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Geometric sequences and series
Exercise A, Question 1

Question:

Which of the following are geometric sequences? For the ones that are, give the vatuthefsequence:
(@) 1,2, 4,8,16, 32,

(b) 2,5, 8, 11, 14,

(c) 40, 36, 32, 28,

(d) 2, 6, 18, 54, 162,

(e) 10, 5, 2.5, 1.25,

M5, -55 -5,5,

(@3,3,3,3,3,3,3,

(h) 4, - 1, 0.25, - 0.062",

Solution:

1 2 4 8 16 32
(a)x__);_/ m.__)z,..z x.._,:...r x.._);../ n._,;_.f
Geometricr = 2

bl 5 8 11 14
()x._,,_,,-ra._):./x,;zx.,;../

Not geometric (this is an arithmetic seque

g | % %1
2 il 3

Geometria =

N |-
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5 -5 5 =5
) g~ g
=] o | w1
Geometrioc = -1
3 3 3 3 3
()R N N
1 b | | w1

Geometriar = 1

4 -1 025 -00625
(h) S S

w=] w=] =1
4 4 4

1
Geometriar = — n
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Geometric sequences and series
Exercise A, Question 2

Question:

Continue the following geometric sequences for three more terms:
(a) 5, 15, 45,

(b) 4, -8, 16,

(c) 60, 30, 15,

1
@175

(e) 1.p, p?,
() x, — 2x2, 4x3,
Solution:

5 15 45 135 405 1215
(@ )x_.)_..f N \...)_..# \-...,_..#

.'43' J'C‘ \

(b) -8 16 -32 64 -128
xh,_,-fx._,_..fx._)...f\..._)_..fx_,_.x

=2 =2 2

60 30 15 75 375 1875
(c)\-..a,_..f\-._;.,.-f\-..,_..-r'\-.._)_.x \-.._,,_..-f

g

2 2 2 3 3
Il 1 1L L
(d) 4 16 6d 256 1024
w | w ] w | wl w
q q 1 4 4

N Wi
R e T S N

X P xp xp
0" -2 4 -8 1 -3¢
x.._,_..f x.._)_,-f e N Ny

W= w=2x =K W=t w=2x
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Geometric sequences and series
Exercise A, Question 3

Question:
If 3, xand 9 are the first three terms of a geometric sequence. Find:
(a) The exact value of

(b) The exact value of the 4th te

Solution:

@3 x 9
term 2 term 3 X 9

rem2 =3 OF

Common ratio =%erm 1 %% 2 3

Therefore,
X

9
3 = % (cross multiply)

=27 @)
x=\27
x=\9 x 3
x=3V3

(b) Term 4 =term 3 >

term 2 3V3
Term 3=9and = =5 =13

term 1 ~

Sotermr 4=9+ 3
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Geometric sequences and series
Exercise B, Question 1

Question:

Find the sixth, tenth anath terms of the following geometric sequences:
(a) 2, 6, 18, 54,

(b) 100, 50, 25, 12.5,

()1, -2,4, -8,

(d)1,1.1,1.21,1.33:

Solution:

2 6 18 54
@)~y e

In this seriea = 2 andr = 3

6thterm =ar® " 1=ar®=2 x =486
10th term =arl0-1=ar9=2 x P = 39366
nthterm =ar"~"1=2x 3 -1

100 50 25 125
) N o N

2 2 2

1
In this series = 100,r = 2

25

6th term =ar®~1=ar®= 100 x (§)5: "

25

128

©

10th term =ar9-1=ar? = 100 x ( % )

1 X
nth term =ar"~1 =100 x (5 \\ n-1- 4x25 _ 25
k ) 2n—1 2n—3
I -2 4 -8
(C)x_}_./ N S
=2 W=2 =2
In this seriem =1 andr = - 2

6thterm =ar® " l=zar®=1x ( -2)5= -32
10th term =arl0-1=gr%=1x ( -2)9%= -512
nthterm =ar""1=1x ( -2)"n-1=( -2)n-1

LT 121 1331

1
@) e e
< 1.1 x . w11
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In this seriea =1 andr = 1.1

6thtermisar®~1=ar®=1x (1.1)°=1.61051

10th termisarl® - 1=ar9=1x (1.1)9=2.35795 (5d.p.)
nthtermisar" 1=1x (1.1) "~1= (1.1) -1
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Geometric sequences and series
Exercise B, Question 2

Question:

Thenth term of a geometric sequence x (5) " Find the first and 5th tern
Solution:

nthterm =2 x (5)"

Istterm (n=1) =2x5=10

5thterm (n=5) =2 x 5° =2 x 312F = 625(
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Geometric sequences and series
Exercise B, Question 3

Question:
The sixth term of a geometric sequence is 32 and the 3rd term is 4. Find the first term and the com

Solution:

Let the first term =a and common ratio *
6th term is 32
> ab-1=32

> a’®=320
3rd termis 4
= ar3—1=4
> a’=4 @
®-+Q@:
__,{_‘f‘js _ 2
ar
r3=8
r=2

Common ratio is 2

Substituter = 2 into equatior@
ax22=4

ax4=4 (+4)

a=1

First term is
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Geometric sequences and series
Exercise B, Question 4

Question:

Given that the first term of a geometric sequence is 4, and the third is 1, find possible values for the
Solution:

Firsttermis4 = a=4 O©

Thirdtermis1 => a3 1=1 = a?2=1@

Substitutea = 4 into @
42=1 ( +4)

I+
N |-

r =

The sixth term =ar8~1=ar®
_ 1
= 8

N |-

L (1)
If r = 7 then sixth term =4 x 5
? \?)

N

1 1
Ifr= - Ethen sixth term =4 x 3

/T

\E
)

1
Possible values for sixth term are and Fa
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Geometric sequences and series
Exercise B, Question 5

Question:

The expressions — 6, 2x andx? form the first three terms of a geometric progression. By calculating two different
expressions for the common ratio, form and solve an equatx to find possible values of the first te

Solution:

If x — 6, 2 andx? are terms in a geometric progression then
2X
X-6

T

= ,)L (cancel first)
*

i

2X X
x-6 2
AX=X(x-6)

4x = x2 - 6x

0=x%-10x

0=x(x-10)

x=0or 10

If x=0thenfirstterm =0-6= -6
If x = 10then firsttermr=10-6=4

(cross multiply)
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Geometric sequences and series
Exercise C, Question 1

Question:

A population of ants is growing at a rate of 10% a year. If there were 200 ants in the initial population, write down the
number after

(a) 1 year,

(b) 2 years,

(c) 3 years and

(d) 10 year:

Solution:

A growth of 10% a year gives a multiplication factor of 1.1.
(a) After 1 year number is 200 x 1.1 = 220

(b) After 2 years number is 200 x ¥ 242

(c) After 3 years number is
200 x 1.8 = 266.2 = 266 (to nearest whole number)

(d) After 10 years number is
20C x 1.110=518.74¢ ... =51¢ (to nearest whole numb
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Geometric sequences and series
Exercise C, Question 2

Question:

A motorcycle has four gears. The maximum speed in bottom gear is 40 kel the maximum speed in top gear is
120 km h™ 1. Given that the maximum speeds in each successive gear form a geometric progression, calculate, in km
h~1to one decimal place, the maximum speeds in the two intermediate gears.

[E]
Solution:

Let maximum speed in bottom geardkm h~1

This gives maximum speeds in each successive gear to be
ar ar? ard

Wherer is the common ratio.

We are given

a= 40D

ar3 = 1209

Substitute® into @:

40r3=120 ( +40)

=3
r=33
r=1442 ... (3d.p)

Maximum speed in 2nd gear is

ar=40x 1442 ... =57.7kmh!
Maximum speed in 3rd gear is

ar?=40x (1.44: .. ) ?2=83.zkmh-1
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Geometric sequences and series
Exercise C, Question 3

Question:

A car depreciates in value by 15% a year. If it is worth £11 054.25 after 3 years, what was its new price and when will it
first be worth less tha£5000°

Solution:

Let the car be worthZ£when new.
If it depreciates by 15% each year the multiplication factor is 0.85 for every year.
We are given
price after 3 years is £11 054.25
= Ax (0.85)3=11054.25
= A= Z2%2-18000
(0.85)3

Its new price is £18 000

If its value is less than £5000
18 000 x (1 0.85)" < 5000

(0.85) "< 5000
. 18 000

[ so00 )

log (0.85)"<log leOOO)

[ oae ) (5000 )

n log K0.85) <log Klsoooj

5000
18 000

N> og (0.85)

log ( )

Note: < changes to > because log (0.85) is negative.
Son> 7.88

n must be an integer.

So number of years is 8.

It is often easier to solve these problems using an equality rather than an inequality.
E.g. solvel8 00( x ( 0.85) "=500C(
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Geometric sequences and series
Exercise C, Question 4

Question:

The population decline in a school of whales can be modelled by a geometric progression. Initially there were 80 whales
in the school. Four years later there were 40. Find out how many there will be at the end of the fifth year. (Round to the
nearest whole numbe

Solution:

Let the common ratio be—the multiplication factor.
Initially there are 80 whales

After 1 year there is 80

After 2 years there will be 89

After 3 years there will be 89

After 4 years there will be 80

We are told this number is 40

80r*=40 ( +80)

40

4_
™= g0

1
ré= 3

1
_4l =
r=-+.
r =0.840896

After 5 years there will be
4C x 0.840891 ... =33.63t ... =34whale

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Geometric sequences and series
Exercise C, Question 5

Question:

Find which term in the progression 3, 12, ... is the first to exceed 1 000 O

Solution:

3 12 48 .

Sy Ty
w0 w il

This is a geometric series witgh= 3 andr = 4.
If the term exceeds 1 000 000 then
ar"~1>1 000 000
Substitutea = 3,r = 4
3x4"-1>1 000000
-1 1000 000

3

log £-1> log ( 1003())000)

(n—l) log 4 > log (%0)

[ \ 0g ( 1oooooo)
3

[ n-1 | > T

\ J

n-1>9.173

n>10.173

Son=11
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Geometric sequences and series
Exercise C, Question 6

Question:

A virus is spreading such that the number of people infected increases by 4% a day. Initially 100 people were diagnosed
with the virus. How many days will it be before 1000 are infe«

Solution:

If the number of people infected increases by 4% the multiplication factor is 1.04.
After ndays 100 x (1.04 )" people will be infected.

If 1000 people are infected

100 x (1.04 )" =1000

(104)"=10

log (1.04)"=log 10

nlog (1.04) =1

1

log (1.04)

n=>58.708 ...
It would take 59 day

n=
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Geometric sequences and series
Exercise C, Question 7

Question:

| invest£A in the bank at a rate of interest of 3.5% per annum. How long will it be before | double my

Solution:

If the increase is 3.5% per annum the multiplication factor is 1.035.
Therefore aften years | will have A x (1.035)"

If the money is doubled it will equal2therefore

Ax (1.035)"=2A

(1.035)"=2

log (1.035)"=log 2

nlog (1.035) =log 2

log 2
) = 20.14879

n= log (1.035

My money will double after 20.15 yee
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Geometric sequences and series
Exercise C, Question 8

Question:

The fish in a particular area of the North Sea are being reduced by 6% each year due to overfishing. How long would it
be before the fish stocks are halv

Solution:

The reduction is 6% which gives a multiplication factor of 0.94.
Let the number of fish now e
After nyears there will b& x (0.94)"

1
When their number is halved the number WiIIpE
Set these equal to each other:

1
Fx (094)"= JF
1
(094)"= 7
log (0.94)"=log

[ oon )

n log \ 0.94)

7~ TN
N |-

I
o
Q@

TN N
N |-
N—

| 1
og ()
N= 1og (0.94)
n=11.2
The fish stocks will half in 11.2 yea
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Exercise D, Question 1

Question:

Find the sum of the following geometric series (to 3 d.p. if necessary):

@1+2+4+8+ ... (8terms)
(b)32+16+8+ ... (10terms)
(c)4-12+36-108 ... (6terms)
1
(d) 729 -243+81- ... -3
6
e X 4
r=1
8
M X 2x(3)F
r=1
10
(1)
(@ X 6x \E)r
r=1
5
(1)
(hy X 60x \ _Ejr
r=0
Solution:
@1+2+4+8+ ... (8terms)
In this serieq=1,r =2,n = 8.
a(rm-1)
As [r]| >1use§ = — -1
a(r-1) 1x (2-1)
§=",-1 = 51 =256 - 1 =255
(b)32+16+8+ ... (10terms)

1
In this seriem = 32,r = .= 10.

a(1-r")
As |r| <luse§ = ",
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32[1—(%)1"1

a(1-r10)
0= 1t = 1 =63.938 (3d.p.)
=3
(c)4-12+36-108+ ... (6terms)
In this seriem = 4,r= - 3,n=6.
a(rm-1)
As |r| >1use§ = — [
a(r®-1) 40 (-3)°%-1]
= r-1 T -3-1 =-728
1
(d)729-243+81- ... - 3
. . - 243 1 . 1
In this series = 729,r = 229 = gand theith term is -3

Usingnth term =ar" 1

RS G S I
RGN U

1

T 2187 T

w |

(1)
N

(_1\7: (_l\n—l
3 3
v ) L)
Son-1=7
= n=8
There are 8 terms in the series.
a(1-r") 1
As |r| <luse§ = ", witha=729,r= - Zandn=8.
__ 18
729[1- ( 3)]
5= 1 =546
1-0=3)
6
e X 4=4+2+8+ .. + B
r=1

A geometric series with=4,r = 4 andn = 6.

a(rm-1)
UseS,= = [}

4(4-1)
Y 4= ",-; =5460
r=1
8
M X 2x(3)'
r=1
=2x3+2x3F+2x3B+ .+ 2x38
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—ox (343743 L 43Y)

e Y

A geometric series with = 3,r = 3 andn = 8.

a(rm-1)
Use§,= — 3
8 r 3(3F-1) —|
T 2x (3)'=2x | T35 | =19680
r=1 L ]

r=1
(1) (1) (1)
=6 x S 1+6x - 24+ + 6x = 110
\?) \?) \?)
| | 1y
—ox[ D+ D+ D) ]
e —
1 1
A geometric series wita = 7 ,r = Jandn = 10.
a(1-rm)
UseS,= ~— 1
1 1
10 (1\ E[l—(;)lo]
Y 6x S5 1 =6x 1 =5.994 (3d.p.)
_ \?) -2
r=1 2
5
(1)
(h)E 60 x PR
L2

=60 x

=60 x

w |-

(
-
1

=60x(]-3+ 79 .. 243)

m

1
A geometric series with = 1,r = — Zandn = 6.

a(1-r")
UseS,= ~ 1

- Lye

5 ( 1\ 11-(-3)71
> 60 x \ —gjf:60x 1 =44.938 (3d.p.)
r=0 t--3)

PhysicsAndMathsTutor.com
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Geometric sequences and series
Exercise D, Question 2

Question:

The sum of the first three terms of a geometric series is 30.5. If the first term is 8, find possible vr.

Solution:

Let the common ratio he
The first three terms are &; 8nd 82.
Given that the first three terms add up to 30.5
8+& +82=305 ( x2)
16 + 16 + 162 =61
16r2+ 16r - 45=0
(4r-5) (4 +9) =0
5

5 -9
40 4

r =
] 5 -9
Possible values crfarez and—4 .
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Geometric sequences and series
Exercise D, Question 3

Question:

The man who invented the game of chess was asked to name his reward. He asked for 1 grain of corn to be placed on the
first square of his chesshoard, 2 on the second, 4 on the third and so on until all 64 squares were covered. He
would like as many grains of corn as the chessboard carried. How many grains of corn did he claim as

Solution:

| +2+4+8+ ...

Number of grains :, -

e
64 terms
This is a geometric series wigh= 1,r = 2 andn = 64.

a(rm-1)
As |r| >1use§ = — 1

) 1(284-1)
Number of grains :— ,_;  =2%-1
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Geometric sequences and series
Exercise D, Question 4

Question:

Jane invests £4000 at the start of every year. She negotiates a rate of interest of 4% per annum, which is paid at the end
of the year. How much is her investment worth at the end of (a) the 10th year and (b) the 2

Solution:

Start of year 1 Jane has £4000

End of year 1 Jane has 4000 x 1.04

Start of year 2 Jane has 4000 x 1.04 + 4000

End of year 2 Jane has (4000 x 1.04 + 4000 ) x 1.04

= 4000 x 1.04 + 4000 x 1.04

(a) End of year 10 Jane has

4000 x 1.040 + 4980 x 1.o§ ...+ 4000 x 1.04
=4000 x (1.04 +1.04+ ... +1.04)
- —————

A geometric series with = 1.04,r = 1.04 andh = 10.
1.04 (1.040-1)
=4000 x T a1

= £49 945.41

(b) End of 20th year ‘
= 4000 x(1.047"+1.04"+ ... +1.04)
e — e —

A geometric series with = 1.04,r = 1.04 and = 20.

1.04 (1.040-1)
=4000 x ™ 1o4-1

=£123876.8
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Geometric sequences and series
Exercise D, Question 5

Question:

A ball is dropped from a height of 10 m. It bounces to a height of 7 m and continues to bounce. Subsequent heights
bounces follow a geometric sequence. Find out:

(a) How high it will bounce after the fourth bounce.

(b) The total distance travelled after it hits the ground for the sixth

Solution:
1 AN [10m
VIRVAY. Tm
'.1|' VAP IR FR 4.9m
' Sy
«0.T =07

(a) Alter the [irst bounce it bounces to 7m } 0.7

Alfter the 2™ bounce it bounces to 4.9m 07
After the 3™ bounce it bounces to 3.43m § =,
After the 4™ bounce it bounces to 2.401m » *0.7

(b) Total distance travelled

= 0+7+7+49+49+ .
A A A

st nd L
I bounce 27 boumee 3 bounce

= 2x(10+7+49+_ ) -10

(I e
O terms

a=10,r=07. n=6

10(1-0.7)

=2x 707 10

=48.8234r
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Geometric sequences and series
Exercise D, Question 6

Question:
Find the least value n such that the sum 3+ 6+ 12+ 2 ... tonterms would first exceed 1.5 millic
Solution:
3+6+12+24+ ... isageometric series with3,r = 2.
a(rm-1) 3(2"-1) [ \

So§ =" 1 =T 211 :3\2]_1]

We want§, > 1.5 million
S,>1 500 000
3(2"-1) >1 500 000
2"-1>500 000
2">500 001

log 2'>log 500 001

n log 2 >log 500 001
log 500 001

n= log 2

n>18.9
Least value onis 19
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Geometric sequences and series
Exercise D, Question 7

Question:

Find the least value n such that the sum5+4.5+4.00 ... tonterms would first exceed ¢
Solution:

5+45+4.05+ .. isageometric serieswith5 andr = 22 =0.9.

Usings, = oL - H=E) g ( 1-09 )

We WantSn > 45
50(1-0.9) >45

( NS

k1—0.91 ) > o

1-09>09

0.9"<0.1

log (09)"<log (0.1)
nlog (0.9) <log (0.1)
log (0.1)

log (0.9)

n>21.85
Son =2z

n>
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Geometric sequences and series
Exercise D, Question 8

Question:

Richard is sponsored to cycle 1000 miles over a number of days. He cycles 10 miles on day 1, and increases t
by 10% a day. How long will it take him to complete the challenge? What was the greatest number of miles he
completed in a single da

Solution:
Day one = 10 miles — x 1.1
Day two =10x1.1=11 miles =~
Du_',r three=11x1.1=12.1 miles =~ '
We want 10+ 11+ 12,1 +... = 1000
T ndla}-:; T
a(rm-1)

Use the sum formul§, = 1 Wwitha=10,r=1.1.

r -

10(19-1)

T 11.1 =1000

10(19-1)

— o1 =1000

1.1"-1=10

11"=11

log 1.7'=log 11

nlog 1.1 =1log 11
_ log 11

n= log 1.1

n = 25.16 days

It would take him 26 days to complete the challenge.
He would complete most miles on day 25

=10 x 1.24 (usingar" ~ 1)

= 98.5 miles (3 s.f

© Pearson Education Ltd 2C
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Exercise D, Question 9

Question:

A savings scheme is offering a rate of interest of 3.5% per annum for the lifetime of the plan. Alan wants to save up £20
000. He works out that he can afford to save £500 every year, which he will deposit on January 1st. If interest is paid on
31st of December, how many years will it be before he has saved £20 000

Solution:

Jan. 1styear 1 = £500
Dec. 31st year 1 =500 x 1.035
Jan. 1st year 2 = 500 x 1.035 + 500

Dec. 31styear 2= (500 x 1.035 + 500) x 1.035 = 500 x 283500 x 1.035

Dec. 31st yean
=500 x 1.038+ ... + 500 x 1.035+ 500 x 1.035

=500 x(1.035"+ ....+1.035°+1.035)
e —— v

A geometric series with = 1.035,r = 1.035 anah.

a(rm-1)
Usesn: r-1

1.035(1.038-1)
Dec. 31styean =500 x 1035 - 1

Set this equal to £20 000

1.035 (1.038-1)
20000=500 X~ joms-1

[ \ 20000 x (1.035 - 1)
\ 1.038' -1 ) = 500 x 1.035

1.039'- 1 =1.3526570
1.039'=2.3526570
log (1.03%) =log 2.3526570
nlog (1.035) =log 2.3526570
log 2.3526570 ...

log 1.035

n=24.9 years (3 s.f.)
It takes Alan 25 years to sa£20 000

n=

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Geometric sequences and series
Exercise E, Question 1

Question:

Find the sum to infinity, if it exists, of the following series:
(a)1+0.1+0.01+0.001 +

(b)1+2+4+8+16+

(c)10-5+25-1.25+

(d)2+6+10+14

e)1+1+1+1+1+
-
H3+1+ st +

(@) 0.4+08+12+16+
(h)9 +8.1+7.29 + 6.561 +
ML1+r+r2+r3+

() 1-2x+4x2-8x3+
Solution:

(@ 1+0.1+0.01+0.001+
Asr=0.1,S_ exists.

b)1+2+4+8+16+
Asr =2,S_ does not exist.
(c)10-5+25-1.25+

1
Asr= - 75,S_ exists.

a 2
— _ 10 _ 10 _ £ _ 2 _ Lz
S = = —— = ==10x3; =3 =63
3
2

1-(-73)

N |-

(d2+6+10+14 +
This is an arithmetic series.
S_, does not exist.

e)1+1+1+1+1+
Asr =1,S_ does not exist.
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1 1
H3+1+ st g+

1
Asr= 73,S_ exists.

(9y0.4+08+1.2+1.6+
This is an arithmetic series.

S_, does not exist.

(h)9 +8.1+7.29 + 6.561 +

8.1 _
Asr= 75 =0.9,S_ exists.

ML+r+r2+r3+
S, existsif r]| <1.

l.
S_= Cif|r] <1

© 1-

() 1 - 2x+ 4x2 - 83 +

Asr:—2x,Sooexistsif| —2<| <1 =

1 1 ||
w T 1-(-2x) _ 1+2x

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

Find the common ratio of a geometric series with a first term of 10 and a sum to infinit

Solution:

Substitutea = 10 andS_ = 30 into

N—

30(1-r) =10 ( +30)
10

1-r= 30
1
1-r= 3
1
1= 3 tr
2
3 =T

2
The common ratio ig

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise E, Question 3

Question:

Find the common ratio of a geometric series with a first ter — 5 and a sum to infinity ¢ - 3.

Solution:

Substitutea = - 5andS_ = - 3into

1-r= _3
5
1-r=+73
3
1= 3 tr
3
1- 3 =r

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise E, Question 4

Question:

2
Find the first term of a geometric series with a common ratip of and a sum to infinity of 60.

Solution:

2
Substituter = FandS_ =60 into

a

Soo = 1-r
60 = —2— (simplify denominator)
1_ E
3
a , 1
60 = — (multiply by 3 )
1
3
1
60 x 3 =a
20=a

The first term is 2(

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise E, Question 5

Question:

1
Find the first term of a geometric series with a common ratio of - and a sum to infinity of 10.
Solution:

1
SubstituteS_ | = 10 andr = - 7into

a

S, = 1o,

0

) 40
The first term Spa

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise E, Question 6

Question:

Find the fraction equal to the recurring decimal 0.232323;
Solution:

0.23232323 ... =

23 . 23 23
oo T Toooo T Topoooo T -

23 1
This is an infinite geometric series wih= 7 jandr = 7.

a

UseS, = 7.,
I <]
100 100 23 100 23
0.23232323 ... = 1 __99 =700 %99 o9
1_— —
100 100

© Pearson Education Ltd 2C
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Exercise E, Question 7

Question:

o0
Find ¥ 4(05)".
r=1

Solution:

o0

Y 4(05)"

r=1

=4(05)1+4(05)2+4(05)3+

—ax (0.5'+0.5+0.5%+....)
e — YT

This is an infinite geometric series wih= 0.5 andr = 0.5.

UseS_ = 1-r -
0
. 0.5 05
Y 4(05)"=4x T o =4x g =4
r=1

© Pearson Education Ltd 2C
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Exercise E, Question 8

Question:

A ball is dropped from a height of 10 m. It bounces to a height of 6 m, then 3.6, and so on following a geometric
sequence.
Find the total distance travelled by the ball.

Solution:

Total distance

= 10+6+6+3.6+3.6+2,16+2.16+ ...
%06 %().6 =6
= 2 (10+6+3.6+2.16+ ....) =10
R
This is an infinite geometric series wilh= 10,r = 0.6.
UseS_ = ﬁ

) 10
Total distance =2 X106

10
-10=2%, -10=50-10=40 m

© Pearson Education Ltd 2C
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Geometric sequences and series
Exercise E, Question 9

Question:

The sum to three terms of a geometric series is 9 and its sum to infinity is 8. What could you deduce about the common
ratio? Why? Find the first term and common ri

Solution:

Let a = first term and = common ratio.
If S_ existsthen | <1.

InfactasS_  <S; rmustalso be negative.

a(1-r3)

UsingS;=9 = ~— -~ =9 O]
a
andS, =8 = 7., =8 @
Substitute® in @:
8(1-r3) =9
9
32 2
1-r°=73
1
3_ _ =
= "3
_ 1
r=--
. 1 . .
Substituter = - 7 back into Equatio®
a :8
L1
( 2)
3
a=8x 5
a=12

© Pearson Education Ltd 2C
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Exercise E, Question 10

Question:

Pagel of 1

The sum to infinity of a geometric series is three times the sum to 2 terms. Find all possible values of the con

Solution:

Let a = first term and = common ratio.

We are toldS | =3 xS,
N &

1=F

> 1=3(1-r2)

> 1=3-37
= 3r2=2
2
2 — —
=> re=3
2
=> r=zx\73

© Pearson Education Ltd 2C
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Exercise F, Question 1

Question:

State which of the following series are geometric. For the ones that are, give the value of the common ratio
(Q)4+7+10+13+16+

(b)4+6+9+135+

()20+10+5+25+

(d)4-8+16-32+

(e)4-2-8-14-

Hl1+1+1+1+

Solution:

4+T7+10+13+16+ ...
@ (A A A
+3 +3 +3 +3
Not geometri—you are adding 3 each time.

4+6+9+13.5+..
(B) (A A

x1.5 =15 =I5

Geometric witha = 4 andr = 1.5.

20+ 10+5+ 2.5+ ...
() A ALA

| 1 |
Kj Xi }(j
o 1
Geometric witha = 20 andr = 2

(dy4-8+16-32+ ...
4+ -8+ 16+-32+...
TA A A

w2 x—2 =2

Geometric witha = 4 andr = - 2.

Not geometri—you are subtracting 6 each tit
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I1+1+1+1+...
DA A

xl =l =l

Geometric witta = 1 andr = 1.

© Pearson Education Ltd 2C
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Exercise F, Question 2

Question:

Find the 8th andith terms of the following geometric sequences:
(a) 10, 7, 4.9,

(b) 5, 10, 20,

(c)4, - 4,4,

(d) 3, - 1., 0.75,

Solution:
(@) 10,7,4.9, ...

_ _ 2nd term _ a _
a=10,r= Istterm ~— 10 0.7

8thterm =10 x (0.7)®¥~1=10x 0.7 = 0.823543
nthterm =10 x (0.7 )"~ 1

(b) 5, 10, 20,
10

a=5r= 73 =2

8thterm =5x8-1=5x 2/ =640

nthterm =5x2-1

(c)4, - 4,4,
-4

a=4r=",=-1

Sthterm =4x ( -1)8"1=4x (-1)7= -4
nthterm =4 x ( -1)""1

(d) 3, - 1.5,0.75,

-15

a=3,r= 3 = -05

-3
8thterm =3x ( -05)8"1=3x ( -05) 7= 5 = -0.0234375

(1),
2)

nthterm =3 x ( —05)""1=3x L -

© Pearson Education Ltd 2C
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Exercise F, Question 3

Question:

Find the sum to 10 terms of the following geometric series:
(@4+8+16+

(b)30-15+75

(c)5+5+5

(d)2+0.6 +0.32

Solution:

(@Q)4+8+16+

a=4,r=2
a(rm-1)
As |r| >lusep= — ;1
4(29-1)

Sio= T 2-1  =4092

(b)30 - 15 + 7.5 +

_ _ 1
a=30,r= - >
a(1-r")
As |r| <lusep= — -,
0[1- (- 2)%®]  30[1- (- % ) 1]
Sip= 1 = 1 =19.98 (2d.p.)
1- (- E ) 1+ E
(c)5+5+5+
a=5r=1
Asr =1 the sum formulae cannot be used.
5+5+5+ ....5
S0= e~ =50
10 terms

(d2+0.8+0.32+
_o - 28 _
a=2,r="7 =04

a(1-r")

As |r| <luse$= — 1,
2[1- (0.4)10] 2[1- (0.4)10]
Si0= 1-04 = 0.6 =3.33(2dp,)

© Pearson Education Ltd 2C
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Exercise F, Question 4

Question:

Determine which of the following geometric series converge. For the ones that do, give the limiting value of this sym (i.e. S

2
(@6+2+73 +

(b)y4a-2+1-
(c)5+10+20 +

(d)4+1+0.28+

Solution:

2
@6+2+73 +

2 1

a==6andr = 5 = 3

As |r| <1 series converges with limit

_ 2 _ 6 _ 6 _
S,=1,=——=—=9
1 2
PR 2
3 3
y4-2+1- ..
=(4)+(-2)+(1)+
_ __2_ 1
a=4andr = - 2- "3

As |r| <1 series converges with limit

a 4

8
3

Nilw [

1- (-

N |-

)

(c)5+10+20 +
a=5r=2
As |r| > 1 series does not converge.

(d)4+1+025+

a=4andr = 2

As |r| <1 series converges with limit

© Pearson Education Ltd 2C
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Exercise F, Question 5

Question:

A geometric series has third term 27 and sixth term 8:
B . 2 .
(a) Show that the common ratio of the serieg is

(b) Find the first term of the series.
(c) Find the sum to infinity of the series.

(d) Find, to 3 significant figures, the difference between the sum of the first 10 terms of the series and the sum to infinity
of the series.

[E]
Solution:

(a) Leta = first term and = common ratio.
rdterm =27 > a?2=27 @®

6thterm =8 = a®=8 @
Equation@ + @:
5

g 8 / r
\

N

r

¢5-2 \
J

2
The common ratio i%

. 2 . .
(b) Substituter = 7 back into Equatlo@:

(2,

ax \3) =27
4

ax 5:27
_ 27 x9
a= 4

a=60.75

The first term is 60.75

a

(c) Sum to infinity = 7"~
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Sum to infinity is 182.25

a(1-r0)

(d) Sumto ten terms = | _,

60.75[1—(%)10] 60.75[1—(2)101

SOSlO: 2 = 1
(1-7) =
3 3

Difference betwees,;andS = 182.25 - 179.0895 = 3.16 (3 s.f.)

© Pearson Education Ltd 2C
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Exercise F, Question 6

Question:
The second term of a geometric series is 80 and the fifth term of the series is 5.12:

(a) Show that the common ratio of the series is 0.4.
Calculate:

(b) The first term of the series.
(c) The sum to infinity of the series, giving your answer as an exact fraction.

(d) The difference between the sum to infinity of the series and the sum of the first 14 terms of the series, giving your
answer in the forma x 10", where 1 < a<10 andnis an integer.

[E]
Solution:

(@) 2ndtermis80 = ar2-1=80 = ar=80 O®
Sthtermis 5.12 = ar®~1=512 > a‘*=512 @
Equation®@ + Equation®:

ar 512
ar %

( { 3
r3=0.064

L] )
r=04

Hence common ratio = 0.4

(b) substitute = 0.4 into Equatior@:
ax04=80 ( +04)

a= 200

The first term in the series is 200.

a 200 200 1
() Sumtoinfinity = T_ =7_"02 =06 =333
a(1-rm)

(d) Sumtonterms =" _
200 (1 - 0.4%)
SoS, = (1-04) = 333.3324385

1
Required differencs§,, - S = 333.3324385 - 333 = 0.0008947 = 8.95 x1(3 s.f.)

© Pearson Education Ltd 2C
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Exercise F, Question 7

Question:

"n=1,2,3,

[GEN
N—

Thenth term of a sequenceus, whereu, = 95 (

(a) Find the value af; andu,.
Giving your answers to 3 significant figures, calculate:

(b) The value otl,,.

15
(c) X u,
n=1

(d) Find the sum to infinity of the series whose first term, iand whoseth term isu,.

[E]

Solution:

@, =95 ( : ) :

Replacenwith 1 = u, =95 ( g ) 1=76
Replacenwith2 = u,=95 ( g ) 2=60.8

4
(b) Replacewith21 = u, =95 | 7 ) 21=0.876 (3 s.f.)

© 3 u- J6+608+..+95()

=1 15 terms

4
A geometric series with= 76 andr = 7.

a(1-r")
Use§, = 1

PhysicsAndMathsTutor.com
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15 76[1—<§)15] 76[1—(?)151 )

u, = ) = 1 (= Sisequivalentto x 5)
n=1 75 5
15 I 1
Y u,=76x5x | 1- (g\lﬁ" | =366.63=367 (to3s1f)
n=1 R

Sum to infinity is 38(
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Exercise F, Question 8

Question:

2
A sequence of numberg, u,, ... ,u,, ... isgiven by the formula, =3 ( 3 ) N — 1 wheren s a positive
integer.

(a) Find the values af;, u, andus.

15
(b) Showthat > u, = - 9.014 to 4 significant figures.

n

n=1

(c) Prove that, , , =2

VR
w N
N—

[E]
Solution:

(@u,=3 (%)”—1

Replacenwith1 = u; =3 x
Replacenwith2 = u, =3 x

Replacenwith3 = uy=3x

15 () [ 10 ]
RIS R Y R T S S E N RS E P S S
=1 LU L IL !

2 3 15
2 2 2 2
= 3x(3)+3d 3+ 3xd3)+ 4 3x(F) =1-1-1- ...~
a geometric series with 15 lerms, 15 Limes

-

2
wherea=3x3=2andr=3
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a(1-r")
Use§ = ~ 1,
2
15 2[1-( 3 ) 181
u, = ) -15=5986 ... - 15= -9.0137 = —-9.014 (4 s.f)
— 1-=
n=1 3

. (200 2 (2
©u,,,=3 k3j

k3) —1:3)(5)(
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Geometric sequences and series
Exercise F, Question 9

Question:

The third and fourth terms of a geometric series are 6.4 and 5.12 respectively. Find:
(a) The common ratio of the series.

(b) The first term of the series.

(c) The sum to infinity of the series.

(d) Calculate the difference between the sum to infinity of the series and the sum of the first 25 terms of the series.

[E]
Solution:

(a) Leta = first term and = the common ratio of the series.
We are given

3rdterm=6.4 > a?=6.4 @O
dthterm =512 = ar®=512 @
Equation@ + Equation@:

¥ 512
a8
r=0.8

The common ratio is 0.8.

(b) Substitute = 0.8 into EquatiofD:
ax0.8=64

a= 4
0.8
a=10
The first term is 10.

a

(c)UseS, = 7_, witha=10and =0.8.

10 10
S, = Y

» = 1-08- 02 =90

Sum to infinity is 50.

a(1-r25) 10(1-0.85)
(d) S5 = 1t = 1-0s -—49.8111

S, - Sy =50 - 49.8111
=0.189 (3 s.f.
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Exercise F, Question 10

Question:

The price of a car depreciates by 15% per annum. If its new price is £20 000, find:
(a) A formula linking its value ¥ with its agea years.

(b) Its value after 5 years.

(c) The year in which it will be worth less th£4000

Solution:

(a) If rate of depreciation is 15%, then car is worth 0.85 of its value at the start of the year.
New price =£20 000
After 1 year value = 20 000 x 0.85

After 2 years value = 20 000 x 0.85 x 0.85 = 20 000 x ( 0.85)

After ayear value/ = 20 000 x (0.85)2

(b) Substitutea = 5:
V' =20000 x (0.85)°=8874.10625
Value of car after 5 years is £8874.11

(c) When value equals £4000

4000 =20 000 x (0.85 7% ( +20000)

0.2= (0.85)2 (take logs both sides)

log (0.2) =log (0.85)2 (useloga™=n log a)
log (0.2) =alog (085) [ + log (0.85) ]

_ log (0.2)
A= 109 (0.85)
a=9.90

It will be WO.I’.t.h less tha£4000 in the 10th yee

© Pearson Education Ltd 2C
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Exercise F, Question 11

Question:

Pagel of 2

The first three terms of a geometric seriesppf&q+ 1) ,p(2q9+2) andp (29— 1) respectively, wherg andq

are non-zero constants.
(a) Use algebra to show that one possible valugi®b and to find the other possible valueyof

(b) For each possible value gfcalculate the value of the common ratio of the series.
Given thatg = 5 and that the sum to infinity of the geometric series is 896, calculate:

(c) The value op.

(d) The sum, to 2 decimal places, of the first twelve terms of the series.
[E]

Solution:

@Ifp(3q+1) ,p(29+2) andp (29— 1) are consecutive terms in a geometric series then

P2q+2) _ p(2q-1)
P3qt1) P(2q+2)

2q+2 2q9-1

3q+1 - 2q+2 (cross multiply)

(20+2) (9+2) = (Hy-1) (H+1)
A +8q+4=60-19-1

0=22-99-5

0=(2g+1) (q-5)
1

4= - 3.5

(b) Wheng=5termsar@ (3x5+1) ,p(2x5+2) p(2%x5-1) =1,1pand P
12p 3

Common ratio :_16p =2

N |-
+
N
N—
©
N
X
|
N |-
|
H
N—
1

Wheng = - %termsarep K3>< —§+1) P (Zx -

Common ratio =—*— = -2

(c) Wheng =5 terms are X§ 12p and $

a

UsingS_ = 7

-r
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896 = 0P
L3
4
()
so= 0 | x|
2\ )
224 = 16
14 =p

Thereforep = 14

) a(1-r)
(d)UsingS, = —

3
16p[1 - ( 2)12]

3
1- 2
4

16x14[1 - (% )12

p=14 = S,= =867.617

1
4

© Pearson Education Ltd 2C
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= 867.62 (2d.p.)
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Geometric sequences and series
Exercise F, Question 12

Question:

A savings scheme pays 5% per annum compound interest. A deposit of £100 is invested in this scheme at the start of
each year.

(a) Show that at the start of the third year, after the annual deposit has been made, the amount in the scheme is £315.25.
(b) Find the amount in the scheme at the start of the fortieth year, after the annual deposit has been made.

[E]
Solution:

(a) Start of year 1 = £100
End of year 1 =100 x 1.05
Start of year 2 = (100 x 1.05 + 100)

End of year 2 = (100 x 1.05 + 100 ) x 1.05 = 100 x 285100 x 1.05
Start of year 3 = 100 x 1.65+ 100 x 1.05 + 100 = 110.25 + 105 + 100 = £ 315.25

(b) Amount at start of year 40
=100 x 1.08°+ 100 x 1.088+ ... +100 x 1.05 + 100

=100x (1.0577+1.05%+ ... +1.05+1)
e Yy . S

A geometric series with= 1,r = 1.05 anch = 40.

a(r"-1)
Use§, = = -1

Amount at start of year 40
1(1.080-1)
=100 x "5 -1

= £12079.9¢
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Geometric sequences and series
Exercise F, Question 13

Question:

A competitor is running in a 25 km race. For the first 15 km, she runs at a steady rate of 12A¢tartcompleting 15 km,
she slows down and it is now observed that she takes 20% longer to complete each kilometre than she took to complete the
previous kilometre.

(a) Find the time, in hours and minutes, the competitor takes to complete the first 16 km of the race.
The time taken to complete thi kilometre is yhours.

1
(b) Show that, for 16 < r < 25 y= 7, (1.2)"" 15

(c) Using the answer to (b), or otherwise, find the time, to the nearest minute, that she takes to complete the race.

[El
Solution:

. . distance 15 .
(a) Using time = speed " 12 " 1.25 hours = 1 hour 15 mins.

The competitor takes 1 hour 15 mins for the first 15 km.
1 hour 15 mins_ 75

. H = — = H
Time for each km s 15 15 5 mins

Time for the 16th kmis 5 x 1.2 = 6 mins
Total time for first 16 km is 1 hour 15 mins + 6 mins = 1 hour 21 mins

(b) Time for the 17th kmis 5 x 1.2 x 1.2 = 5 x 4 Rins
Time for the 18th km is 5 x 132mins

) _ ) 5x (1.2)715
Time for the thkmis5x (1.2)" " ¥ mins =~ o hourss

1
Soy= 3, (12)"" 1

(c) Consider the 16th to the 25th kilometre.

Total time for this distance

=5x12+5x13+5x12+ .. + 5x130

=5x  (1.241.2°+41.2%+....1.2")
e —

A geometric series with a=1.27r1.2 and n = 10.
12(1.20-1)

=5x 12-1

= 155.75 mins

= 156 mins (to the nearest minute)

Total time for the race

= time for 1st 15 km + time for last 10 km
=75+ 156

=231 mins

= 3 hours 51 mir
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Geometric sequences and series
Exercise F, Question 14

Question:

A liquid is kept in a barrel. At the start of a year the barrel is filled with 160 litres of the liquid. Due to evaporatio
end of every year the amount of liquid in the barrel is reduced by 15% of its volume at the start of the year.

(a) Calculate the amount of liquid in the barrel at the end of the first year.

(b) Show that the amount of liquid in the barrel at the end of ten years is approximately 31.5 litres.
At the start of each year a new barrel is filled with 160 litres of liquid so that, at the end of 20 years, there are 20 barrels
containing liquid.

(c) Calculate the total amount of liquid, to the nearest litre, in the barrels at the end of 20 years.

[E]
Solution:

(a) Liquid at start of year = 160 litres
Liquid at end of year = 160 x 0.85 = 136 litres

(b) Liquid at end of year 2 = 160 x 0.85 x 0.85 = 160 x 8.85
Liquid at end of year 10 = 160 x 0¥5=31.499 ... =31.5litres

(c) Barrel 1 would have 20 years of evaporation. Amount = 160 x (0485 )
Barrel 2 would have 19 years of evaporation. Amount = 160 x ( 0.55)

Barrel 20 would have 1 year of evaporation. Amount = 160 x ( 0.85)
Total amount of liquid
=160 x 0.85°+ 160 x 0.83°+ ... + 160 x0.85

=160 x (0.857+0.85"+ ....+0.85)
e —— T/

A geometric series with= 0.85,r = 0.85 anch = 20.

a(1-r)
Usesn = 1-r
Total amount of liquid
0.85 (1 -0.859)
=160 x 1-085

=871.52
= 872 litres (to nearest litr
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Geometric sequences and series
Exercise F, Question 15

Question:

At the beginning of the year 2000 a company bought a new machine for £15 000. Each year the value of the machine
decreases by 20% of its value at the start of the year.

(a) Show that at the start of the year 2002, the value of the machine was £9600.

(b) When the value of the machine falls beldv@@, the company will replace it. Find the year in which the machin
be replaced.

(c) To plan for a replacement machine, the company pays £1000 at the start of each year into a savings account. The
account pays interest of 5% per annum. The first payment was made when the machine was first bought and the last
payment will be made at the start of the year in which the machine is replaced. Using your answer to part (b), find how
much the savings account will be worth when the machine is replaced.

[E]
Solution:

(a) Beginning of 2000 value is £15 000
Beginning of 2001 value is 15 000 x 0.8
Beginning of 2002 value is 15 000 x 0.8 x 0.8 = £ 9600

(b) Beginning of 2003 value is 15 000 x ( 0.8)

After nyears it will be worth 15 000 x (0.8
Value falls below £500 when

15 000 x ( 0.8)"< 500
(08) "<

15 000
1
(08) "< 35

(1)

log (0.8)"<log \30}

n log (0.8) <log (3_10)

1
log (35

N> og (08)

n>15.24
It will be replaced in 2015.

(c) Beginning of 2000 amount in account is £1000

End of 2000 amount in account is 1000 x 1.05

Beginning of 2001 amount in account is 1000 x 1.05 + 1000

End of 2001 amount in account is

(1000 x 1.05 + 1000 ) x 1.05 = 1000 x 190% 1000 x 1.05

Beginning of 2002 amount in account is 1000 x #.83.000 x 1.05 + 1000

PhysicsAndMathsTutor.com
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Beginning of 2015 amount in account

=1000 x 1.0%5+ 1|qoo x 1.034+ ... +1000 x 1.05 + 1000
=1000 x (1.05"+1.057+ ... +1.05+1)
ey T Y
A geometric series with= 1,r = 1.05 anch = 16.
a(r"-1)
UseS,= = -1
Beginning of 2015 amount in account
1(1.056-1)

=1000 x 755

=£23 657.4!
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Geometric sequences and series
Exercise F, Question 16

Question:

A mortgage is taken out for £80 000. It is to be paid by annual instalmer88@0 fith the first payment being made
the end of the first year that the mortgage was taken out. Interest of 4% is then charged on any outstanding debt. Find the
total time taken to pay off the mortga

Solution:

Mortgage = £80 000

Debt at end of year 1 = (80 000 - 5000 )

Debt at start of year 2 = (80 000 -5000) x 1.04
Debt at end of year 2

= (80 000 -5000) x 1.04 - 5000

=80 000 x 1.04 - 5000 x 1.04 — 5000

Debt at start of year 3

= (80 000 x 1.04 - 5000 x 1.04 - 5000) x 1.04

=80 000 x 1.04- 5000 x 1.04 — 5000 x 1.04
Debt at end of year 3 =80 000 x 12045000 x 1.04 — 5000 x 1.04 — 5000

Debt at end of year
=80 000 x1.08-1-5000x1.04-1-5000x1.08-2- ... -5000x 1.04 - 5000
Mortgage is paid off when this is zero.

= 80 000x1.084-1-5000x1.024-1-5000x1.02-2- ... -5000=0

= 80 000x 1.08-1=5000x1.02"1+5000x1.02"2+ ... +5000

n=1 =2
- 80 000x1.08-1=5000 (1.04 +1.047"+ . .+1)
N e —

A geometric series with=1,r = 1.04 anch terms.

a(rm-1)
UseS, = =1

1(1.08-1)
80 000 x 1.04"1=5000 X ~ 7o, 1

80 000 x 1.08~1=125 000 (1.08-1)

80 000 x 1.04~1=125 000 x 1.02- 125 000

80 000 x 1.08~1=125 000 x 1.04 x 1.04 1 - 125 000
80 000 x 1.04~1=130 000 x 1.0~ 1-125 000

125 000 =50 000 x 1.04 1

125 000 1
50 ooo = 1.04'

§=1.041-1
- (5
(s _( )

log kzj = \n—lj log 1.04

=log (1.04)""1
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| 5

og ( > )

log .04 =N—1
23.36 =n-1
24.36 =n

It takes 25 years to pay off the mortg:
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