuse an algorithm to find a route of minimum length
that cowers each road at least once. You should clearly state, with reasons, which
{if any) roads will be traversed twice.

¢ Obtain the total length of vour shortest route.

There iz a minotr read BD (not shown) between B and D of length 6.4 km. Tt iz not a
major road so it does not need gritting urgently.

d Decide whether or not it 15 sensible to include BD as a part of the main gritting
route, giving ¥our reasons. [T ou may ignore the cost of the grit) E

Solution:
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vertex | b E 5 D E F 3 H I COddwvalenciesatB, I,
valency | 2 3 4 3 4 2 6 3 3 Handl

b Considering all possible complete pairings and their weight
ED+HI=72+34=10¢8

BH+DI=76+4=1164 *— Zhortest routes
: ED 1z BED
BEI+DH =56+43=9%9 « least weight BHi: BEGH
Eepeat BE, EI and DG, GH. Dlis DI
Adding these arcs to the networle gives Bl ioRE]
DH 15 DGH

A possible route 15

A-B-E-I-H-G-I-E-E-C-D-G5-D-E-G-H-F-G-C-4A

¢ length=514+4+29=613lm

d IfBD iz included B and D now have even valency.
Only H and I have odd valency.
=o the shottest path from Hto I needs to be repeated.

Length of new route = 51.4+EBD +path from Hto I
=514+64+34

=612km
Thiz iz (zlightly) shorter than the previous route 2o choose to grit BD since it
saves 0.1 km.
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Exercise C, Question 5

Question:

The network cpposite represents the streets in a village. The number on each arc
represents the length of the street in metres.

The junctions have been labelled &, B, C, DL E, F, G and

H

An oaerial photographer has taken photographs of the A
houses in the village. A salesman visits each house to see

if the occupants would like to buy a photograph of their 120
house He needs to trawvel along each street at least once.

He parks his car at & and starts and finizhes there. He F
wishe s to minimise the total distance he has to walk

G 110

a  Describe an appropriate algorithim that can be uzed to find the tminimum distance
the salestnan needs to walk,

b Apply the algerithm and hence find a route that the salesman could take, stating
the total distance he has to walk

c A friend offers to drive the salesman to B at the start of the day and collect him
from  later in the day.
Explaining vour reasoning, carefully determine whether thiz would increase or
decrease the total distance the salesman has to wall K

Solution:
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a The route inspection algorithin
imethod as shown in main text page 69)

b Oddwalencies B, C, E, H.
Considering all possible complete pairings and their weight
BEC+EH =654+150=213
*— Shortest routes

BE+CH = 954+75=166 < least weight EEi: EDE

BH+CE =141485=226 BH i1z BCH, CE 1s CDE
Eepeat BT, DE and CH
Adding these arcs to the network gives

A possible route is;
A-B-D-B-C-H-C-D-E-D-A-E-H-G-E-F-A
length =10114+168

=117%m

¢ This would make B the start and C the finish.

"We would have to repeat the shortest path between E and H only.
Hew route =10114+150=1161m .

1161=1179
So this would decrease the total distance by 18 m.
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Exercise C, Question 6

Question:

a Describe an algorithm that 1z used to solve the route inspection (Chinese postman)
problem.

b Apply an algorithm and find a route, starting and finishing at &, that solves the
route inspection problem for the networl shown

¢ =tate the total length of your route,

The situation iz now altered so that instead of starting and finishing at &, the route
starts at one vertex and finishes at another vertex

d 1 State the starting vertex and the finishing vertex which minimizes the total
length of the route. Give areason for your selections.

n =tate the length of vour route.

e Ezxplain why, in any netwotl, there iz always an even number of vertices of odd
degree. E

Solution:
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a The route inspection algorithm — description in main text on page 69,

b Oddwertices B, D, F. H

Conzidering all complete pairings
BD+FH =14+15="29 *— The shortestroute DH 13

EF+DH =10+ 246= 34 Rk

BH4+DF =12+16 = 28 < least weight

Eepeat BH and DF.
Adding these arcs to the network gives

& possible route 15
LA-B-H-C-B-H-I-T-H-F-J-E-F-BE-D-F-D-E-F-3-E-4A.

¢ length of route = 24%94-28="277

d 1 Wewill still have to repeat the shortest path between a pair of the odd nodes.

We will choose the pair that require s the shortest path.

The shottest path of the s1x 15 BF (107
e will use D and H as the start and finish nodes.

o 243 +10=25%

e FEach edge, having two ends, contributes two to the sum of wvalencies for the
networle.
Therefore the sum = 2 xnumber of edges

The sum is even so any odd valencies must occur in pairs,
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